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ABSTRACT OF THE DISSERTATION

Combinatorics in the Rational Shuffle Theorem and the Delta Conjecture

by

Dun Qiu
Doctor of Philosophy in Mathematics
University of California San Diego, 2019

Professor Brendon Rhoades, Chair

The Classical Shuffle Conjecture proposed by Haglund, Haiman, Loehr, Remmel and
Ulyanov gives a well-studied combinatorial expression for the bigraded Frobenius characteristic
of §,,-module of the ring of diagonal harmonics, which has been proved by Carlsson and Mellit
as the Shuffle Theorem, stating that a symmetric function expression Ve, equals a generating
function of combinatorial objects called parking functions. The Rational Shuffle Theorem of
the expression Q, ,(—1)" of Mellit and the Delta Conjecture of the expression A’eke,, proposed
by Haglund, Remmel and Wilson are two natural generalizations of the Shuffle Theorem. The
primary goal of this dissertation is to prove some special cases of the conjectures, and compute

the Schur function expansions of the corresponding symmetric function expressions. We explore

xii



several symmetries in the combinatorics of the coefficients that arise in the Schur function
expansion of Q,, ,(—1)" in the Rational Shuffle Theorem. Especially, we study the hook-shaped
Schur function coefficients, and the Schur function expansion of Q, ,(—1)" in the case where m
or n equals 3. We give a combinatorial proof that the coefficient of s; in the Delta expression
A., e, has a non-negative expansion in terms of g,z-analogues. We propose a new valley version
conjecture of the expression A’ekAhren, and we give a proof of the valley version conjecture of
A’ekAhren when ¢ or g equals 0. Our work lead to many new results about the combinatorial objects
in the conjectures, such as the Mahonian distribution in extended ordered multiset partitions and

the straightening action in parking functions.
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Chapter 1

Introduction

The field of algebraic combinatorics is interested in analyzing algebraic structures using
combinatorial methods, such as bijections and generating functions. Many algebraic combinatorial
problems are related to symmetric functions or Macdonald polynomials. The Shuffle Theorem
of Carlsson and Mellit [CM18] is such an algebraic combinatorial problem which gives a well-
studied combinatorial expression for the bigraded Frobenius characteristic of the ring of diagonal
harmonics. The Rational Shuffle Theorem of Mellit [Mel16] and the Delta Conjecture are two
widely studied generalizations of the Shuffle Theorem.

In this chapter, we give an introduction of symmetric functions, Macdonald polynomi-
als and some combinatorial concepts related to the Rational Shuffle Theorem and the Delta

Conjecture.

1.1 Background about symmetric functions and Macdonald
polynomials

We shall define symmetric functions, Macdonald polynomials, and other combinatorial

terminologies related to symmetric functions in this section. Material related to this section can



be found in Chapter 7 of [Sta99] or in [Sag02].

1.1.1 Permutations, partitions, compositions and tableaux

For any integer n, a permutation 6 = 0y - - - 6, (in one-line notation) of size n is a rear-
rangement of the numbers 1,...,n. The ith number in o from left to right is denoted by ;. When
viewed as a function from the set [n] = {1,...,n} to itself, ¢ sends i to o;, i.e. (i) = o;. Using
the function viewpoint, we can write a permutation in cycle notation that we use parenthesis to
denote the cycles of the map ©.

The symmetric group S, is the set of permutations of size n. For example, c = 3672451 €
&7 is a permutation of size 7, and the cycle notation for o is o = (1,3,7)(2,6,5,4).

Given any permutation ¢ = 0] --- 0, € S,, the descent number of o is defined to be
des(o) := [{i: 0; > 0i11}|, and the major index of ¢ is maj(0) :=Y.g,~q,, , I-

For any integer n, a weakly decreasing sequence of positive integers A = (4;,...,4;) isa
partition (or an integer partition) of n if Y¥_, A; = n, written A - n. We let |A| =n and £(1) = k
denote the size and length (number of parts) of the partition A. We also write A = n/™ -..2"21™
for the partition A - n with m; parts of size i. For example, A = (4,2,1,1) I 8 is a partition of the
integer 8 with £(1) = 4, and we also write A = 4212,

The definition of compositions is similar to that of partitions. For an integer n, a weak
composition of n is defined to be a sequence of non-negative integers o = (¢, ..., 0y) such that
Zle o; = n, written o = n; and a strong composition of n is defined to be a sequence of positive
integers @ = (a,...,0y) such that Zf-‘zl 0 = n, written o Fgrong 1. We let |ot| = n denote the
size of the composition «.

For any strong composition & = (Qy, ..., 04) of n with k parts, we associate to it a subset
S(a)={oq,a1+,...,00+ -+ a_1} of [n— 1] with k — 1 elements. This builds a bijective
relation between the set of strong compositions of n and the set of subsets of [n— 1].

We still let /(o) denote the number of parts of o, and we let A (o) be the partition



obtained by organizing the parts in & in a decreasing order and deleting all the 0’s. For example,
o =(2,1,0,1,3) - 7 is a weak composition of 7 with /(&) =5, and A (a) = (3,2,1,1).

For each partition A = (Ay,...,4;) I n, we can associate to the partition a Ferrers diagram
(or a Young diagram) in French notation, which is a diagram with n squares such that there are
A; squares in the ith row, counting from bottom to top. We let A’ be the conjugate of A (i.e. the
Ferrers diagram of A and A’ are symmetric about the main diagonal, turning the rows (columns)
of A into the columns (rows) of A"). We say that A is self-conjugate if A = A'.

Figure 1.1 shows an example of the Ferrers diagram of a partition A = (7,7,5,3,3) - 25
in French notation, and A’ = (5,5,5,3,3,2,2). We shall also use A4 to denote the Ferrers diagram
associated to A.

For each cell ¢ € A, we let the arm of ¢, ay (¢), be the number of cells to the left of ¢; the
coarm of c, d (c), be the number of cells to the right of c; the leg of c, £, (c), be the number of
cells on top of c; the coleg of c, E;L (¢), be the number of cells below ¢, as shown in Figure 1.1. We

usually let (), (c),1; (c)) denote the coordinate of the cell c. We often abbreviate the notations to

a(c),d (c),0(c),? (c).

£5(c) ay (c¢) = arm of ¢ = 2,
) (¢) = coarm of ¢ =2,
c ly(c) = legof c =2,
@ (c) a(c) ‘ ?, (¢c) = coleg of ¢ = 2.
v (c) ‘ cell cis at (2,2)

Figure 1.1: The Ferrers diagram of the partition A = (7,7,5,3,3).

Now let A be a partition of n. We can fill the cells of the Ferrers diagram of A with
integers to obtain a rableau T (where A is called the shape of the tableau). We also use T to

denote the multiset of the filled integers, and we write

XT = H)C,'.

ieT



If we fill the cells with positive integers without other restrictions, then we obtain a
tableau. The set of tableaux of shape A is denoted by Tab(4). Figure 1.2 shows an example of a

tableau 7 with X7 = xlx%xix5x6.

4
15
2/6[2]4]

Figure 1.2: A tableau 7' with shape A = (4,2,1).

If we fill the cells of A with the integers {1,...,n} such that the numbers in each row are
increasing from left to right and the numbers in each column are increasing from bottom to top,
then we get a standard Young tableau. The set of standard Young tableaux of shape A4 is denoted
by SYT(L).

If we fill the cells of A with positive integers such that the numbers in each row are
weakly increasing from left to right and the numbers in each column are strictly increasing from
bottom to top, then we get a semi-standard Young tableau (or a column strict tableau). The set of
semi-standard Young tableaux of shape A is denoted by SSYT(A). Figure 1.3 shows examples of

such tableaux.

— o ]u]
(@)

HNO\‘
(O8]

3/4]7] 3)4]

Figure 1.3: A standard Young tableau and a semi-standard Young tableau.

1.1.2 Symmetric functions

Let R[[X]] be the ring formal power series with variables in X = {x;,x2,...}. For any

formal power series f[X] = f[x1,x2,...] € R[[X]] and any permutation 6 = 0} --- 0, € S, we



define the action o o f[X] of & on f[X] by:

oo flxi,x,...] == flxe,, X6, -],

sending x; to xg,, here we use the convention that o; = i for i > n.
Given any f[X| € R[[X]] with a finite degree in X, f[X] is a symmetric function if and
only if:
VneZy and Vo €S,, oo f[X]|=f[X]

The ring of symmetric functions A consists of all symmetric functions f[X] € R[[X]]. Let
A" denote the set of symmetric functions f[X] € R[[X]] that are homogeneous of degree n. We
have A =P, A,

When taken as a vector space, A" has dimension p(n) which is the number of partitions

of the integer n, and it has six classical and natural basis:

e The monomial symmetric function basis {m; [X|},,, defined by

o Ao M
my,[X]:= o Z XX,
i15-5ig(1) €L+ distinct

e The elementary symmetric function basis {e; [X]}2,, defined by

ex[X] = Z Xip Xy, and ey [X]:=ey, LTV
<<y

e The homogeneous symmetric function basis {h, [X]},,, defined by

hk[X] = . Z Xiy = Xigs and hl[X] = hll hl/(l)



e The power-sum symmetric function basis {p; [X]},r,, defined by

peX]:=Y xf, and p;[X] = Pac Py
i>1

e The Schur symmetric function basis {s), [X|} -, defined by

Sy [X] = Z xT.
TESSYT(A)

e The forgotten symmetric function basis { f3 [X]} 1+, defined by

fA[X] = (_I)M“_E(A’) Z xi1x§2x§3... ,
c=(c1,¢2,¢3,...)ECR(A)

where CR(A) is the set of sequences of compositions ¢ = (cy,¢2,¢3,...) such that the parts

of all ¢;’s rearrange to A.

We also abbreviate the bases to {my }arn> {€2arns 182 aens P2 arn {52 }arn and

{f2 }arn- The first five bases are more famous, and more details about the forgotten basis can be
found in [MR15] and [GHQR19] Proposition 1.2.

As a remark, an easier way of defining the set A is

A := C-span{m; : A a partition}.

1.1.3 Operations on symmetric functions

We shall introduce three operations on symmetric functions: the omega involution, the

Hall scalar product and plethysm.



The omega involution @ is an endomorphism of the symmetric function ring A defined by
w(ey):=hy, YA.

It is a well-known result that @(s; ) = s/, and it follows immediately that ® is an involution (i.e.
w* =id) since ®?(s;) = (s) = s;.

The Hall scalar product is a scalar product of the space A" defined by

(Sa,8u) = x(A=pn)

for any A, u - n, where x(x) is the function that takes value 1 if the statement x is true, and 0

otherwise. As a consequence, one can prove the following:

<m/17h,u> = X(A’:.LL),
<el7fli> = X(l:‘u),

(Pa,rp) = ux(A=u),

where for A = n ... 2"21™ 7, =TT, i"im;!.
The most important part of this section is the definition of plethysm. From now on, we let

C(q,t) denote the field of coefficients of the ring of symmetric functions A, i.e. we define
A :=C(g,t)-span{my, : A a partition}.

If E = E(t1,17,...) is a rational function of the variables t1,#,... and F € A. We define

the plethysm F[E] by the following rules:
o p[E|=E@,i5,..).

e Given F,G € A, (F-G)[E] = F|[E]- G[E].



e For any scalar o, (aF + G)[E] = aF[E] + G[E].

Using the plethystic notation, we can state the Cauchy formula as follows: let {uy } 1,
and {vy } 1, be a pair of dual bases of the space A™ with respect to the Hall scalar product, and

let X and Y be two sums of signed monomials. Then,

ha[XY] =Y up [X]v, [Y].
Abn

1.1.4 The Frobenius map

For any group G, a representation M of G is uniquely associated to a function y called the
character, which is computed by taking traces of the matrices associated with the representation.
Every character is a class function meaning it is constant on conjugacy classes.

Symmetric functions are closely related to the representation of the symmetric group S,,.
Due to Young’s work, the set of irreducible characters {x*} ., of S, has cardinality p(n) (the
number of partitions of n), which is the same as the dimension of class functions of S,,. The

Frobenius map can be defined by
Frob(y*) =5, VAbn, (1.1)

which builds a bridge between the world of representation theory and the world of symmetric

functions. For a module M of S,,, we also write
Frob(M) = Frob(x™).

The symmetric function Frob(M) of an S,-module M is called the Frobenius characteristic of
M. Other definitions and further details about the Frobenius map can be found in [Sag02] and

[Sta99].



Thanks to the Frobenius map (1.1), one can simply expand the symmetric function
Frob(M) in Schur function basis in order to study the irreducible decomposition of an S,-module
M. On the other hand, if a symmetric function expanded in Schur basis has non-negative integer
coefficients, then it must be the Frobenius characteristic of some S,-module.

In this dissertation, many of our S,-modules have natural gradings or bigradings. For such
Sp-modules, we can write M = P;>oM; or N = @i.,jzo N; j, where M; (or N; ;) is the component
of M (or N) of degree i (or (i, j)). The graded (bigraded) Hilbert series and the graded (bigraded)

Frobenius characteristic of M (or N) is defined by

Hilb(M;q) Zq dim(M;),  Frob(M;q) Zq Frob(M;),
i>0 i>0
Hilb(N;q,1) : Z q't/dim(N; ;),  Frob(N;q,t): Z q't/Frob(N; ).
i,j>0 i,j>0

From the formulas above, it is not difficult to see that the Hilbert series of a (bigraded) S,-
module M can be obtained from its Frobenius characteristic by taking the scalar product with the

symmetric function pf, i.e.

Hilb(M;q,t) = (Frob(M;q,t), p}). (1.2)

1.1.5 Quasi-symmetric functions

For any formal power series f[X]| € R[[X]] with a finite degree in X, f[X] is said to be a
quasi-symmetric function if for any composition (o, ..., ), the coefficient of the monomial
al (xz (Xk . . . al (xz ak . . .
X1 'x,°--x, " 1s equal to the coefficient of the monomial x;"'x. > ---x.* for any strictly increasing
1 2 k 31 %) 173
sequence of positive integers i} < iy < --- < ig.
The ring of quasi-symmetric functions QSym consists of all quasi-symmetric functions
fIX] € R[[X]]. The set of quasi-symmetric functions that are homogeneous of degree n is denoted

by QSym,, and clearly QSym = P,>(,QSym,. Note that each symmetric function is also a



quasi-symmetric function, thus A is a subring of QSym.
The set QSym,, can be viewed as a vector space, and its dimension is 2"~! which equals

the number of strong compositions of the integer n. QSym,, has two natural bases:

e The monomial quasi-symmetric function basis {Ma/[X]} o= ,pen» defined by

Oy
Mo[X]:= ) xffl ---xiafj).

i1<...<i4(a>

e Gessel’s fundamental quasi-symmetric function basis {Fs »[X]}sc|,—1], defined by

FS,n[X] = Z Xiy Xiy « + + Xjp -
i1§i2§~~-§in7
ij<ijypif j€S
Recall that for a strong composition o = (a, ..., Q) Fstrong 1 With k parts, we associate

to it a subset S(¢t) of [n — 1] where
S(o) = {an, 00 +0,..., 00+ -+ 0g_1}.

For example, if oo = (2,3,2,1), then (o) = {2,5,7}. Then, instead of indexing Gessel’s funda-
mental quasi-symmetric function by subsets of [n — 1], we can associate one Gessel’s fundamental

quasi-symmetric function with each strong composition & by setting

FanlX]:= Z Xi Xiy * X, (1.3)

iES(a)%i,‘<l‘i+1

Then the Fy ,[X]’s as o ranges over all strong compositions of n also form a basis for the space
of quasi-symmetric functions QSym,,.
We abbreviate Fs ,[X] and Fy ,[X]| to F5[X| and Fy [X] when there is no ambiguity. We will

often omit the brackets to write My, Fs and Fy, for these polynomials. Another way of defining

10



QSym is to set

QSym := C-span{M, : o a strong composition}.

1.1.6 Macdonald polynomials

In [Mac98], Macdonald introduced a family of orthogonal symmetric polynomials
{P,[X:q.1]} 1 as a basis for the space A" that generalized many other existing families of
symmetric functions, such as Schur symmetric functions, Jack polynomials and Hall-Littlewood
polynomials. The polynomials Py [X;q,| are then known as Macdonald polynomials, which have
nice mathematical and physical properties that interest people in many areas, such as physics,
representation theory and algebraic geometry.

Macdonald polynomials have several transformations, and the form that we are using is
called the modified Macdonald polynomials PNIM [X;q,t] which are indexed by partitions u - n.
One combinatorial way to define ﬁu [X;q,t] is due to the work of Haglund, Haiman and Loehr
[HHLOS5a]:

I—NIH X:q.,1] == Z qinv(T)tmaj(T)XT,

T€Tab(u)
where inv and maj are two statistics defined on the tableau 7. We shall often abbreviate
I—NIM[X;q,t] to ﬁ”.

The above definition gives a monomial quasi-symmetric function expansion of
FIM [X;q,t]. In fact, Macdonald polynomials are Schur positive (i.e. have non-negative coefficients

in Schur function expansion), which is conjectured by Garsia and Haiman [GH93] and proved by

Haiman [HaiO1]. Further, in the expansion

Hy[X:q.1) =Y K) (q,0)s2,
Abn

the coefficients I?;L, u(q,t) € N(g,t) are called g,t-Kostka polynomials.

11



1.1.7 The operators nabla V, Delta A and Delta prime A’

The symmetric function operators nabla V, Delta A and Delta prime A’ are eigenoperators
of Macdonald polynomials defined by Bergeron and Garsia [BG99] that will be frequently used
in this dissertation.

For any partition u - n, we let

By = Z q“l(c)tll(c) and Ty := Hq“/(c)tl/(c)

ceu cen

be polynomials defined from the Ferrers diagram of t. Given a modified Macdonald polynomial

H,, [X;q,t], the operator nabla (V) defines the operation:
VFIM = Tuﬁu-
Let f be a given symmetric function, then Ay and A} are the operators such that
AgHy = fBu]Hy, AjHy = f[By —1]Hy,

where f[B,] and f[By — 1] are plethystic expressions.
For example, for the partition yt = (3,1) - 4, we can first draw its Ferrers diagram, and

fill in each cell ¢ € u the weight q“/(c)tl/(c). This process is pictured in Figure 1.4.

t
1]a]

Figure 1.4: A partition u = (3,1).

By definition, we have B(3 1) =1 +q+q>+t, T3, = ¢’t, and

VHi1) = q'tH ).

12



Setting the symmetric function f = e, then

Ap,Hszyy = el +Q+q2+f]ﬁ(3,1)

= (q+@+t+q +qt+4) Ha ),
and

ALHsyy = elq+q*+1Hgy

€2

= (@ +qt+q°t)Hs ).
Note that for it b 1, e,[By] = e,_1[By — 1] = T, thus for a symmetric function F € A",

VF=A,F=A, F (1.4)

€p—1" "

Furthermore, since e;[X + 1] = ¢;[X] + e;_1[X], we have the following relation between the
operators A and A:

Aoy = AL + A, (1.5)

€k—1"

1.1.8 g-analogues and ¢,¢-analogues

We shall list a couple of notations we use when writing polynomials of g or ¢,z.

For an integer n, we define the g-analogue of n by setting

=L
n =
q 1— q ’
and we define the g,7-analogue of n by setting
M qn
[n]%t - [ — q ‘

13



When 7 is a non-negative integer, it follows from the definition that [n], = 14 ---+ q" ! and
[n)ge =1"+1""1g+---+1q" "1 +¢", which both equal n when setting t = g = 1.

Similarly, we define the g-analogue and the g,f-analogue of n! by setting

[n]g! = [1]4[2]q- - [n]q and [nlg,!:=[1gs[2]qs - [n]q.,
and we define the g-analogue and the ¢,f-analogue of binomial coefficients by setting

n [n],! n [1]g.!
o ™ L T e

As a remark, our g-analogue and g, 7-analogue of integers works for negative numbers. If

n € Z., then by definition,

[—nlg, = g —[n]%,.
T i-q (qt)"
Further, we also use the notation
= mlg = i[l] r = i V') — t"m—n+1;—q"m—n+1],
gt e g — . ,

(g=D@ =) —(—1)(¢" ' ~q")

(t=1)(g=1)(t—q)

or alternatively

1.2 Background about parking functions

In this section, we define several combinatorial objects that are related to the Shuffle
Theorem, the Rational Shuffle Theorem and the Delta Conjecture. The material related to this

section can be found in [HagO08].
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1.2.1 Dyck paths and Catalan numbers

Let n be a positive integer. An (n,n)-Dyck path P is a lattice path from (0,0) to (n,n)
which always remains weakly above the main diagonal y = x. The number of Dyck paths of size
n is given by the nth Catalan number C,, = nl? (2,;1 ) We let D,, denote the set of Dyck paths of
size n. We shall always refer to (n,n)-Dyck paths as classical Dyck paths or Dyck paths in the
classical case. Figure 1.5 shows a Dyck path of size 7.

For a Dyck path P € D,, the cells that are cut through by the main diagonal are called
diagonal cells, and the cells between the diagonal cells and the path are called area cells. We call

the main diagonal the Oth diagonal; we call the line that parallel to and above the main diagonal

with distance i the ith diagonal.

Figure 1.5: A (7,7)-Dyck path P.

We let area(P) be the number of area cells of path P. This is one of the most important
statistic of Dyck paths. In the example in Figure 1.5, area(P) = 13.

The collection of cells above a Dyck path P forms a Ferrers diagram (in English notation)
of a partition A (P). For each cell ¢ € A(P), we can count its arm a(c) and leg ¢(c). In Figure 1.5,

A(P) = (3,3,1,1) or [

Another important statistic is called diagonal inversion, or dinv. For an (n,n)-Dyck path

15



P, dinv(P) is given by

The cells ¢ € A(P) such that (C() ) <1< (()4)_1 are called dinv cells. Equivalently, dinv(P) is
the number of pairs of north steps of P such that they are either on the same diagonal, or they are
on consecutive diagonals and the north step on the left is one higher than the one on the right.
The example in Figure 1.5 has dinv 5, and the corresponding dinv cells are marked in A (P).
The bounce statistic of a Dyck path is defined by the following steps: given a Dyck path
P, we draw a bounce path that starts from the lattice point (0,0) going north; then it bounces
back to the diagonal each time it hits the horizontal boundary of P, and starts going north again
from the place that it hits the diagonal until reaching the lattice point (n,n). Figure 1.6 shows a
Dyck path and its bounce path. We label the diagonal lattice points between (0,0) and (n,n) by

1,...,n—1 from top to bottom, and bounce is defined to be the sum of the labels at all hits of the

bounce path on the diagonal. In Figure 1.6, bounce(P) =4+2 = 6.

‘6

Figure 1.6: A Dyck path and its bounce path.

We shall mention the facts that the distribution of the statistics area, dinv and bounce are
equal on D,; further, the pairs of statistics (dinv,area) and (area,bounce) are equi-distributed on

D,,, which implies that the following two definitions are well-defined.
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The g-Catalan number C,(q) can be defined by

Cn((]) — Z qarea(P): Z qdinV(P) _ Z qbounce(P).

PeD, PeD, PeD,

The g,t-Catalan number C,(q,t) can be defined by

C, (q,t) = Z tarea(P)qdinv(P) _ Z tbounce(P)qarea(P).
PeD, PeD,

In fact, the polynomial C,(g,7) is symmetric in (g,¢) for any positive integer n, i.e.
Cn(q,l):CH(I,C]), V}’LEZ_H

and the ¢,z-symmetry of C,(g,?) has no combinatorial proof.

1.2.2 Parking functions

The original definition of a parking function in [KW66] is a sequence @ = (ay,...,a,) €
7" such thatif by < --- < b, is the increasing rearrangement of ¢, then b; < i. In this dissertation,
we are going to use another equivalent definition of parking functions that is related to Dyck
paths.

Given a Dyck path P, we can get an (n,n)-parking function PF by labeling the cells east
of and adjacent to north steps of P with numbers {1,...,n} such that the labels (called cars) are
strictly increasing in each column. The set of parking functions of size n is denoted by P.F,,. The
cardinality of the set PF, is (n+1)"~!. Figure 1.7 gives an example of a 5 x 5 Dyck path and a
5 x 5 parking function.

We let the rank of a car ¢ in cell (x,y) be rank(c) := (n+ 1)y — nx. We also define the
area of PF to be the area of the underlying Dyck path, and the dinv of PF to be the number of

pairs of cars (i < j) such that rank(i) < rank(j) < rank(i) + n.

17



3
1

Figure 1.7: A (5,5)-Dyck path and a (5,5)-parking function.

To be more explicit, for a parking function PF € PF,, let a;(PF) be the number of full
cells between the path and the diagonal in the ith row counting from bottom to top, let ¢; denote

the car in the ith row, and let

di(PF) :=|{(i, ) :i < j, ai(PF) = a;(PF) and ¢; < {;}

U{(i,j) :i < j, ai(PF) =a;(PF)+1and ¢; > (;}|,

then area(PF) :=Y" | a;(PF) is the area of PF and dinv(PF) := "', d;(PF) is the dinv of PF.

Figure 1.8 gives an example of a (7,7)-parking function with area 13 and dinv 2.

ai(PF) d,(PF)

[S—
—_— NN W A NN~
S = NN W N W
S OO~ = O O

Figure 1.8: A (7,7)-parking function with area 13 and dinv 2.

Let

Pu(g,t) == Z tarea(PF)qdinv(PF)
PFEPF,

be a polynomial associated to PF, and set Py(q,t) := 1. As a consequence of the Shuffle

Theorem of Carlsson and Mellit [CM 18], the polynomials P,(g,) are symmetric in g,z. If we let
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P.(q) = P.(q,1) = P,(1,q), then Kreweras in [Kre80] proved the following recursive formula:

Pe@) = ¥ (}) b 1P l0) (16)

k=0

We let the word (or diagonal word), o (PF), of PF be the permutation obtained by reading
the cars in PF from the biggest rank to the smallest rank, and we let the inverse descent, ides(PF)
of PF be the descent set of 6(PF)~!. ides(PF) is a subset of [n — 1], which corresponds to a
strong composition of the integer n. We let pides(PF) be the composition corresponding to
ides(PF). In the parking function in Figure 1.7, the word o (PF) = 52431, ides(PF) = {1,3,4}
and pides(PF) = (1,2, 1, 1). We shall give further details about these definitions when introducing

rational parking functions.

1.2.3 Rational Dyck paths and rational Catalan numbers

We shall generalize Dyck paths and Catalan numbers to rational cases.

Let m and n be positive integers. An (m,n)-Dyck path is a lattice paths from (0,0) to
(m,n) which always remains weakly above the main diagonal y = 7 x. The set of (m,n)-Dyck
paths is denoted by D,, ,. The cells that are cut through by the main diagonal will be called
diagonal cells. Figure 1.9(a) gives an example of a (5,7)-Dyck path, and Figure 1.9(b) gives an
example of a (4,6)-Dyck path, where the diagonal cells are the light blue cells.

Similar to classical Dyck paths, we have the statistics area and dinv defined on rational
Dyck paths. Given an (m,n)-Dyck path P € D, ,, the cells between the path and its diagonal
cells are called area cells, and we let area(P) denote the number of area cells. The paths in Figure
1.9 have 4 and 3 area cells respectively.

We call the cells above the path P coarea cells, and we let coarea(P) denote the number
of coarea cells. The coarea cells of P form a partition (in English notation), and we still denote

the partition by A (P). In Figure 1.9(a), A(P) = (3,3,1,1) or EE Then for each cell ¢ € A(P),
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(a) (b)

Figure 1.9: A (5,7)-Dyck path and a (4,6)-Dyck path.

we can count its arm a(c) and leg ¢(c).
In rational Dyck paths, we use the name path dinv (or pdinv) instead of dinv in order to

distinguish several types of dinv statistics. For a path P € Dy, ,, its path dinv is given by

, o a(c) m a(c)+1
pdinv(P) := ce;(‘P)x (E(c) 1 < - < 6] ) :

The rational Catalan number C,, , is the number of rational Dyck paths in D,, ,, and it is

1 (m+n

m—+n \ m,n

not difficult to prove the formula that C,,, ,, = ) which is symmetric in m, n.

Similar to the classical case, there are g-analogues and ¢, 7-analogues of rational Catalan
numbers. It is a fact but not obvious that the statistics area and pdinv are equi-distributed in Dy, ,,

and the g-rational Catalan number Cy, ,(q) can be defined by

Cnn(q) = Z qarea(P): Z quinV(P).
PGDm’n Pepmm

Further, the q,¢-rational Catalan number Cy, ,(q,t) can be defined by

Cm,n(q,t) = Z tarea(P)quinv(P),
PEDy p

and Cy, »(g,1) is symmetric in g, as a consequence of the Shuffle Theorem of Carlsson and Mellit
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[CM18].

1.2.4 Rational parking functions

Similar to the classical case, an (m,n)-parking function PF is obtained by labeling the
cells east of and adjacent to north steps of an (m,n)-Dyck path with the integers 1,...,n in such
a way that the numbers increase in each column as we read from bottom to top. We will refer
to these labels as cars. The underlying Dyck path is denoted by I1(PF). The partition formed
by the collection of cells above the path I1(PF) is denoted by A(PF) (i.e. A(PF) = A (II(PF))).
The set of (m,n)-parking functions is denoted by PF, ,. Figure 1.10(a) pictures a (5,7)-parking

function based on the (5,7)-Dyck path pictured in Figure 1.9(a).

6/ . |
1/// 4 7
7 // 13 ’
3 /// 8 //
50 e
4'/ 5 7
2 K
(a) (b)

Figure 1.10: A (5,7)-parking function and its car ranks.

Next we define statistics ides(PF) and pides(PF) for any rational parking function PF.
For any pair of coprime positive integers m and n, we define the rank of a cell (x,y) in the

(m,n)-grid to be rank(x,y) := my — nx. If m and n are not coprime, we shall generalize the rank

x-ged(m,n)
m

to be rank(x,y) :=my —nx+ | |. Figure 1.10(b) shows the ranks of the cars in Figure
1.10(a). o(PF), the word (or diagonal word) of PF, is obtained by reading cars from highest to

lowest ranks. In our example in Figure 1.10(a), o(PF) = 7563412.
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We define ides(PF) to be the descent set of o(PF)~!. In other words,

ides(PF) := {i€ o(PF):i+1isto the left of i in o(PF)}

= {i:rank(i) <rank(i+1)}.

Then we define pides(PF) to be the composition set of ides(PF). If ides(PF) = {i} < i, <
-+ < g}, then

pides(PF) := {iy,ip —i1,...,n—ig}.

In Figure 1.10(a), we have ides(PF) = ides(7563412) = {2,4,6}, and pides(PF) = {2,2,2,1}.
We have two remarks about the statistics word, ides and pides. If i < j and rank(i) >
rank(j), then i and j cannot be in the same column, otherwise j lies on top of i, which lead to a

contradiction that rank(7) > rank(j). Thus,

Remark 1.1. Let i < j be two cars in the parking function PE. If i is to the left of j in 6 (PF),

then the cars i, j must be in different columns.

If M € pides(PF) and M > m, then there exist M cars k,k+ 1,...,k+ M — 1 with decreas-
ing ranks. By Remark 1.1, the M cars are in different columns, which is impossible, thus the

assumption M € pides(PF) is not true, and we have the following remark.

Remark 1.2. The parts in the composition set pides(PF) of a parking function PF € PF,, , are

less than or equal to m.

In many papers, the statistic dinv of a parking function is defined by 3 components — path
dinv (pdinv), max dinv (maxdinv) and temporary dinv (tdinv).
For a parking function PF € P.F,, ,,, the path dinv of PF is the path dinv of the underlying
Dyck path, i.e.
pdinv(PF) := pdinv(II(PF)).
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Then, the temporary dinv is defined by

tdinv(PF):= ) y(rank(i) < rank(j) < rank(i)+m).

cars i<j€PF

In Figure 1.10(a), tdinv(PF) = 7 since the pairs of cars contributing to tdinv are (1,3), (1,4),
(3,5), (3,6), (4,6), (5,7) and (6,7).

Then, the statistic max dinv is defined as the maximum of temporary dinvs of parking
functions on the same path. Since max dinv is independent of the cars, it is also a statistic of

rational Dyck paths like pdinv. For a parking function PF, we have
maxdinv(PF) := max{tdinv(PF) : [I(PF') = I1(PF)};
for a rational Dyck path P, we write
maxdinv(P) := max{tdinv(PF) : II(PF) = P}.
Finally, the statistic dinv is defined by setting
dinv(PF) := tdinv(PF) + pdinv(PF) — maxdinv(PF).

We shall use this definition of dinv in some combinatorial proofs in Chapter 2.

Notice that the statistics pdinv and maxdinv of a parking function PF are determined
by the underlying Dyck path I1(PF), thus the component (pdinv(PF) — maxdinv(PF)) in the
definition of dinv(PF) combines to a statistic of rational Dyck paths. Leven and Hicks in
[HL15] gave a simplified formula for dinv(PF) by defining the statistic dinvcorr that satisfies
dinvcorr(ITI(PF)) = pdinv(PF) — maxdinv(PF).

To be more explicit, let P be an (m,n)-Dyck path and set 8 =0 and § = oo for all x # 0,
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then we define

, m a(c) alc) _m a(c)+1
dinvcorr(P) := X ( <—-< —) — X (— <—-< .
(P) CGXZ(P) le)+1 ~n (¢) . ¥ lc) = n Lc)+1
An alternative definition of dinv is

dinv(PF) := tdinv(PF) + dinvcorr(II(PF)).

Note that as a statistic of rational Dyck paths, dinvcorr only depends on the path P, and it

is the difference of two sums ¥.c (p) X (Zgii << %) and ¥eeq(p) X (ﬁ << Z(C)H),
of which at most one is nonzero.

If m = n, then there is no dinvcorr. When m # n, we count dinvcorr by checking the cells
¢ in the partition A (P). Given a cell ¢ € A(P), we high-light the vertical line segment N which is

a north step of the path P to the east of ¢, and the horizontal line segment E which is a east step

of P to the south of c. We draw two lines with slope ;- from the north end and south end of N.
(1) If n > m, the cells of type (a) and (b) in Figure 1.11 contribute —1 to dinvcorr.

(2) If m > n, the cells of type (c) and (d) in Figure 1.11 contribute 1 to dinvcorr.

(b) (c) (d)

Figure 1.11: Types of cells that contribute to dinvcorr.

Following Hikita [Hik14], we define Hikita polynomials H,, ,[X;q,t] where m and n are
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coprime by setting

HualXiq, 0= ), PO Ey o [X]. (1.7)

PFEPF
For non-coprime case, we formulate Hikita polynomials as follows. Given m,n coprime and
k > 1, we defined the return, ret(PF), of a (km, kn)-parking function PF to be the smallest positive
integer i such that the supporting path of PF goes through the point (im,in). Then following the
formulation of Garsia, Leven, Wallach, and Xin in [GLWX17], we define the extended Hikita

polynomial to be

HonalX:q,1):= Y [ret(PR)[ s g™ PO By X, (1.8)
PFEP Fipm in
The (extended) Hikita polynomials are proved to be symmetric functions in X in [Hik14].

Here we shall give a remark about Hikita polynomials in the Fuss-Catalan case. The
number of (kn,n)-parking functions is equal to the number of (kn+ 1,n)-parking functions. For
any (kn,n)-parking function PF, we let PF’ be the (kn+ 1,n)-parking function obtained by adding
a east step at the right end of the path II(PF). Then it follows immediately from the definition of

the statistics that area(PF) = area(PF'), dinv(PF) = dinv(PF’) and ides(PF) = ides(PF’). Thus,

Hkn+1,n [X; q, t] = Z tarea(PF) qdinV(PF) Fides(PF) [X] = Z tarea(PF) qdinV(PF) Fides(PF) [X] :
PFEPF iny1n PFEPFiun
(1.9)

In particular, we have the following formula in the classical case:

HoalXoq )= Y g epX] = Y PR OE o pp [X].
PFEPF, 1, PFEPF,
(1.10)
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1.2.5 An alternative expression for Hikita polynomials

As we have mentioned, Hikita polynomials H,, ,[X;¢,7]| are symmetric (in X) for any pair
of integers m,n. We shall introduce an alternative expression for Hikita polynomials from this
fact.

Suppose that @ = (@4, ..., &) is a strong composition of n into k parts (k < n), then we

set aj = 0 for j > k. We let X = {xy,...,x,} be the set of n variables and

Aa [X] = det ‘ |.xl~aj+n7j” = Z Sgn(a)o(xixl+n_l .. .x’?n+n—n).
oS,

We let A[X] := det| |x?7j || be the Vandermonde determinant. Then the Schur symmetric function

sq|X] associated to a can be defined by

_ AdX]
Al

salX]: (1.11)

It is well-known that for any such strong composition «, either we have s4[X] = 0 or
there is a partition A - n such that s4[X] = £, [X]. In fact, there is a straightening relation which

allows us to prove that fact. Namely, if o;+1 > o, then

S(al yeeey O, Ot ,...7ak) [X] = _S(a1 yeey Ot ] —17(X,'+1,...7(Xk) [X] . (112)

In a remarkable and important paper, Egge, Loehr and Warrington [ELW10] gave a
combinatorial description of how to start with the a quasi-symmetric function expansion of a

homogeneous symmetric function P[X| of degree n,

P[X] = Z agFylX],

a’:strongn
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and transform it into an expansion in terms of Schur functions,

PX] =Y bysy[X].
Abn

The following theorem due to Garsia and Remmel [GR18] is implicit in the work of [ELW10],
but is not explicitly stated and it allows one to find the Schur function expansion by using the

straightening laws.

Theorem 1.1 (Garsia-Remmel). Suppose that P[X| is a symmetric function which is homogeneous

of degree n and
PX]= Y aoFulX]. (1.13)
a’:strongn
Then
PX]= Y ausalX]. (1.14)
OFstrongh

Recall that pides(o) is the composition set of ides(o), then Theorem 1.1 and the straight-

ening action allow us to transform H,, ,[X;¢,7] into Schur function expansion that

ZJlrf:a(PF) qdinv(PF) )2

HunlX;q,t] = Y [ret(PF)] ides(PF)

PFEP Fpun

= Z [ret(PF)]

PFEPF

1
f

tarea(PF) qdinV(PF)

~I=

Spides(PF)- (1.15)

From Chapter 2, we shall use the expression (1.15) for H, ,[X;¢,¢] to prove several facts

about the coefficients in the Schur function expansions of the Rational Shuffle Theorem.
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1.3 The Shuffle Theorem, the Rational Shuffle Theorem

and the Delta Conjecture

1.3.1 The ring of diagonal harmonics and the Shuffle Theorem

The Shuffle Theorem comes from the study of the ring of diagonal harmonics. Let
X ={x1,x2,...,x,} and Y = {y1,y2,...,yu} be two sets of n variables. The ring of diagonal
harmonics consists of those polynomials in Q[X,Y] which satisfy the following system of
differential equations

0400 F(X,Y)+9Ld0 f(X,¥)+...+3%9] f(X,¥)=0

X171 x27)2

for each pair of integers a and b such that a + b > 0. Haiman in [Hai94] proved that the ring of
diagonal harmonics has dimension (n+1)"~1,
Further, Haiman [Hai94] proved that the bigraded Frobenius characteristic of the S,-

module of diagonal harmonics, DH,(X;q,t), is given by
DH,(X;q,t) = Ve,. (1.16)

The Classical Shuffle Conjecture proposed by Haglund, Haiman, Loehr, Remmel and
Ulyanov [HHL05b] gives a well-studied combinatorial expression for the bigraded Frobenius
characteristic of the ring of diagonal harmonics. The Shuffle Conjecture has been proved by

Carlsson and Mellit [CM 18] as the Shuffle Theorem as follows.

Theorem 1.2 (Carlsson and Mellit). For any integer n > 0,

Ve, =Hpy14X:9,1]. (1.17)
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By the identities (1.10) and (1.15), we also write the Shuffle Theorem as

Ve, = Z tarea(PF)qdinv(PF)Spides(PF) [X]7 (1.18)
PFEPF,

which is saying that the Frobenius characteristic of diagonal harmonics can be written as a
generating function of some combinatorial objects (parking functions in PF},). We shall refer to
the left hand side of the Shuffle Theorem as the symmetric function side or the algebraic side, and

refer to the right hand side as the parking function side or the combinatorial side.

1.3.2 The Rational Shuffle Theorem

The Rational Shuffle Theorem is a rational generalization of the Shuffle Theorem. In the
algebraic side of the conjecture, Gorsky and Negut [GN15] introduced the symmetric function
operator Q,, , and extended the algebraic side of the Shuffle Theorem from Ve, to Q,, , applied
to (—1)".

As shown in [BGLX15], the Q. , operators of the Gorsky-Negut conjecture can be
defined in terms of the operators D; which were introduced by Bergeron and Garsia in [BG99].

In plethystic notation, the action of Dy on a symmetric function F[X] is defined as

; (1.19)

7k

Dy FIX] = F [x#‘;] ¥ (~2felx

where M = (1 —1)(1 —gq).

Then one can construct a family of symmetric function operators Q,, , for any pair of
coprime positive integers (m,n) as follows. First for any n > 0, set Q;, = D,. Next, one can
recursively define Q; , for m > 1 as follows. Consider the m x n lattice with diagonal y = -“x. Let

(a,b) be the lattice point which is closest to and below the diagonal. Set (c¢,d) = (m —a,n—Db).
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In such a case, we will write
Split(m,n) = (a,b) + (c,d). (1.20)

Note that the pairs (a,b) and (c,d) are coprime since any point of the form (kx,ky) is
further from the diagonal than the point (x,y). Then we have the following recursive definition of

the Q,,,, operators:
1 1
Qm,n = M[Qc,d:Qa,b] = M(Qc,an,b - Qa,ch,d)- (L.21)
Figure 1.12 gives an example of Split(3,5) = (2,3) +(1,2), so that

1 1
Q35 = A—/I[Ql,z,Qz,zs] = M[ 2,Q23]. (1.22)

Qss /Q1,2

Q3 /) Q

o

Q1,1

Figure 1.12: The geometry of Split(3,5).

The same procedure gives Qa3 = AL,I[QLZ,QM] = AL/I[DZ,Dl]. Therefore,
1
Q35 = —5[D2,[D2,D1]] = —5 (D2D2Dy — 2D2D1 Dy + D1 D2D3). (1.23)

For the non-coprime case, we can define the Qy,, 1, operator as follows. We choose one of
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the lattice points, (a,b), in the km x kn lattice that are strictly below and closest to the diagonal,

then we set
1

ka,kn = M [ka—a,kn—b7Qa,b]' (1.24)

This recursive definition is well-defined as it is proved in [BGLX15] that any choice of such point
(a,b) defines the same operation.

In the combinatorial side, the generalization is straightforward from the generating func-
tion H, 11 »[X; q,1] of classical parking functions to the generating function H,, ,[X; g, 7] of rational
parking functions (though the definition of dinv in the rational case is relatively complicated).

The Extended Rational Shuffle Theorem conjectured by Garsia, Leven, Wallach and Xin
[GLWX17] and Gorsky and Negut [GN15] is the following:

Theorem 1.3 (Mellit-Garsia-Leven-Wallach-Xin). For all pairs of coprime positive integers

(m,n) and any k € 7, we have

Qimon (— 1) = Hian [X 3 9,11, (1.25)

which was proved by Mellit [Mel16] and Garsia, Leven, Wallach and Xin [GLWX17].

The original Rational Shuffle Theorem proposed by Gorsky and Negut [GN15] and
proved by Mellit [Mel16] in the case where m and n are relatively prime is the special case when
k =1 in Theorem 1.3. In this case, ret(PF) is always 1 and the theorem can be described as

follows.

Theorem 1.4 (Mellit). For all pairs of coprime positive integers (m,n), we have

Qm,n(_1>n:Hm7n[X;%t]- (126)
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1.3.3 The Delta Conjecture

The Delta Conjecture of Haglund, Remmel and Wilson [HRW18] is another well studied
extension of the Shuffle Theorem. The Delta Conjecture has two versions, the rise version and
the valley version.

In order to introduce the Delta Conjecture, we need to define some more combinatorial
terminology about parking functions. For a parking function PF € PF,, recall that we use
a;(PF) and d;(PF) := |{(i, j)|i < j, ai=ajand £; < L;}U{(i, j)|i < j, ai=a;+ 1 and {; > {;}|
to denote the area and dinv component in the ith row counting from bottom to top (see Figure

1.8). We also let /;(PF) be the car in the ith row. We define

valley(PF) := {i:a;(PF) <a;_;(PF)},
Rise(PF) := {i:a;(PF)=a;_1(PF)+1}, and
Val(PF) := {i:a;(PF) < a;_i(PF) or a;(PF) = a;_(PF) and ¢;(PF) > ¢;,_(PF)}

to be the sets of valleys, double rises and contractible valleys of PF.

We let
. i <

Rise, « X:q,1] := Z tarea(PF)qdi(PF)Fjdes(PF) H (1+ [az(—PF)) L

PFePF, i€Rise(PF) "

and
; Z

Valn’k [X, g, l'] — Z l,area(PF)qdan(PF)Edes(PF) | H (1 + m) e

PFEPF, i€ Val(PF) 4q b

be two generating functions of P.F,, then the rise and the valley version of the Delta Conjecture

are the following.
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Conjecture 1.1 (Haglund, Remmel and Wilson). For any integers n > k > 0,
A;ken = Rise, x[X;q,t] = Val, x[X;q,t].

The Delta Conjecture is still open, but a lot of cases of the Delta Conjecture have been
proved. The conjecture for A, e, is proved by Haglund, Remmel and Wilson [HRW18]; the
rise version Delta Conjecture at g = 1 is proved by Romero [Rom17]; the Catalan case of the
conjecture is proved by Zabrocki [Zab16]. The Delta Conjecture at the case when ¢ or g equals 0
is proved by Garsia, Haglund, Remmel and Yoo [GHRY 17]; Wilson [Wil16]; Rhoades [Rho18];

Haglund, Rhoades and Shimozono [HRS18].
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Chapter 2

Schur function expansions of the Rational

Shuffle Theorem

It is an important combinatorial question to find the Schur function expansion of Ve,
since that would allow us to find the bigraded S,-isomorphism type of the ring of diagonal
harmonics, see [Hai94]. More generally, we would like to find a combinatorial interpretation of
the coefficients that arise in the Schur function expansion of Q, ,(—1)".

In this chapter, we study the combinatorics of the Schur function expansion of
Qmn(—1)". We explore several symmetries in the combinatorics of the coefficients that arise
in the Schur function expansion of Q,, ,(—1)". In particular, we study the hook-shaped Schur

function coefficients, and the Schur function expansion of Q,, ,(—1)" in the case where m or n

equals 3.
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2.1 Introduction

Mellit [Mell16] and Garsia, Leven, Wallach and Xin [GLWX17] in 2016 proved the

Extended Rational Shuffle Theorem that for any pair of positive integers (m,n),

Qm,n(_1>n:Hm,n[X;q7t]- (2-1)

Thus, we can find the Schur function expansion in one of two ways. That is, we can use the
properties of the operator Q,, , to find the Schur function expansion of Q,, ,(—1)"” which we will
refer to as working on the symmetric function side of the Rational Shuffle Theorem. Second,
one could start with the Hikita polynomial H,, ,[X;¢,¢] and expand that polynomial into Schur
functions which we will call working on the combinatorial side of the Rational Shuffle Theorem.
We let [sy]m,» be the coefficient of the Schur function s, in both polynomials Q,, ,(—1)" and
Hyn[X:q,1].

The Schur function expansion of Q,, ,(—1)" in the case where m and n are coprime and

either m or n equals 2 was given by Leven [Lev14] summarized in the following theorem.

Theorem 2.1 (Leven). For any integer k > 0,

Qor+12(1) = Hop12[X5 9, 1] = [k]ges2 4 [k 4 1] 1511 (2.2)
and
k
Qo 2k+1(—1) =Hy o1 [X3q,1] = Y [k+ 1= rlgusyroe1-2. (2.3)
r=0

By the combinatorial side of the Extended Rational Shuffle Theorem formulated in
[BGLX15], we can extend Leven’s theorem to compute the Schur function expansion of
Qm’n(—l)" where either m or n is equal to 2, but m and n are not coprime. That is, we can give a

combinatorial proof of the following.
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Theorem 2.2. For any integer k > 0,

Qak2(1) = How2[X:5q.1] = ([k]gs + [k — g )52+ ([k+ g + [Klgs)s11 (2.4)
and
k
Qo2k(1) =Hp ok [X:q,1] = Y ([k+ 1 =gy + [k —rlgs)soraesi-2. (2.5)
r=0

As we have introduced in Chapter 1, the coefficient at sy in Q;, ,(—1)" is known as the
rational ¢g,7-Catalan number, computed by Gorsky and Mazin [GM14] for the case n = 3 and
studied by Lee, Li and Loehr [LLL14] for the case n = 4. The coefficients at the hook-shaped
Schur functions were discussed by Armstrong, Loehr and Warrington [ALW16].

In this chapter, we explore the combinatorics of the Schur function expansion of
Qum,n(—1)" in several special cases, and the organization of this chapter is as follows.

In Section 2.2, we prove a number of symmetries of the coefficients of Schur functions.

We can combinatorially prove

Theorem 2.3. For allm,n >0 and 't (n—am),
(@) [si]mn = [Sn]m+nn,

(D) [Spmarlmpn = [Salmp—ams

(¢) [Sgin—klmn = [Sgim—t]nm-

In Section 2.3, we prove the following theorem to give an explicit formula for the Schur

function expansion of Q,, 3(—1) from both symmetric function side and combinatorial side.
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Theorem 2.4. For any integer k > 0,

i=0

k1 .
Qak+13(—1) =Hary13[X59,1] = (Z(qf)k_l_l[%‘l‘ 1]q,l> 53

k—1 k
+ (Z(qz)k—l—f([3i+2]q,,+ [3i+3]q,t)) s2.1 + <Z(qt)’<—i[3i+ 1]%,) 53, (2.6)

i=0 i=0

k1 .
Q3k423(—1) =H3p23[X5 9,1 = (Z (ql)k_l_l[3i+2]q,z) 53

i=0

k—1 k
+ ( Y (g) T (Bi+ 3]0+ [3i—|—4]q7t)) s2.1 + (Z(qt)k_i[3i+2]q7,> s, (2.7)

i=—1 i=0

i=0

k-1
Q3k3(—1) =Hz 3[X;q,t] = (Z(qf)k_l_i([3i— g+ [3ige +[3i + 1]q,r)> 53
k-1

+ ((qf)k+l (Blgs + 212100 + [Ugr) + Y (@) ([Bil g +2[3i + 1] +2[3i + 24,

i=1

k
+ [3i+3]q,t)> $2,1 + (Z(‘ﬂ)k_i(Bi_ g+ Bilgs +Bi+ 1]%!)) 513. (2.8)

i=0
Note that this independently proves the Rational Shuffle Theorem and the Shuffle Theorem in the
case when n < 3.
In Section 2.4, we study several Schur function coefficient formulas and symmetries in
Q3,,(—1)" (some of which are consequences of Theorem 2.3), and conjecture a concise recursive

formula for Schur function coefficients [sy |3 , generally for any A - n. In particular, we study a

new symmetry that

[$2a16]3.0 = [$2014]3 3(atb)—n> (2.9)

and a combinatorial action on parking functions called the switch map S.
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2.2 Combinatorial results about Schur function expansions of
the (m,n) case

We shall work on the combinatorial side by studying the Hikita polynomials in this section.

By Equation (1.15) in Section 1.2.5, we use the alternative expression for Hikita polynomials

HpualX:q,)= ) [ret(PF)]uz area(PF)qdinV(PF)spides(PF)~
PFEP F !

In the rational (m,n) case, we have n cars, i.e. the word of an (m,n)-parking function
is a permutation of [n] = {1,...,n}. Recall that [s; ], , is the coefficient of s, in H,, ,[X;q,1].
By Remark 1.2 in Section 1.2.4, [s} ];n» 7 0 implies that A must be of the form m® - .- 1% with
Y7 i =n,i.e. [sy]mn # 0 only if the partition A only has parts of size less than or equal to m.
In this section, we shall prove the 3 symmetries about [s |, described in Theorem 2.3, stated as

the following three results.
Result 1. [s17]m.n = [Sn]m-tnn-

Note that a parking function with pides n must have word 12- - -n, and a parking function

with pides 1” must have word n---21.

2100 — 2 -7

F 3 -

Figure 2.1: Bijection between PF, 3 with word 123 and P.F ;3 3 with word 321.

A parking function in PF,,, with word n---21 corresponds to a unique (m,n)-Dyck
path, and a parking function in PF 4, , with word 12 --n corresponds to an (m + n,n)-Dyck
path with no consecutive north steps. As shown is Figure 2.1, we can obtain a parking function

PF minn with word 12---n by pushing a staircase into a parking function PF € PF,, , with
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word n---21. Given a parking function PF € PF,, , with word n- -- 21, let A = A (PF), we define
hstr(PF) € PF y4nn, the horizontal stretch of PF, to be the parking function with word 12---n

and A (hstr(PF)) = (A +n—1,2+n—2,...,4,_1+ 1), then

Theorem 2.5.

hstr: {PF € PF,,:word(PF)=n---21} — {PF&€ PFpinn:word(PF)=12---n},

PF +— hstr(PF)

is a bijection, and

area(hstr(PF)) = area(PF), (2.10)
dinv(hstr(PF)) = dinv(PF), (2.11)
ret(hstr(PF)) = ret(PF). (2.12)

Proof. The bijectivity of the map hstr is clear since the map is invertible. Comparing the coarea
of both parking functions immediately proves Equations (2.10) and (2.12). To prove Equation
(2.11), recall that dinv(PF) = tdinv(PF) + dinvcorr(PF), we shall compare the two components
of dinv, i.e. tdinv and dinvcorr.

For a parking function PF € PF,, , with word(PF) = n---21, its temporary dinv statistic
tdinv(PF) reaches the maximum possible value of the path I1(PF), i.e. any two north step with
rank difference less than m will contribute 1 to tdinv. For any two north steps, we fire two lines
from the two end points of the upper north step, then rank difference less than m means that either
the upper line or the lower line intersects the lower north step. The two cases are pictured in
Figure 2.2.

On the other hand, the parking function Astr(PF) € PF,,., , always has no tdinv since

word(hstr(PF)) = 12---n. We want to show that the increase of the dinvcorr statistic makes up
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for the missing tdinv.

(a) (b)

Figure 2.2: Pair of north steps contributing to tdinv.

For a parking function PF € PF,, ,, suppose that in the English partition A (PF), there
are j cells in row r of PF (counting from bottom to top of the n rows) with leg i, and their arms
are a,a+1,...,a+ j— 1, pictured in Figure 2.3 (a). We fire two lines with slope - from the two

end points of the north step (called N;) in row r, then they intersect the east steps (called EE's)

below the j cells at points A, B which have horizontal distances 7+ and @ to Ny.
Now consider the parking function Astr(PF) € PF 4, ». By definition of the map hstr,

there are j+ 1 cells in row r with leg i in the partition A (hstr(PF)), and their arms are a +i,a +

n

e from the

i+1,...,a+i+ j, pictured in Figure 2.3 (b). We again fire two lines with slope

two end points of the north step N; in row r, then they intersect the east steps below the j+ 1

cells at points A, B which have horizontal distances % +i and @ +i+1toNy.

j cells a j+1cells a-ti

m(i+1) | .
2D 11

(a) (b)

Figure 2.3: Cells in row r with leg i.

Now recall the definition of the dinv correction. The dinvcorr contribution of N; in each
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picture is equal to the whole east steps contained in line segment AB. The line segment AB in

hstr(PF) contains one more east step than AB in PF in the following 2 cases:
(1) InPF, Aisnoton EEs but B is on EEs.
(2) InPF, Aison EEs.

In case (1), the car in row r of PF produces a tdinv with the car in the row immediately below
EEs; in case (2), the car in row r of PF produces a tdinv with the car in the row of the next north
step that the upper line fired from Nj intersects. Thus, the new dinvcorr in case (1) and case (2)
matches the tdinv in the two cases in Figure 2.2, and the increase of dinv correction is equal to

tdinv(PF), which proves the theorem. O

Since Astr is an (area,dinv,ret)-preserving bijection, [s17]m.n = [Sn]m-tn,» follows immedi-

ately.

Result 2. [Smocm...lal]m,n = [Smam+l...10¢1]m,n+m

This is a rewording of Theorem 2.3 (b). For a parking function PF € PF,, ,, we define
a map vstr, vertical stretch, that we push a staircase down to PF, then replace the car i in PF by
i+ m, and fill the bottom of the m columns of the new parking function with cars 1,...,m in a
rank decreasing way to get vstr(PF), as shown in Figure 2.4.

Similar to Theorem 2.5, we have the following theorem about the vertical stretch action.

Theorem 2.6.

vstr: {PF € PF,., : pides(PF) = m% .- 1%} — {PF € PFnsm : pides(PF) = m%t1... 1%}

PF — vstr(PF)
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/ / 1y
] 4, 7. 71/
1, 4, 4,
41 2
1.1 B e e
3 ) |2 B E |5
2 / / 3

Figure 2.4: Bijection between P.F3 , with pides 39201¢ and PF 3,143 With pides 3atlpbyc,

is a bijection, and

area(vstr(PF)) = area(PF), (2.13)
dinv(vstr(PF)) = dinv(PF), (2.14)
ret(vstr(PF)) = ret(PF). (2.15)

Proof. The bijectivity is true since the map is invertible. Equations (2.13) and (2.15) are true
for the same reason as Equations (2.10) and (2.12). The proof of Equation (2.14) is based on
the same idea as the proof of (2.11): the action vstr changes each car i in PF into i + m, and the

rank is also increased by m, thus the temporary dinv of PF is equal to the temporary dinv of the

cars m+ 1,...,m+n in vstr(PF). Since the dinv correction is negative, we can match each tdinv
between cars 1,2,...,mand m+1,...,m+n with a new negative dinv correction, showing that
the change of dinv is zero. [

Result 3- [Skln—k]mﬂ == [Sklmfk]n’m-

We shall prove the special case when k = 1 first. That is, we first Show [s12]pm. = [S17]nm-
The bijection for this identity is that we can transpose the path of PF € PF,, , and fill the word
(m,m—1,...,1) to get PF' € PF, .

It is obvious that PF has the same area as PF since their underlying Dyck paths are
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transposes of each other. For the statistic dinv, recall that the tdinv of a parking function with

word (n,n—1,...,1) is equal to the maxdinv of the path, thus

dinv(PF) = tdinv(PF) + pdinv(I1(PF)) — maxdinv(PF)

= pdinv(II(PF))
B arm(c) m _arm(c)+1
N ce;’n)l (leg(c) +1 = n s leg(c) ) ' 2.16)

From the Equation (2.16), we see that dinv is symmetric about m and n, and preserved by the

transpose action. Figure 2.5 shows an example of this bijection.

3 /
3 b 41 7
2 —|2
1 1

Figure 2.5: Bijection between PF4 3 with pides 13 and PF 3,4 with pides 14.

Then we consider the equality [$;1n—]|mn = [Sgm—k]n,m. This bijective proof is similar to
that of [s1]mn = [s17]n.m-

That is, given a parking function PF € PF,, , with pides k1"=k one transposes the path
and labels the path to produce pides k1%, If there are only k peaks (which means k different
columns) in the Dyck paths, then the filling of cars in both (m,n) and (n,m) cases are unique
since the cars 1,...,k must be filled in a rank-decreasing way at bottom of each column in the
two parking functions, while the remaining cars should be filled in a rank-increasing way in the
remaining north steps. One can check that they have the same area and dinv values.

Otherwise, in any rational (m,n)-Dyck path IT with j > k peaks, the car k must be in the
first row since it has the smallest rank, and there are (é:}) ways to choose columns to place the
cars 1,...,k— 1 in the north steps of both IT and its transpose, while the remaining cars should be

filled in a rank-increasing way in the remaining north steps. Using the idea of analyzing dinv in
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the proof of Theorem 2.5, we can match the (i:i) possible positions of cars 1,...,k—1 in both
(m,n) and (n,m) cases by the dinv statistic, thus prove the result.
Note that Theorem 2.3 (c) is a result about the hook-shaped Schur functions. As we

proved within this result, Theorem 2.3 (c) implies the following corollary.

Corollary 2.7. For all m,n > 0,

[Sln]m.,n = [Slm]mm-

2.3 Schur function expansions of the (m,3) Case

The Rational Shuffle Theorem when n = 3 has a nice Schur function expansion, summa-
rized in Theorem 2.4. For example, one can compute the Schur function expansion of Q31 3(—1)
by Maple to get Table 2.1.

In this section, we give two proofs of Theorem 2.4 by both working on the symmetric func-
tion side and the combinatorial side of the Rational Shuffle Theorem. Our proofs independently

prove the Rational Shuffle Theorem and the Shuffle Theorem when n < 3.

2.3.1 Algebraic proof — Q,,3(—1)

We shall use Leven’s method in [Lev14] to prove the theorem by induction. We use the

following lemma about ¢g,7-analogue integers to simplify our computation.

Lemma 2.8. Let n,k > 0 be two non-negative integers, we have

]gilklgs = n+k—1]g+qtlk—1]g:n—1]g,. (2.17)
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Table 2.1: Coefficients of 5, in Q341 3(—1).

Qary13(—1 ' > ! o
Qi3(=1) 0 0 [1q.s
Q4,3(_1) mq,t [Z]qJ + [3]q7t [1]%1
+qt 4]y
Q73 (_ 1) [4]6171 [S]q,t + [6]q,t [7]6171
+qt[1]g: +qt([2]g: + [3lgs) +qt[4g:
+(q1)* [
Qio3(—1) [7]g.e (8], + [9g.e [10]4,0
+qt[4]q. +q1([5]q. + [6]g.) +qt(7]q.
+(gt)*[Wgs | +(at)*([2)g,+Blgs) | +(ar)*[4gs
+(g1)* (14,
Ql3,3(_1) [1()](” [ll]qJ + [12](1,; [13]%
+qt (g +qt([8]g: +9gs) | +qt[10]g,
+(qt)*[4gs | +(qr)*([5)gs +[6lgs) | +(a1)*[7]ga
+(gt)* (Mg | +(at)>([2)g,+Blgs) | +(ar)*[4lgs
+(g1)* 14,
Proof.
Woelkyr = (@ g 24 a2 (G g2 A

— qnfl(qkfl_i_qkut_i_'___i_qtku_i_tkfl)_i_(qant_'__n

+(¢"?

t+-~+qt”’2+t”’1)(q

k—1

= [n+k—1]g +aqtlk—1]gn—1]g,.

the theorem.
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YUt gt

We need the following lemma from [BGLX15] to prove the symmetric function side of



Lemma 2.9. For any positive integers m,n,

VQm,nvi1 = Qm+n,n- (218)

Since Va = a for any constant a, Lemma 2.9 allows us to write a recursion for Q,,

operator that

Quinn(—1)" = VQuaV H(—=1)" = VQuu(—1)". (2.19)

Using the recursion, we can prove Theorem 2.4 by inducting on m. We shall give the complete
algebraic proof of Equation (2.6) in Theorem 2.4 and omit the algebraic proof of Equations (2.7)
and (2.8).

Proof of Equation (2.6). When k = 0, we can obtain by direct computation that

Qi 3(—1) =53, (2.20)

which satisfies Equation (2.6). Then we induct on k to prove Equation (2.6) that suppose the

Schur function coefficients of Qs 3(—1) are the following:

k—1

Is3aes1s = Y (gt)* ' [Bi+ 14, (2.21)
i=0
k=1 .

ailsesis = Y (a) (B4 2000+ [B3i+3]g0), (2.22)
i=0
k .

[s13]3k413 = Z(qt)kflf'[3i+l]q,z, (2.23)
i=0
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we want to show that

(Cﬂ)k Bi+ gy,

|
™=

[S3]3(k+1)+1,3 =

Il
o

(qt)k (34240 + [3i +3],44), and

|
(gl

[321]3(k+1)+1,3 =

TT
L o

[S1313k41)41,3 = (qf)k B 1] g

I§
o

One can directly compute that

Vs = (qf)zszlJr(CIf)z[z]q,tSl%
Vs = (qf)[z]q,tsﬂ—(qf)[?’]q,tSl%

Vsis = s34+ ([2]gr + [Blg,r)s21 + (gt + [4]g)s13-

By Equation (2.19), we have

Q3(kr1)+13(—1)

= [83)3k+4,353 + [521]3k+4,3521 + [513]3k+4,3513

= VQst13(—1)

= V([s3]3k+1,353 + [521]3%41,3521 + [513]3x41,3513)
= [s3]3k+13Vs3 + [521]3k41,3Vs21 + [513]341,3 Vs

= [513]3k+1,353

(2.24)

(2.25)

(2.26)

(2.27)
(2.28)

(2.29)

+ ((gt)*[s3)3k41.3 — @t [2]gu[521]361.3 + ([2lgr + Bla) [513]3641.3) 521

+ ((gt)*[2]gu 5303613 — @t [Blgu[521)361.3 + (qt + [4]g.0) [513)3851.3) 515,
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which implies that

[s3]3k+43 = [513]3k+1,3, (2.30)
[21]3ka3 = (g1)*[s3]3ke13 — @t 2)galsatlsks 13+ ([2lgr + Blo) s13]3ke13,  (2.31)
[si3)3kias = (@) [2gels3)3ks13 — qtBlgalsa)skr13 + (qf + [4g) [s3)3ke13- (2.32)

By the recursions above, we can apply Lemma 2.8 and verify Equations (2.24), (2.25) and (2.26)

inductively:

ibcss = ohua = R (a0 1y
[s21]3443 = (qt)zlg(qt)"‘l_i[3i + g — qt[2]q7t§(qt)"‘1"’ ([3i+2]g + [3i+3]g0)
+([2gs +[Blgs) i_fo(qt)""'[m g
= (qt)zlli(i(qt)k_l_"BH g — qtlg(qt)k_l_i([3i+ 3+ qt[3i+1]g,4)
—qf[2]q,z]§(qf)kli[3i+3]q,z
+§(qt)k_i([3i+ 2)g.s + [3i+3]g +qt[3i]gs +qt[2] 44 Bilgs)
- é(qr>""’<[3i+2]q,t+[3i+3]q,t),
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and

Isslaeras = (@) [2)guls3lsks13 — qt[3lguls21]3k15 + (qf + [4]g0) [513)36413
k—1 k—1
= (qt)*[2gs Y (gt) T Bi+ g —qt Y (qt) T T (Bi+4gs + (2] [3i+ 1)
= i=0
k—1
—qt[3]4a Y (qt) ' T [Bi43]
i=0
k
+ Z(‘Zf)kfi(qf[% + g+ [Bi+4g: +qt[3]q.4[31]q.)
i=0
k1 .
— Z (qt)k+1_’[3i+ .- O]
i=0

2.3.2 Combinatorial side — H,, 3[X; ¢, 1|

Now we consider the Hikita polynomial defined by

HunlX:q,0]= Y [ret(PF)] reaPF) gainvPE) g L o). (2.33)

PFEPF

~|—=

Any parking function PF € PF,, 3 has 3 rows, thus only has 3 cars: {1,2,3}, and the word o (PF)

can be any permutation ¢ € S3. Table 2.2 shows the spiges contribution of the 6 permutations in
Ss.

Table 2.2: spiqes contribution of permutations in S3.

ceSs 123 132 213 231 312 321
Spides 53 521 s12=0 521 s12=0 E

By our notation, Hy, 3[X;q,t] = [53],n,353 + [521]m,3521 + [513]m,35;3. We can work out the

combinatorial side of the Rational Shuffle Theorem in the case where n = 3 by using (2.33).
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2.3.2.1 Combinatorics of H;3[X;q,1]

We show the combinatorics of Hsj 3[X;¢,] by enumerating the parking functions on

the (3k + 1) x 3 lattice to prove the following formulas of the coefficients of Hs,y 3[X;q,1]:

k—1 .

[s3aks1s = Y. (gt) ' T[Bi+ 14, (2.34)
i=0
k=1 .

Iso]ake1s = Y (gt)* T ([Bi+ 200+ [3i+3]qa), (2.35)
i=0

k
[spslaeens = Y (g) T Bit 1]y, (2.36)
i=0

Given a parking function PF € PF3; 3, we let IT = II(PF) be the path of PF. Since

3k+1 > 3 for k > 1, dinv correction is non-negative by definition, and

. arm(c)+1 _m arm(c))
d . arm(e)+1 _m _ _ 2.37
invcorr(PF) CE;H)X ( leg(c)+1 — n ~ leg(c) (2.37)

The partition corresponding to the Dyck path IT of PF has at most 2 parts, so leg(c) of a

cell ¢ € A(IT) is either O or 1. Taking Figure 2.6 for reference, we have

(a) c € A(IT) with leg(c) =0 and 1 <arm(c) < k contributes 1 to dinv correction, marked () in

Figure 2.6,

(b) ¢ € A(IT) with leg(c) = 1 and k < arm(c) < 2k — 1 contributes 1 to dinv correction, marked

A in Figure 2.6.

AA
00O

YANIID'S
O x| -

Figure 2.6: The dinv correction of a (3k+ 1,3)-Dyck path when k = 4.

Further, we can directly count the statistics area and dinv correction (dinvcorr) from the
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partition A (IT) of the path IT. We write A = (A1,4;) = A(IT), then A C Ag = (2k,k),i.e. A} < 2k
and A < k. Clearly, the area of IT is counted by |Ag| — |A|, thus

area(IT) = 3k — A — A;. (2.38)

We can also write the formula for dinv correction according to the partition A:

(

A —1 if A, =0and A; <k,
k—1 if A, =0and A; >k,
A —1 A=A > 1,
dinvcorr(IT) = (2.39)
AL—2 ifAy > 1,1 <A —A; <k, and A; <k,

2M—k—=3 ifA>1,1<A —A <k ,andA; >k+1,

2 +k—2 ifAp>land A —A, >k+1.

Note that the return statistic is always 1 since 3k+ 1 and 3 are coprime. We shall compute
[53]3k+1,3 first.

From Table 2.2, we see that only the parking functions in PF3;1 3 with word 123
contribute to the coefficient of s3. We also notice that the 3 cars should be in different columns,
otherwise there are cars i < j with rank (i) < rank(j), contradicting with the restriction that the
word of the parking function is 123. Thus we have one PF € P F3; 3 with word 123 on each
(3k+1,3) Dyck path which has no two consecutive north steps.

Let A (PF) = (A41,4;) be the partition associated to the Dyck path IT1(PF) (see Figure 2.7),
then area(PF) is counted by Equation (2.38). Since the ranks of cars 1,2,3 are decreasing, there
is always no tdinv, thus dinv(PF) = dinvcorr(IT), which is counted by the latter 3 cases (since
A1 > Ay > 0) of Equation (2.39).

For [s3]at1.3 = Yo—p (qt)* ' 7#[3i + 1], we construct each term (g¢)*~1=/[3i+ 1], as a
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M 1 -1
Ao 21
3t

A(PF)

Figure 2.7: Example: a parking function PF € P 3 with word 123.

sequence of parking functions. Since each parking function corresponds to a unique partition
A C (2k, k) with 2 distinct parts, we shall use partitions to represent parking functions in PF 3 3
with diagonal word 123. For each i, we define the following 3 branches of partitions (parking

functions with word 123):

A = {(k+it+Lk), (k+ik—1),...,(k+2,k—i+1)},
Ay = {(2ki),(2k—1,i—1),...,(2k+1—i,1)},

As = {(k+1,k—i),(kji+1),...,(k—i+1,k—i)}.

2k

3i (o Nk—1—i | i o Nk—1—i
g (qt) 3 . ; gt (qt)
. L k+i \ 2%k — 1 | 4 L
3i—2,2 . k—1—i 3i—3.3 . k—1—i
g (qt) 1 N g (qt)
. &
A< . 94Y)
‘A/ : T ‘
i 1 k+i+1—r —r i -
3i—2r2r . k—1—i > 3i-2r—1,2r+1 | k—1—i
g (qr) i gt q 7 (qt)
-~
2 oi i k+2 \ 2k+1—i . i
i+2,.2i-2 k—1—i > i+1,2i—-1 k—1—i
gt (ar) k—i+1 / 1 a1 (q)
‘ qi—lt2i+l.(qt)k‘—l—i qi—2t2i+2.(q?k—l—i ‘
P2 1 k+1 k k—1 k—i+1] 3 1
120, k—1—i 3i, k—1—i
-l — ] g — ) Y ] B
A3

Figure 2.8: The construction of (g¢)*~!=[3i +1],,.

The branch A contains all the partitions A such that A} —A; =i+ 1 <k with A, > k— i,
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the branch A, contains all the partitions A such that A} — A, = 2k — i > k, and the branch A3
contains all the partitions A such that A, =i+ 1 and A; — A, < k—i. Notice that |[A;| = |Az]. As
shown in Figure 2.8, the construction begins with alternatively taking partitions from A and A,
ending with the last partition of A;. Then continue the chain by taking partitions in Az and end
the chain with the last partition (k —i+ 1,k — i) in A3. The weights of the parking functions are
(g) 1% (q) 1% e, . (qt)*~ 1=t following the order of the chain.

To be more precise, it is not difficult to check that each parking function with diagonal

word 123 is contained in Aj U A U A3 for some 7, and the parking function weights are

Y RGP = (g2 o, (240
PFeA,
Z sarea(PF) qdinv(PF) _ (qt)k—i—lqurlt[i]quz, and (2.41)
PFeA,
Z tarea(PF)qdinv(PF) _ (qt)k_i_IIZi[i+1]q,z; (2.42)
PFeA3;

which sum up to (g)*~!~¥[3i+ 1], This proves that [s3]s1.3 = X (¢t)* "' ~[3i+ 1], Figure

2.9 shows an example of the combinatorial construction of the coefficient [s3]10,3.

( -7 2 -
J2- 1 1 7 1] |- 2[_ -
KESa KESa 2.+ 1 — T
_ _ 3L 3"
=T — - 1 — 1 — qt)[4] .
3 3" Cae Cae
[7]4.4 = =
’ 1 _-7 1 _-7
2 _ 2 _
34" 3"
- 1 T
JT T T
\[-17

Figure 2.9: The construction of [s3]103 = [7]4 + (q1)[4]4. + (q1)*[1] -

We can combinatorially prove [s21]3413 = Yo—p (q)* 7 ([3i + 2] + [3i +3]4,) in a
similar way. In this case, we have 2 possible diagonal words: 132 and 312. In both cases, the car

2 has the smallest rank, which means the label of the first (lowest) row must be 2. Thus, the pair

53



of cars (1,2) does not produce a tdinv. If we let A = (41, 4,) be the partition corresponding to
the path I1, and let the labels of row 1, row 2, row 3 (counting from bottom to top) be ¢1, (5, ¢3,

then we have the following formula for temporary dinv:

/

x (b3 > £7) if A, =0and A <k,
xX(lz > 0)+ x(lr > 43) if A, =0and A; >k,
X(€2>£1) if12=llzl,
tdinv(PF) =
%(€2>£1)+X(£3>€2) ifA>1,1<A—A <k A <k

Xl >l)+x(ls3>0)+x(lz>0) ifA>1,1<A—A <k, A >k+1

XUl >0)+x(l3>0)+x(lr>03) ifAy>land A —Ap > k+1.
(2.43)

In the construction of the coefficient [s21]31113 = Yh—g ()~ 71 ([3i + 2] 4 + [3i +3]42),
we construct each term (gt)*~'=[3i +2],, or (gt)*"'7[3i +3],, as a sequence of parking
functions. First, we define the following 3 branches of parking functions to obtain the term

(gt)<'=1[3i+ 3], for each i:

A = {PF:A(PF) € {(2k,i+1),(2k—1,i),...,(2k—i, 1)}, (€1, 65, 03) = (2,1,3)},
A = {PF:A(PF) € {(2k,i),(2k—1,i—1),...,(2k—i,0)},(¢1,05,03) = (2,3,1)},

Ay = {PF:A(PF) e {(kk—i—1),....(k—ik—i—1)},(f1,00,03) = (2,3,1)}.

With the 3 branches defined, the construction is similar to the construction of
(g1)<1=1[3i + 1], as a term of [s3]3113. We alternatively take parking functions from A,
and A,, ending with the last partition of A,. Then continue the chain by taking partitions
in A3 and end the chain with the last parking function corresponding to the partition (k —
i,k —i—1) with labels (¢1,¢5,¢3) = (2,3,1) in A3. The weights of the parking functions are

gt 132 (g 132 which add up to (gf)F 1 [3i 4+ 3], ;.
q7
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Second, we define another three branches of parking functions to obtain the term

(qt)*"11[3i +2],,, for each i:

As = {PF:A(PF) € {(ktit 1k),(ktik—1),...,0k+1,k—i)},(01,60,03) = (2,3,1)},
As = {PE:A(PF) € {(k+ik),(k+i—1,k—1),...,(kk—i)},(01,60.03) = (2,1,3)},

As = {PF:A(PE)e{(k—1,k—i),...,(k—ik—i)},(01,00,63) = (2,1,3)}.

The construction is the same as that of (g¢)*~1~%[3i 4 3],,, and the weights of the parking
functions are (qf)*~1=ig¥ 1 . (qt)*~ 1731 which add up to (gf)* 1 [3i 4 2],
Thus we have proved that 213413 = Yo () 7([3i + 2] + [3i + 3],,). Figure

2.10 shows an example of the combinatorial construction of the coefficient [s21]7 3.

( 3] 1.7 PE 3 . )
- e 3 - L~
2] 2 - 2] 2]~
3 _ 1 17 1 1 3 B
(6.4 ST ImpE HENE I - e [Slg.
1 _ 1 P 3 P
3 - 3 - 1 -
\ 24~ 24~ 2~ )
( 3. 177 P 3 B
2/1 - 3L’ - 2] e 24~ 3h }<Qt)[2]qvt
(@)Blad
T B
\ L=~

Figure 2.10: The construction of [s71]73 = [6]4, + [S]g./ + (g7)([3]¢ + [2]4.)-

The equality that [s)3]3;413 = Zﬂ-‘zo(qt)k_i [3i + 1]4+ = [53]3k44,3 follows immediately

from the following corollary of Theorem 2.3 (a):

Corollary 2.10. For any m >0, [s;3]m3 = [$3]m+33-
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2.3.2.2 Combinatorics of H3;»3(X;q,1]

We study the combinatorics of Hz1» 3[X;¢,t] in a similar manner by enumerating the

parking functions on the (3k +2) x 3 lattice to prove that

k=1 .
[s33k23 = Y (gt)* " Bi+2g, (2.44)
i=0
k—1 .
[S21]3k+273 = Z(ql)k_l_l([3i+3]q7t+[31'—}—4](]7,), and (2.45)
i=—1
k i
s3)3k23 = ) () ' [Bi+2]gs (2.46)
i=0

Given a parking function PF € PF3;, 3 with II(PF) = I, we can compute the dinv

correction of PF by examining the cells ¢ € A (IT). Taking Figure 2.11 for reference,
(a) c € A(IT) with leg(c) =0 and 1 < arm(c) < k contributes 1 to dinv correction, marked () in

Figure 2.11,

(b) ¢ € A(IT) with leg(c) = 1 and k < arm(c) < 2k contributes 1 to dinv correction, marked A

in Figure 2.11.

AD
00O

A
Ox[ 7

Figure 2.11: The dinv correction of a (3k +2,3)-Dyck path when k = 4.

Further, we can directly count the statistics area and dinv correction (dinvcorr) from the
partition A (IT) = (A1,A2) C (2k+ 1,k) of a (3k+2,3)-Dyck path IT. Similar to Equation (2.38),
we have

area(Il) =3k+1—A; — 4,. (2.47)

The dinv correction formula is the same as Equation (2.39), and the return statistic is still always

equal to 1.
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To prove [s3)3x423 = Yo g (qt)¥~'=[3i + 2], we shall construct the following 3

branches of partitions (parking functions with word 123) for each term (g¢)*~17[3i + 2], :

A = {(2k+1,i+1),(2k,i),...,(2k+1—1i,1)},
Ay = {(k+i+1,k),(k+ik—1),....,(k+1,k—i)},

As = {(kk—i),(k—1,i+1),... (k—i+1,k—i)}.

Then, we can follow the same construction as the (3k+ 1,3) case to get all parking functions
with word 123 and weights (g¢)*~1=ig3*1 .. ()11,
To prove [sa1]at123 = Yoo ' (qt)¥ ' =/([3i + 3]4, + [3i + 4],,), we have 6 branches of

parking functions as follows (which are similar to the (3k+ 1,3) case):

Al = {PF:A(PE) € {(k+i+2,k),...,(k+2,k—i)},(f1,02,03) = (2,3, 1)},

Ay = {PF:APF) € {(k+i+1,k),....(k+1,k—i)},(01,02,063) = (2,1,3)},

As = {PE:A(PE) e {(k+1,k—i—1),...,(k—i,k—i—1)},(f1.02,03) = (2,3, 1)},
As = {PF:A(PE) e {(2k+1,i+1),...,Q2k—i+1,1)},(01,0,03) = (2,1,3)},
As = {PF:A(PF) € {(2k+1,i),...,(2k—i+1,0)},(¢1,62,63) = (2,3, 1)},

Ae = {PF:A(PF) e {(k,k—1i),...,(k—ik—i)},(C1,6,63) = (2,1,3)}.

Then, the total weight of parking functions in the first 3 branches is (gt)*~!~[3i + 4], and the
total weight of parking functions in the last 3 branches is (gt)*~17/[3i + 3] .
The proof of [s;3]31423 = [$3]3(k+1)423 = Y5 o(qt)*~[3i+2],, follows from Corollary

2.10.
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2.3.2.3 Combinatorics of H3; 3[X;q,1]

Notice that the area and dinv of parking functions in PF3 3 are equal to those of the
parking functions in PF3;13 (as we discussed in Section 1.2.4). Given a parking function

PF € PF3j413, let A = A(PF), then the return statistic of PF is formulated as

ret(PF) = 25 (A = 2k) + x (A = k) — 2x (A = 2k) - 7 (A2 = k).

By the Extended Rational Shuffle Theorem in the non-coprime case,

H33[X:q,t] = Y [ret(PF)] 1t area(PF) qdinV(PF)Fides(PF) [X]
PFEP F3y 3
= Y IrePR)L g P e (2.48)
PFEPFai13

To prove that

k—1
[s3laks = Y. (gt) " ([31 — 1) g + 3] g0 + [Bi +1]40), (2.49)
i=0
[sa1)3ks = (gt) TN ([Blgr +2[2]g0 + [1gs)
k—1

+ Y (g (Bilgs +2[3i+ g +2[3i +2]g0 + [3i+3]gs),  (2.50)
i=1
k

Isilaks = Y (qt)* ' ([3i — g+ Bilgs + Bi+ 1gs), (2.51)
i=0

we use the constructions of [s3]3k113, [$21]3k+1.3, [513)3k+1,3 and modify the weight of parking
functions with nonzero returns. We use the set of partitions A1, Ay, A3z, Aq,As,Ag in Section
2.3.2.1.

For [s3]31 3, the first parking function in each set A; and A, has return statistic 1, except
that the first parking function in A; when i = k — 1 has return 2. All the remaining parking

functions have return 3. Then we prove Equation (2.49) by summing up the parking function
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weights.

For [s21]3k 3, the first parking function in each set A1, A2, A4, As has return statistic 1 since
the second parts of these partitions are k, except that the first parking function in A and A4 when
i = k— 1 has return 2. All the remaining parking functions have return 3. Then again we obtain
Equation (2.50) by direct computation.

The proof of [sy3]3 3 = [53]3(x+1),3 follows from Corollary 2.10.

2.4 Combinatorial results about Schur function expansions of

the (3,n) case

2.4.1 Recursive formula for [s; |3,

In (3,n) case, we have n cars, i.e. the word of a (3,7) parking function is a permutation of
[n]. By Remark 1.2, [s]3,, # 0 implies that A must be of the form 392°1¢ with 3a+2b+c =n,
i.e. [s2]3,4 7 O only if the partition A only has parts of sizes less than or equal to 3.

We have the following corollary of Theorem 2.3 summarizing some symmetries about
[52]3.-

Corollary 2.11. For all m,n >0 and a,b,c > 0,
(@) [s30001]3.0 = [$21]3,0—3a;
(b) [s17]3,0 = [813]n3

(c) [321"*2]3,11 = [521]}1,3;
Further, we conjecture another important symmetry.

Conjecture 2.1. Forall a,b,n > 0,
[Szalb]3,n = [SZ”I“]3,3(a+b)—n-
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We have found the straightening action in parking functions combinatorially from parking
functions with pides {---,1,3,---} to parking functions with pides {---,2,2,---}, which is an
involution whose fixed points are the coefficients of [sy.;s]3 ,. Further, we have conjectured a
bijection between the fixed parking functions with pides 2¢1” and the fixed parking functions
with pides 2214, mapping the 2 cars (or 1 car) causing part 2 (or 1) in pides 2417 to 1 car (or 2
cars) causing part 1 (or 2) in pides 2°1¢. We will state the details later.

The results above show that the problem of computing the Schur function expansion of
Q3,,(—1)" can be reduced to the problem of finding the coefficients of Schur functions of the form
Spa;p Where a < b in Q3 ,(—1)". Finally, we conjecture a recursive formula for such coefficients

[$2a15]3,0 Where a < b.

Conjecture 2.2. Let a < b, then

[b+ilgs+ (qt)[S2a16-3]3,n—3-

a
[Szalh]&n =

i=0

We have verified this formula by Maple for n < 27. If the conjectures are true, then we

have solved the Schur function expansion in the (3,n) case.

2.4.2 The symmetry [sy.15]3,1 = [Spb14]3 3(atb)—n

For this symmetry, we shall first introduce an involution on (3,7)-parking functions whose
pides contain 1,3 or 2,2. The fixed points of the involution is a subset of parking functions whose
pides do not contain 1,3. Then, we give a bijection between the fixed parking functions with

pides 2¢1” and the fixed parking functions with pides 2°1¢.

2.4.2.1 The involution ®

An involution f of a set S is a bijection from S to itself, such that f> = id is the identity

map. An element s € S such that f(s) = s is called a fixed point of the involution.
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Suppose that there is a weight function w(s) of the elements s in the set S. A sign-reversing

involution f of the set S (with respect to the weight w) is an involution such that for all s € S, if

f(s) # s, then w(f(s)) = —w(s). As a consequence of a sign-reversing involution f, we have
Lwls) =YL wfe)= Y wl), (2.52)
ses ses s€S,f(s)=s

i.e. we only need to consider the fixed points of f when computing the total weight of the set S.

Note that by the straightening action on Schur functions, we have

Sp13u = —SA22u> (2.53)

where A and u are two compositions, and A 13u (or A22u) is the composition obtained by first
listing all the parts in A, then adding two parts of sizes 1 and 3 (or 2 and 2), finally listing all the
parts in .

Let PF3 213y be the set of all the parking functions in PF3, with pides A13u and
PF3 pja22y be the set of all the parking functions in PF3 , with pides A22, then we can give

an involution & of the set PF3 113y UPF3 42204, sSuch that
e all the fixed points of P are in the set P.F3 ;3224 and
e the set of non-fixed points in PF73 ;222 are in bijection with the set PF3 213,

Let PF be a parking function in PF3,. If pides(PF) = A13u, then without loss of
generality, we suppose that the cars that cause pides 13 are 1,2,3,4, which means that rank(1) <
rank(2) > rank(3) > rank(4). Then, there are 3 possible subwords (subsequences of the words

of PF) formed by the 4 cars, which are

2341, 2314, 2134.
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On the other hand, the cars 2,3,4 are in different columns since rank(2) > rank(3) >

rank(4). Since there are only 3 columns, we have three possible placement of the four cars:
(I) Cars 1 and 4 are in the same column.
(IT) Cars 1 and 2 are in the same column.
(IIT) Cars 1 and 3 are in the same column.

If the four cars form a word 2341, then (I), (II), (IIT) are all possible; if the four cars form
a word 2314, then only (II), (IIT) are possible; if the four cars form a word 2134, then only (II) is

possible.
Next, we consider the case when pides(PF) = A 13, i.e. the cars 1,2,3,4 cause pides 22,
and rank(1) > rank(2) < rank(3) > rank(4). The possible words are
3412, 3142, 3124, 1324, 1342.
The cars 1,2 and the cars 3,4 have to be in different columns since rank(1) > rank(2) and
rank(3) > rank(4), thus we have the following 5 possible placement of the four cars:
(i) Both cars 1,3 and 2,4 are in the same column.
(i1) Only cars 1 and 4 are in the same column.
(ii1) Only cars 2 and 4 are in the same column.
(iv) Only cars 1 and 3 are in the same column.
(v) Only cars 2 and 3 are in the same column.

If the four cars form a word 3412, then (i), (i), (iii), (iv) and (v) are all possible; if the four cars

form a word 3142, then only (i), (iii), (iv) and (v) are possible; if the four cars form a word 3124,
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then only (iv) and (v) are possible; if the four cars form a word 1324, then only (v) is possible; if
the four cars form a word 1342, then only (ii1) and (v) are possible.

For any permutation ¢ € S, and any PF € PF3 ,, we let o - PF be the parking function
obtained by permuting the cars of PF by the permutation 6. We also let word(PF) be the word of

cars 1,2,3,4. Then we can define the map

Plprpm: PFaaazy = PFaanoou

Following is the detailed definition, while the words and the placements of the images are recorded

in each case:

;

(1,2)PF if word(PF) = 2341 and placement is (I). ®(PF) has word 1342 (iii).
(1,2,3)PF if word(PF) = 2341 and placement is (IT). ®(PF) has word 3142 (v).
(1,2)PF  if word(PF) = 2341 and placement is (IIT). ®(PF) has word 1342 (v).
(1,2,3)PF if word(PF) = 2314 and placement is (IT). ®(PF) has word 3124 (v).

(1,2)PF  if word(PF) = 2314 and placement is (IIT). ®(PF) has word 1324 (v).

(2,3)PF  if word(PF) = 2134 and placement is (IT). ®(PF) has word 3124 (iv).
(2.54)

Then we shall define the map @ on the set PF3 222, that
q)|77]:3,n\122u : P‘F3,n\l22u - P-FS,an?)u UPF&anzu-

Notice that other than the fixed points, all the parking functions in PF73 ;122 are mapped into
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the set PF3 113 We define

;

PF if word(PF) = 3412 or word(PF) = 3142 and placement is (i),(iii),(iv).
(1,3,2)PF if word(PF) = 3142 and placement is (v). ®(PF) has word 2341 (II).
(2,3)PF  if word(PF) = 3124 and placement is (iv). ®(PF) has word 2134 (II).
©(PF) = { (1,3,2)PF if word(PF) = 3124 and placement is (v). ®(PF) has word 2314 (II).
(1,2)PF  if word(PF) = 1324 and placement is (v). ®(PF) has word 2314 (1II).

(1,2)PF if word(PF) = 1342 and placement is (iii). ©(PF) has word 2341 (I).

(1,2)PF  if word(PF) = 1342 and placement is (v). ®(PF) has word 2341 (III).
(2.55)

\

The first case in the definition above defines the fixed points of ®.

It is easy to check that the map ® does not change the area and the dinv of PF since &
does not change the Dyck path of PF, and it also preserves the cars other than {1,2,3,4}. Since
® changes the sign of the non-fixed points, it follows immediately that ® forms a sign-reversing
involution of the set of parking functions in PF3 , with pideses of either A 13y or A22u. As we

mentioned, the set of fixed points of this involution is

fp(®) = {PF € PF3 yp20u : Word(PF) = 3412, or word(PF) = 3142 (i), (iii), (iv)}.

If we apply the involution @ to all the parking functions PF € PF3 , that we compute
pides(PF) and scan from left to right to find the first occurrence of either (1,3) or non-fixed (2,2)
and apply @ at that position. Then, the fixed points in P.F3 , have weakly decreasing pides in

the form 392°1¢, and these parking functions contribute to the coefficients of the Schur function

64



bases. Thus, we have the Schur positivity of the m = 3 case that

[Szalb]3,n _ Z tarea(PF)qdinV(PF). (2.56)

PFEPF3 ,, pides(PF)=2¢1,
PF fixed by ®

We will write fixed parking functions for the parking functions fixed by .

2.4.2.2 The conjectured bijection implying [s,a15]3» = [$561a]3 3(4-+5)—n

For any parking function PF € PF3, with pides(PF) = 2414, we are interested in the

placement of the a pairs of numbers

{(1,2),(3,4),...,(2a—1,2a)}

and the b singletons

{2a+1,...,2a+Db}.

Note that the two cars in each pair cannot be placed in the same column since the rank of the
smaller car is bigger than the rank of the bigger car.

Since there are 3 columns, we have (;) ways to choose columns for each pair (2i — 1,2i).
We name the 3 columns from left to right by ¢, ¢, r. Once we determine the 2 columns of the pair,

the filling of the two cars in the pair is fixed by their ranks since rank(2i — 1) > rank(2i). Now,

we define the notation for the placement of a pair (2i — 1,2i):

1. L means (2i — 1,2i) are in the left 2 columns ¢, c,
2. R means (2i — 1,2i) are in the right 2 columns c, r,

3. C means (2i — 1,2i) are in columns ¢, r.

Similarly, we have (? ) ways to choose a column for each singleton. For a singleton j, we define

the notation for the placement:
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1. L means j is in the left column /,
2. R means j is in the right column r,
3. C means j is in column c.

Now we state our conjectured bijection between the fixed parking functions in P.F3,
with pides(PF) = 291 and the fixed parking functions in PF3 ,, with pides(PF) = 2°1¢, where
n'=3(a+b)—n.

Given a parking function PF € PF3, with pides(PF) = 291” fixed by ®, we track the
placements of the a pairs of cars {(1,2),...,(2a—1,2a)} and b singleton cars {2a+1,...,2a+b}.
Let the a + b placements of these a + b objects be py,..., P4, Pa+1,-- -, Patrs (here p;is one of L,
RorC).

Then we consider b pairs of cars {(1,2),...,(2b—1,2b)} and a singleton cars {2b +
1,...,2b+a}. We assign the b+ a placements p,p, ..., p1 to the b+ a objects, then we build a
new parking function S(PF) by first counting how many cars in each column, then constructing
the path according to the numbers of cars of the columns. Finally, we fill from first pair (1,2) to
last singleton 2b + a based on the rule that rank(2i — 1) < rank(2i) for i < b about the b pairs of
cars and the column placement choice p,.p,...,p1. We call this map the switch map S. Figure
2.12 shows an example that we can construct a parking function in P.F3 5 with pides 213 from a

parking function in P.F3 ;7 with pides 2°1.

6
5’/
3 3 3 ¥
1 L7 L5 1 1 1 1/
gl — R 56— L4 — — —_ —[5/
4 L34 R 3 4 4.
2 L12 L12 2 2 2 2

Figure 2.12: Bijection between PF3 7 with pides 231 and P.F3 5 with pides 21°.

In order to show that the map S is a bijection, we need to prove several properties of this
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map. It is even not obvious that the image of a parking function is still above the diagonal, thus

we shall show that

Theorem 2.12. If PF is a (3,n)-parking function with pides 2°1°, then S(PF) is also a parking

function.

Proof. We still consider the a pairs of cars {(1,2),...,(2a—1,2a)} and b singleton cars {2a +
1,...,2a+ b} of PE. Suppose that there are ¢, cy,r; placements of the first a pairs of cars which
are L, Rand C, and /», c5, r, placements of the last b singleton cars which are L, R and C. Without

loss of generality, we suppose that n = 3k + 1. Then we have that

li+c1+r = a, (2.57)
by+cr+r = b, (2.58)
2a+b = 3k+1. (2.59)

Since PF is a parking function, the path of the parking function should be above the
diagonal, thus the number of cars in the left column is at least k + 1 and the number of cars in the
left two columns is at least 2k + 1.

Note that an L placement of a pair contribute 1 left car and 1 center car, a C placement
of a pair contribute 1 left car and 1 right car, and an R placement of a pair contribute 1 right
car and 1 center car. The contribution of the singleton cars are obvious. Thus the number
of cars in the left column is /| + c¢; + ¢, and the number of cars in the left 2 columns is

201 +r1+c1+4,+cr =a+ ¥+ ¥+ cp, and we have that

bi+ci+46 > k+1, (2.60)

a+li+0b+cr > 2k+1. (2.61)

Next, for S(PF), it has ¢5,c,,r; placements of the first b pairs of cars, and ¢1,cy,r
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placements of the last a singleton cars. The total number of cars is equal to 2a+b =3(a+b) —
(2b+a)=3(a+b)—3k—1=3(a+b—k—1)+2, and the number of cars in the left column
should be at least a+b—k = (2a+b) —a—k =3k+1—a— j=2k+ 1—a and the number
of cars in the left two columns should be at least 2a+2b—2k =b+ (3k+1) —2k=b+k+ 1.

S(PF) is a parking function if the following is true:

lh+cr+by > 2k+1—a, (2.62)
b+li+l+c > b+k+1. (2.63)
Clearly, (2.60) implies (2.63), (2.61) implies (2.62). ]

Next, we have the formula for area.

Theorem 2.13. Let PF be a (3,n)-parking function with pides 2°1°. Using the definition of

ly,c1,r1,02,¢2,1) in the proof of Theorem 2.12. Let L= V{1 +{»,R =r; +1ry,C = c| + ¢, then
area(PF) =L—R— 1. (2.64)
Proof. We want to compute the area of a parking function as the difference of its coarea and the

maximum coarea of a (3,2a + b)-parking function. The maximum coarea of a (3,2a + b)-parking

(2a+b—1)(3—1)
2

function is equal to =2a+b—1.

Notice that the cars in the right column contribute 2 to coarea, and the cars in the center

column contribute 1 to coarea, thus the coarea of PF is
O 43r1+2c1+2m+c=a+2(ri+r)+(c1+¢) =a+2R+C. (2.65)
Then,

area(PF) =2a+b—1—(a+2R+C)=a+(L+R+C)—1—(a+2R+C)=L—R—1. (2.66)
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It follows immediately from Theorem 2.13 that

Theorem 2.14. For any PF € PF; , with pides(PF) = 241,
area(PF) = area(S(PF)). (2.67)

We have not yet proved, but verified all parking functions with less than or equal to 10
rows for the following conjecture:
Conjecture 2.3. For any PF € P.F3, with pides(PF) =271,
(a) dinv(PF) = dinv(S(PF)).
(b) IfPF is a fixed point of the map ®, then so is S(PF), and pides(S(PF)) = 221,

By (2.56), it follows from Conjecture 2.3 immediately that

[s2“1b]3,n = [s2b10]3,3(a+b)fn'

2.4.2.3 The switch map S in the m column case

We haven’t completely understood how to use straightening to compute the coefficients

of s, for general (m,n) case, but computations in Maple have led us to conjecture the following:

Conjecture 2.4. For all m,n > 0 and o; > 0,

[S(mil)amfl (m,z)amfz...lal]m,n = [S(m—l)“l (mfz)az...lamfl]mxmzlr_n:—ll i—n)" (2.68)

On the other hand, the switch map S that we have defined for the three column case can

be naturally generalized to the m column case, which conjecturally has many nice properties and
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is considered to be useful in proving Conjecture 2.4. The definition of an m columns switch map
will need some new definitions.

Given any parking function PF € PF,, ,, we suppose that s,s+1,...,s+r—11is an
increasing subsequence of the word 6 (PF), then by Remark 1.1, the cars s,s+1,...,s+r—1
must be placed in r different columns in a rank decreasing way.

There are ('f) possible choices to pick r columns for such cars s,s+1,...,s+r—1. Let
p={s1,82,...,5-} C{l,...,m} be a possible placement, then we define the reverse complement
of ptobe p={1,...,m}\{m+1—s,,...,m+1—s;}, which is a placement for m — r cars.

Given U = U -l = n. Now suppose that ¢ (PF), the word of PF, is a shuffle of the
increasing sequences (1,...,u1), (U1 +1,... .01 +Ww),...,(n— g +1,...,n), and the placement
(i.e. the choice of columns) of the sequence (W) + ...+ Wwi—1+1,..., 41 + ...+ ;) is p;, then we
construct S(PF) as follows:
let u¥ =py -, where ) =m — py1_;. We make the word of S(PF) to be a shuffle of
(1w, (Y + 1,0 +1y),...,(n— ' +1,...,n), and the placement of (u; + ...+
w1, ) is pié ;. This construction is well defined, and for each given
composition i, we can invert the the map easily.

For example, suppose that there are m = 4 columns. Take u = (2,2,3) Fn where n = 7.
For a (4,7)-parking function PF whose word o (PF) = 5613472 is a shuffle of (1,2),(3,4),
(5,6,7) with placements {1,3},{1,2},{1,2,4}, we construct S(PF) such that its word is a shuffle
of (1),(2,3),(4,5) and the placements are {2},{1,2},{1,3}, shown in Figure 2.13.

7
1/
5/ 5.
3/ 2
6/ {1,2,4} 56 7 {1,3} 4 5 1.7
4 — {1,2} 3 4 — {1,2} 2 3 — 4
2 (1,3} 1 2 {2} 3

Figure 2.13: An example of PF and S(PF).
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Like the 3 column case, we have:

Theorem 2.15. PF is an (m,n)-parking function if and only if S(PF) is a parking function.
Further,

area(PF) = area(S(PF)).

For a composition i = p; --- [ = n, we say a permutation o is a shuffle of u if o is
a shuffle of the increasing sequences (1,...,u), (1 +1,..., 01 + t2),...,(n— W+ 1,...,n).

Then we have:

Theorem 2.16. The switch map S is a bijection between (m,n)-parking functions whose words

are shuffle of L = Uy - - - LW and (m,mk — n)-parking functions whose words are shuffle of 1" =

(m — i) -+ (m — pa).

The switch map of m column case still keeps the dinv statistic experimentally (summarized

in the following conjecture), which we are not able to prove.

Conjecture 2.5. For any PF € PF,, , where o (PF) is a shuffle of 1 |=n,

dinv(PF) = dinv(S(PF)).

Thus conjecturally, the switch map S is an area,dinv-preserving bijective map between
(m,n)-parking functions whose words are shuffle of u and (m,mk — n)-parking functions whose
words are shuffle of 1. In the end, we shall discuss a consequence of Conjecture 2.5 and the
switch map S.

Referring to Haglund’s work in [Hag08], for any parking function whose word is a shuffle
of W =y --- W = n, we can replace the cars yy +...+ 1 +1,..., 41 + ...+ y; with number i

to obtain a parking function with cars 141 - - - k* with the same area and dinv statistics. Further, it
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1s a fact that

my PFEP Fn, o(PF) is a shuffle of u

Qm,n(_ 1)n _ Hm,n [X; q, t] _ Z tarea(PF)qdinV(PF). (269)

my

By definition of the Hall scalar product, for any symmetric function f, we have

(fih) = fl,,. - (2.70)

Thus, the properties of the switch map S (Theorem 2.15, Theorem 2.16 and Conjecture 2.5) imply

the following identities:

Conjecture 2.6. Form,n >0, 4 = ;- Fnand u" = (m— ) (m— ),

<Qm,n(_ 1)n7 h,ll> = <Qm,mk—n<_ 1 )mkfn, h'uv> s .71)

HunlX:q,t],hy) = (Hpmi—n[X:q,t],hyv). (2.72)

Since the area-preserving property of S has been proved in Theorem 2.15, we have the

following theorem which is a special case of Conjecture 2.6 at ¢ = 1:

Theorem 2.17. Form,n >0, =y --- g Fnand ' = (m— ) - (m—py),

(Qua(=1)"] —yshw) = {Quumt—n(=1)" " _y hyv), (2.73)

<Hm,n [X; q, t] ’qzl 5 h/.t> = <Hm,mkfn[X; q, t] |q:1 5 hu\/> . (2-74)

The majority of Chapter 2 has been submitted for publication. Qiu, Dun; Remmel,
Jeffrey Brian. “Schur function expansions and the Rational Shuffle Conjecture (full version)",
available in Mathematics arXiv:1806.04348v2. An extended abstract of this work has been
published in the Proceedings of Formal Power Series and Algebraic Combinatorics 2017. Qiu,

Dun; Remmel, Jeffrey Brian. “Schur function expansions and the Rational Shuffle Conjecture",
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Séminaire Lotharingien de Combinatoire, vol. 78B, 2017. The dissertation author was the primary

investigator and author of this work.
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Chapter 3

The Schur positivity of A, e,

Haglund, Remmel and Wilson [HRW 18] have conjectured that the coefficient of any
Schur function s, in A, e, is a polynomial in N[g,¢]. In this section, we give a combinatorial
proof in the case when k = 2 that the coefficient of s, in A,,e, has a non-negative expansion in

terms of g,z-analogues.

3.1 Introduction

We have introduced the Delta Conjecture of Haglund, Remmel and Wilson [HRW 18]
about the expression A’eken in Section 1.3.3. There is another version of the Delta Conjecture,

which is about the expression A, e, also due to the work of Haglund, Remmel and Wilson in

[HRW 18] that

Conjecture 3.1 (Haglund, Remmel and Wilson). For any integers n > k > 0,

: 4
Aecen = Z tarea(PF) qdmv(PF)Fides(PF) (1 + Z) H (1 + tﬂlz(—PF))
PFePF, i€Rise(PF)

v <
= Y ¢ area(PF) g dinv (PF) Faesepy(1+2) ] (+ d,~(PF)+1)
PFePE, ieval(PF) 94

‘anl

Znfkfl
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They also conjectured that coefficients in the Schur function expansion of A, e, are
polynomials in g, with non-negative integer coefficients. There are two cases that are known.
Namely, when k = n, the expression A, e, = Ve, is proved by Haiman [Hai02] to be the Frobenius
characteristic of the ring of diagonal harmonics, as we have mentioned in Section 1.3.1. Thus in
this case, representation theory tells us that the coefficient of the Schur function s;, (Ve,, sy ), is
a polynomial in ¢g,¢ with non-negative integer coefficients.

The other known case is when k = 1. In [HRW 18], Haglund, Remmel and Wilson proved

that
[n/2] n—m
Acren="Y Symin-20 ¥ [Pl (3.1)
m=0 p=m

The main goal of this chapter is to give a proof of the fact that A, e, is Schur positive, i.e.
forall A Fn, (A,en,s,) € N[g,t], in hopes that some of the ideas in the proof can be adapted to
prove the Schur positivity of A,, e, for k > 3.

Our proof starts with the following result of Haglund [Hag04].

Lemma 3.1. For all integers n,d > 0 and symmetric functions F[X],
(Ae, \en, F) = (AwFeaq, Sa)- (3.2)
Let A be any partition of n. By setting F = s, , we have
(Ao, n, S3) = (Asl,ed, Sd)- (3.3)

The formula works nicely when d is small, since we can compute an explicit expansion of

ey in terms of modified Macdonald polynomials. In the case when d = 2 we have

5 9 5 s b
2 t 1,1 ¢ 2

75



This leads to

<Aelen7 Sl> - <AS;L/627 SZ>
1 ~ 1 -
= <asl’[l+t]H1,l [X;q,t] — qsl/[l—FQ]Hz[X;q,t], Sz>

1 1
= — sy [1+] — —sy[1
" [141] " [1+4],

which is easily seen to be an element of NJq,z].

In the case when d = 3, the expansion of e3 leads to the following formula:

81 = (Beyen; 2

_ (=g)sw (147 — (gt D —g)sp gt + (—g)swlltare’] 5,
(t=q)(*~q)(t—¢*) -

At first glance, this formula does not seem to be useful. Indeed, it is not immediately obvious that
this quotient is a polynomial. Our approach to proving that g, is in N[g, 7] relies on the following

alternative representation of g .

Lemma 3.2. Let T be the operation which switches t and q. Then

Fyr—1Fy, id—71
g1 = (Aeyen, 53) = =2 Ao Fy, (3.5)
t—q 1—q

where TF = F nd

q=tt=q a

_ sy (14t +12] — sy [14-t+4]

Fy
A tz_q

. (3.6)

Proof. By using the formula

(t—q)(1+q+t) = (t—¢*) — (q—t*) = (i}d—7)(t—¢"),

76



Equation (3.4) becomes

(id—1)(t—¢?)sy [1+t+12] — (id—1) (t—q* sy [1 +q-+1]

Ae €y, S)) =
(B 32) )P —0)—)
1 J[14t41%] — sy [1+t
— L d—r) <Sl[ +1+ ]2 sy (14 —I—q])_
I—q 1“—q
This is just the desired Equation (3.5). [

From this formula, it is clear that g, is in Z[q,t] where Z = {0,£1,£2,...} is the set of
integers. In Section 3.2, we present our proof that g, is in N[g,7]| by directly computing g, by
breaking g, into a sum of terms where each term is easily seen to be a polynomial in ¢,z with
non-negative coefficients. By this proof, we can recursively produce explicit formulas for g .

In Section 3.3, we give a formula of A,,e,. However, it is not clear how we can split up
this formula into polynomials in N[g,7]. Thus, the general problem of establishing the Schur

positivity of A, e, seems to require new ideas.

3.2 Proof of g; € N|g,?| by direct computation

To show that g; € NJq,z], it is sufficient to show that g, has a non-negative ¢,z-analogue
expansion, which is a stronger condition than g; € Nlg,]. For instance, g°>+t> € N[g,t], but
¢*+t* = [3] ¢.:—qt [1]4, does not have non-negative g,t-analogue expansion.

In this section, we shall give a recursive formula for g, for any A - n to show that g; has

non-negative ¢g,¢-analogue expansion.

3.2.1 Preliminaries

First, we should mention the fact that

id—1)t/q’ id—1)t'q/ id—7)tig/ :
(d=ojr'q’  _(d=o)re’ o Gd=00a it ifi> ).
t—q t—q I—q
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Recall that by plethystic notation, we have

Sy [xo+x14x) 1= ng"’(T)x(fl(T)xg)z(T),
T
where the sum is over all semi-standard Young tableaux 7' of shape A’ filled with numbers 0, 1,2,
and @;(T) is the number of i’s in 7. Generic semi-standard Young tableaux T of shape A’ are
pictured in Figure 3.1. There is no semi-standard Young tableau with fillings 0, 1,2 of more than
three rows, thus

s,l/[xo-i—xl-l-xz] =0 if ﬁ(l/) > 3.
Recall that by Lemma 3.2, we have the following formula for g :

id—7 Sl/[l—f—l‘—Hfz] —S;L/[l—f—l"—CI]

t—q *—q

Sl/[l—l—t—#lz] —S;L/[l—f—l—l—q] Sl/[1+(]+q2] —s;v[l—kq—i—t]
(t—q)(t*—q) (r—q)(t—q?)

sr =

It follows that g; = 0 if A’ has more than 3 rows. Thus we only consider g; where A’ has 3 or
fewer rows.

We let SSYT(A',012) denote the set of all semi-standard Young tableaux T of shape
A" with cells filled by {0, 1,2}. Given a semi-standard Young tableau 7 € SSYT(A',012), we

suppose that 7" has @; 1’s and @, 2’s. Then we define the weight of T to be

(O1 T2 40 qcoz qa)1+2w2 _qa)lth

7 Ti—qP—q) | (—9)—q)
1 (@] —g™ 2], 2,
_ - ,

Then it is clear that

81 = Z 8T-
TESSYT(A',012)
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We will use the weight g7 to deduce a formula for g, . Note that the weight of 7" only depends on
the numbers of 1’s and 2’s it contains. We shall use the notation
1 []2 =g 0] 2,

W(a)laa)l) = t—q 5

thus a tableau T € SSYT(A',012) with @; 1’s and @, 2’s has weight

gr = w(@r,m).

Given a tableau T € SSYT(A’,012), we can write T in 4 parts as shown in Figure 3.1: a;
is the part with 3 rows, k; is the part with two rows and the bottom row is filled with 0’s, a5 is
the part with two rows and the bottom row is filled with 1°s, k; is the part with one row and the
fillings are not 0. If there is no a, part, there can be a part called ag at the same place as a; which
consists of one row filled with 0’s.

In our weighting scheme for 7 € SSYT(A',012) given below, the weight of any 0 will be 1.
Hence ag will not contribute anything to gr and we will not consider ag in our formulas. We define
the set Sy [a1,k1,az,kp] to be the collections of T’s having the part composition [ay,ky,az,k;].

Since a; and a, have the same kind of contribution to the formula, we can define

galaitax, ky k) := ) gr.
TGSA, [al 7kl 7a27k2}

2 2

1 1 212 - 2 or 1 1 2

0 0 0 11 2 -0 -0 00 01 2
a ki ap ko a ki ao ko

(a) (b)

Figure 3.1: T € SSYT(1/,012).
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Clearly for any A - n, g, can be expressed as a sum of g, [a,k,k]’s by classifying the
tableaux in SSYT(A',012) by part compositions [ay,k;,az,kz]. We will deduce a formula for

gzla,ki,kz], which will in turn allow us to compute an explicit formula for g .

3.2.2 The computation of g, [a, ki, k;]
3.2.2.1 A formula for g;[0,0,k]

The set S[0,0,0, k] contains the tableaux T of shape . If there are i 1’s, then there

will be k —i 2’s. Thus we have the following theorem:

Theorem 3.3. £,[0,0,1] =0. Fork > 2,

[(2k—2)/3|—x (k=1(mod3))

10,0,k = y (qt)! [k—i— (L) 2k—2-3i] 3.7)
i=0 q,t

Proof. 1t is easy to see by direct computation that g, [0,0, 1] = 0. Next observe that for any r > 1,
®(r,0) = 0. Thus we only need to consider the cases where there is at least one 2 in the tableau.

It follows that

81 [0707k] = Z 8T

T€5[0,0,0,k]

k—1

= ) w(i,k—i)
i=0
g ti[k_i]tzg_qi [k_i]qz,t
I—q

Zl;;(l)—itZk—Zj—i—qu_q

I—q

k—1—i .
= Z (qt)! [2k—3j—i—2]4s-
j=0

T
—_— O

Uh—2j—i-24j

T
—_ O

~
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Now let AES) = (qt)j[Zk—?)j—i—2]q7,. We have the array {Al(i) : 0<i<7 & 0<j<i} pictured
in Figure 3.2 as an example. In general, if one looks at the first row of Ag(j) which is the
sequence ((gt)/[2k—3j—2],,), the terms will be non-negative if 2k—2 > 3, or equivalently, if
j < [(2k—2)/3]. We shall show that for any negative terms in the first row of the form (gt )/[—m],
the first m+-1 terms along the anti-diagonal starting at that position will sum to 0. This will leave
us only with positive terms corresponding to sum stated in the theorem.

For example, in Figure 3.2, one can easily compute that the sum of the first two terms of
the anti-diagonal starting at the term (gt)°[—1],, equals 0, the sum of the first five terms of the
anti-diagonal starting at the term (g¢)°[—4],, equals 0, and the sum of the first eight terms of the
anti-diagonal starting at the term (g¢)’[—7],, equals 0. These are the terms corresponding to the

green, blue and red diagonals respectively. In this case, we see that g, [0,0, 8] equals
[8 = 14]q +qt[6 = 11]g, + (q1)*[5 — 8]+ (q1)°[3 = 5] + (1) *[2 — 2],

which are exactly the terms predicted by the theorem.

N 0 1 2 3 4 5 6 7
0 | [14],,|@)'[11] | @tf 8],,| @ B],| @tf [2],| @Y, @514, | @],
1| [13],,|@b' [10] | @tF [7],,| @ [4],,| (@tf-11],,| @312, | @515,
2 | [121,,\@)" ©l,,| @ 6], «f Bl,| 0], o313,
lo| Q171

4 | o1 ,\@" [71,,|@EA,,| QP

3 | m1l,,|@" [8],,|@F 5,

—

5 91,,|@" 6, P13,
6 181, |@* 18],
7 Tt

Figure 3.2: The table of AI(SJ)

The proof requires a careful case by case analysis by considering the parity of k modulo 3.

Note that
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1. if k =3¢, then | (2k—2)/3] =2t—1,
2. if k = 3t+1, then | (2k—2)/3] = 2¢, and

3. if k = 3142, then | (2k—2)/3] = 2t.

Case 1. k = 3¢.

The negative terms in the first row are
(qr)* =1 [6r=2-3(2 = 1+5)]gs = (g1)*~F[=3s+1]g,

for s = 1,...,t. In particular, the last term in the first row equals (g¢)*~![—3¢+1] and the first
negative term is A(()BQ = (qt)¥[-2].

Then we have two subcases depending on whether s is even or odd.

Subcase 1.1. s = 2r.

In this case, ALy | 5 = 22~ [=6r+1],,. We claim that Yo5' A% — 0. We shall

prove this by showing that for all 0 < a < 3r—1,

AG) (31) _ 400

a2t—1+2r—a — ~er—1—a2i—142r—(6r—1—a) —  ‘‘6r—1—a2t—4r+a’
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Note that

AT aa = (@) 62— a—3(2— 142r—a) ]

= (qt)2t*1+2r*“[—6r—|—1+2a]q’t
_ _(qt)2t71+2r7a7(6r7172a) [61’—1—{—261](]7;

- _ (ql,)Zt—4r+a [67”— 1+2a]q,l‘
On the other hand,

(31) _
A6r— 1—a2t—4r+a —

(qt)2t74r+“ [6t—2—(6r—1—a)—3(2t—4r+a)ly; = (qt)zt*‘”“’ (6t —1+4-2al,,

as desired.

Subcase 1.2. s = 2r+1.

(31)

In this case, A(() 22 4ol = 204201 _6r—2],,. We claim that Y 24" 2u2r—q = 0. First
note that
A3 A8

3r1,2042r—(3r+1) — 3r+120—r—1 =

(g0)* "ot —2—(3r+1)=3(2t—r—1)]4r = (gt)* " 0]4, = 0.
Thus we can prove our claim if we show that if 0 < a < 3r,

Gy 0 400
a2t+2r—a 6r4+2—a,2t+2r—(6r+2—a) 6r+2—a,2t—4r—2+a"
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Note that

A e = (@) 6 —2—a—3(2+2r—a)]y
= (qt)* 9 —6r—2+2d,,
_ _(qt)2t+2rfa7(6r+272a) [61’4—2—20]%;

— —(qt)2l_4r_2+a[67’—{—2—20](]7[.
On the other hand,

3 4
ALYy st 2pa = (@) 262 (6r42-a) 321 —4r—2+a)lg

= (qt)zt_4r+“ [6r+2—2al,;.

Observe that the bottom term of the r-th column of the array {A,(i-t)}izo,...gtfl&og j<i

18 Agt_)]_ryr. Our computations above show that in the array {Ag’?;-t)}i:()r“’?,t_]&og j<i»> the first
3s terms of any anti-diagonal starting at A(()3271 4y sumto O for s = 1,...,7. This means that

the corresponding terms in the array make no contribution to g; [0,0,]. It follows that we can

ignore all the terms in columns 2¢,...,3t—1. Note that the first 3¢ terms of the anti-diagonal

starting at A(()3§271 cancel out the bottom term in each column. Next, the first 3¢ — 3 terms of the

(31)

anti-diagonal starting at A073t_2 reach only to column 2 so they will cancel out the next to last
terms in columns 2,...,2¢—1. Then the first 3r—6 terms of the anti-diagonal starting at A((f;z_3
reach only to column 4 so they will cancel out the second to last terms in columns 4,...,2r—1.
Continuing on in this way, we finally see that the 3 anti-diagonal terms starting at A(()32 will only
cancel out terms in columns 2¢—2 and 27—1. It follows that for r =0,...,r—1, we can ignore that

last r+1 terms in columns 2r and 2r+1. This means that if 0 < r <¢—1, the lowest term that can

84



contribute to g3 [0,0,4] in column 2r is

A0

3
3—1-2r—(r+1)2r Agtt—)3r—2,2r:(qt)zr[6t_2_(3t—3r—2>_3(2r)]£171

= (qt)*[3t=3r]4s = [3t—(2r)—|2r+1/2]]4s-

Note that the top element in column 2r is A(()Sé)r = (qt)*"[3t—2—3(2r)],,- Since the g,7-numbers
of the terms in column 2r increase by 1 as one moves up, it follows that the contribution of column
2rto g,[0,0,k] is (gt)* [k—(2r)—|2r+1/2| — 2k—2—3(2r)],. as predicted by our formula.

Similarly, if 0 < r <t — 1, the lowest term that can contribute to g, [0,0,k] in column
2r+1is

400

3
3-1-(2r+ 1)~ (r+1) 201 T Agt?3r73,2r+1:(qt)2r+l[6t—2_(3t—3r—3)_3<2r+1)]l]7f

= (qt)*"  Bt—3r—2],, = [3t—(2r+1)—[2r4+2/2]]4.-

Note that the top element in column 2r+1 is A(()32’ 1 = (g0)* ™1 [3t—=2-3(2r+1)]4;. Since the

q,t-numbers in the terms in column 2r+-1 increase by 1 as one moves up, it follows that the con-
tribution of column 2r+1 to g; [0,0,k] is (gt)> "1 [k—(2r+1)—|2r+1/2] = 2k—2-3(2r+1)],,
as predicted by our formula.

Thus our formula holds in this case.
Case 2. k =3t+1.

The negative terms in the first row are
(qr)* (614223 (21 +s)]gs = (g1)* T [~3s]g.

for s = 1,...,t. In particular, the last term in the first row equals (g¢)3[—3¢] and the first negative
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term is A(() Zﬁ = (qt)¥*+1[-3].

Then as in Case 1, we have two subcases depending on whether s is even or odd.

Subcase 2.1. s = 2r.

3t)

In this case, A(()3§;L+1%r = ¢**2"[—6r],;. We claim that Y5 Ay 142ra

= 0. First observe
that

3t+1 — _
A oy = 4 [6+2-2-3r=3 (21— 1)y = ¢ [0)g.

Thus we can prove our claim by showing that for 0 < a < 3r—1,

A(3t+1) _ (3r+1)
a2t+2r—a 6r—a,2t42r—(6r—a)"

This is a straightforward computation so we will not include the details here.
Subcase 2.2. s = 2r+1.

In this case, A((f;;l%, o = [—6r—3],,. We claim that YA fétil%r t1_q =0. In this

case, one can easily check that 0 < a <3r+1,

A(3H—l) . _A(3t+1)
a2t+2r+1—a — 6r+3—a,2t4+2r+1—(6r+3—a)

so we shall not include the details here.

Next observe that the bottom term of the array {A (Gr+1) }

(3r+1)
lSA3t rr”

i=0,....3t & 0<j<i 1n the r-th column

. Our computations above show that in the array {A (3r+1) }

terms of any anti-diagonal terms starting at A(()32::) sum to O for s = 1,...,7. This means that

i=0,...31 & 0< j<i»> the first 3s+1

the corresponding terms in the array make no contribution to g; [0,0,k|. It follows that we can
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ignore all the terms in columns 2¢+1,...,3¢. One can use a similar reasoning as we used in
Case 1 to show that for r =0,...,r—1, we can ignore the bottom r+1 terms in columns 2r and

2r+1. Moreover, we can ignore the bottom ¢ terms in column 2¢. This is because A((f;:f % =[-3],

which means that the first four terms of the anti-diagonal starting at Aé%;l % will cancel terms in
columns 2r—2, 2t—1, and 2¢. It follows that if 0 < r <f—1, the lowest term that can contribute to
£2.[0,0,k] in column 2r is
3t+1 3t+1
Agt—Zr)—(r—O—l),Zr - Agt—3r)— 12r — (qt)Zr [6t—1—2—2—(3t—3r—1)—3(2;*)]%1

= (q)"[Bt=3r+1]y, = [Bt+1—(2r)— [2r+1/2]]4s-

Note that the top element in column 2r is A(()séjl) = (qt)*"[2(3t+1)—2—-3(2r)],.- Since the g,1-

numbers in the terms in column 27 increase by 1 as one moves up, it follows that the contribution
of column 27 to g; [0,0,k] is (gt)*" [k—(2r)—|2r+1/2| — 2k—2—3(2r)],, as predicted by our
formula.

Similarly, if 0 < r <t—1, the lowest term that can contribute to g [0,0,k] in column

2r+11s
(3t+1) o (3r4+1) . 2741
A om0 21 = A3—3r-20r41 = (q1) 61422 (3t—3r—2)=3(2r+1)]4,

= (g) " ' Bt—=3r—1]4, = [Bt+1)—(2r+1)—[2r+2/2]] 4:-

Note that the top element in column 2r+1 is A%:pl = (qt)> "1 [2k—2—3(2r+1)]4,. Since the

q,t-numbers in the terms in column 2741 increase by 1 as one moves up, it follows that the con-
tribution of column 2r+1 to g3 [0,0,k] is (gt)> "1 [k—(2r+1)—|2r+1/2] — 2k—2-3(2r+1)],,

as predicted by our formula.
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Finally in column 2, the lowest term that can contribute to g, [0,0,] is

3r+1 3r+1
AGD = AR = () 6r2-2-3(21)],

= (g1)*[0)qu

Thus this column makes no contribution which is why we exclude this term from the sum.
Note that in this case, 3r4+1—2t—|2t+1| = 1 while 2k—2—3(2t) = 6t4+2—2—6¢ = 0 so that
[k—2t—|2t+1] — 2k—2—3(6¢)] = [1 — 0] which is an empty sum.

Thus our formula holds in this case.
Case 3. k = 3r+2.

The negative terms in the first row are
(qt) " [614+4—2-3(2t+5)]g0 = ()" [=35+2]4,

for s =1,...,t+1. In particular, the last term in the first row equals (g¢)**![—3¢—1] and the first
negative term is A(()%:a = (gt)**'[~1].

Then as before, we have two subcases depending on whether s is even or odd.

Subcase 3.1. s = 2r.

In this case, Agf;;;r q¥ ¥ [—6r+2],,. We claim that Y5 2A ;2 1+2r—q = 0. First observe

that

3142 -
Agrt—l,%t-i-Zr (3r=1) — =q"" r+1[6t+4 2- (3r_1)_3(2t_r+1)]q7t:q2t rH[O]q,t-
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Thus we can prove our claim by showing that for 0 < a < 3r—2,

A(3t+2) A(3t+2)
a2i42r—a — 6r—2—a,2t+2r—(6r—2—a)"

This is a straightforward computation so we will not include the details here.

Subcase 3.2. s = 2r+1.

(3r+2)

a2t+2r+1—a = 0. One can

In this case, A((f;f%r = g# T [—6r—1]4,. We claim that Y21 A

easily check that for 0 < a < 3r,

A(3z+1) . _A(3t+1)
a2t+2r+1—a — 6r+1—a2t4+2r+1—(6r+1—a)’

so we shall not include the details here.

Next we observe that the bottom term of the array {A (3+2) }I-: 0,...3t & 0<j<i in the r-th
lumnis ALY 0 tations above have shown that in th Ay,
column is Ay, . Our computations above have shown that in the array ,:(())2.&&1,
<j<i

the first 3s — 1 terms of any anti-diagonal starting at A(() ;;fs) sum to O for s =1,...,7+1. This

means that the corresponding terms in the array make no contribution to g; [0,0,|. It follows
that we can ignore all the terms in columns 2¢+1,...,3t4+1. One can use a similar reasoning
as we used in Case 1 to show that for r = 0,...,#—1, we can ignore the bottom r+1 terms in
columns 2r and 2r+1. We can also ignore the bottom #+1 terms in column 2¢. This is because
A((f;f % = (gt)**'[—1], so that the sum of the first two anti-diagonal terms starting at A((f;f % will

only cancel elements in columns 2¢ and 2¢4-1.

This means that if 0 < r <r—1, the lowest term that can contribute to g; [0,0, ] in column
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2r is

3042 3142
Aét:—l—)Zr—(r—b—l),Zr = Agtl—?)r,)Zr = (qt)"[61+4—2—(3t-3r)=3(2r)]q,

= (qt)* [3t—3r4+2]ys = [Bt4+2—(2r)— [2r4+1/2]] 4s-

Note that the top element in column 2r is A(()3;;L2) = (qt)*"[2(3t+2)—2—3(2r)],.- Since the q,1-

numbers in the terms in column 27 increase by 1 as one moves up, it follows that the contribution
of column 2r to g; [0,0,k] is (qt)* [k—(2r)—|2r+1/2| — 2k—2-3(2r)], as predicted by our
formula.

Similarly, if 0 < r <7—1, the lowest term that can contribute to g, [0,0, k] in column 2r+1
is

(3t42) . (3t+2) . 2741
Ay @)=ty 2ret = Asi—3r—12001 = (@) 61442 (3t=3r—1)=3(2r+1)]4,

= (q)" T [3t-3r]y, = [(3t+2)—(2r+1)— [2r42/2]] 4s-

Note that the top element in column 2r+1 is Aff;jf)l = (qt)*"1[2(3t4+2)—2-3(2r+1)],,. Since

the ¢,z-numbers in the terms in column 2r+1 increase by 1 as one moves up, it follows that the
contribution of column 2r+1 to g; [0,0,4] is
(gt)* 1 k—(2r+1)—[2r+1/2] — 2k—2-3(2r+1)], as predicted by our formula.
Finally for column 2¢, the lowest term that can contribute to g [0,0,k] in column 2¢ is
(3t4+2) . (3t+2) 2
Ao = Ava = (at)”[6r+4=2-3(21)]g,

= (g [2lgs = [(3r+2)—(20)—[21+1/2]]g,-
It follows that the contribution of column 27 to g, [0,0,k] is

(qt)* [k—(2t)—|2t+1/2] — 2k—2-3(2t)],. = (qt)*[2] as predicted by our formula.

Thus our formula holds in this case which completes our proof. 0
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For example, we have

7
_ _ i
,]0,0,12] = Z [12 | - 2231
= [1 —22], + (g)[10 = 19],, + (qt)*[9 — 16] 4, + (qt)*[7 — 13],,

+(qt)*[6 — 10]4, + (q1)°[4 — Tgs+ (g1)°[3 — Ags+ (qt) [1gs-

3.2.2.2 A formula for g [a,0,k]

We have the following theorem about g [a,0,k].

Theorem 3.4. For any a,k > 0, we have
a .
gala,0,k] = (qt)*ga[0,0,k] + ) (q)*~"[k+3i — 2k+3iy,
i=1
Proof. We have

gl[avoak] = Z 8T
7€8(a,0,0.4]
k
= Zw(a+i,a+k—i)
0

1
1 Vatk—ilp ,— q* T atk—i] 2,
0 I—=q

|
™~

]

Notice that
la+k—i]2, = 2.4+ Z Plira=j=1), (3.8)
and
a—1 ) ) )
latk—ilp, =t"k—ilp,+ Y, g D, (3.9)
j=0
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we can get the following equation by plugging in Equation (3.8) and Equation (3.9):

ko tik—il2 , —q'[k—i
Gl = rgry 0= e
i=0 I—q
koal o 2k—it3a=3j-2_ Dk—it3a=3j-2
+3 Y () .
i=0 j=0 4
a—1 Kk
= (qt)agl [0707k] + Z (qt)] Z[zk—i+3a—3j—2]%l
=0 i=0

a—1
= (qt)°g2[0,0,k]+ Y (gt)[k+3a—3i—2 — 2k+3a—3i—2],,
0

=

a
= (qt)°g2[0,0,k]+ Y (gt)* '[k+3i—2 — 2k+3i—2]g; . [
i=1

3.2.2.3 The computation of g, [a,k|,k;]

We shall add the component k; to complete the formula. Note that the function

grla, ki, ko] = gy [a, ko, k;]. Without loss of generality, we suppose k; < kj.

Theorem 3.5. For non-negative integers ki < kp and a, we have

ky
gala,ki ko) =Y g la+i 0,k +ky—2i].
=0

Proof.

gala,ki ko] = Y er

TES[a,kl,O,kz}
ki ko

= Y Y wlatitj,atki+ky—i—j)
j=0i=0
ki ki+ko—2i

= Y Y wlatitj,atki+tka—i—j)
i=0  j=0

ki

- Zgl[a+lvo7kl+k2_2l] O
i=0
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3.2.3 The formula for g

For any A = (3“2b 1¢), A’ has the shape v Y ‘ . We can then write the formula of g

in terms of g, [x,y,7].

Theorem 3.6. Let A = (392°1¢) where a,b,c are non-negative integers. Then

C
gala+i,b—i,c]+ ) gila,b,c—i].
i=0 i=1

b
81 =,

Proof. The first term Zf’:() gy la+i,b—i,c] sums over all the cases in Figure 3.1(a) and the second

term Y5, g2 [a,b,c—i] sums over all the cases in Figure 3.1(b). O

Thus, we have a complete recursive formula for g, . The recursive formula for g, not
only shows that g, is Schur positive in g,f-analogues, also gives us a way of writing g, into
g,t-analogues and powers of (gt). For example, suppose A = 1%, Then A’ = (4) so that taking

into account the possible numbers of 0’s in a tableau 7' € SSYT((4),012), we see that
g(14) =82 [07070] 81 [0707 1] + 81 [07072] + 81 [07073] +81 [07074]

In the right hand side, g;[0,0,0] = g, 0,0, 1] = 0, and we can apply Theorem 3.3 to compute

0
81[0,0,2] = z;)(qf)i[2—i—L(i+1)/2J = 4=2=3ilg, = 241,
1 .
8200,0,3] =} (q1)'[3—i—[(i+1)/2] = 6-2-3ily
i=0

= B4+ (g)[1 = 1] = Blgs + [4gs + (g1)[gs,
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and

|
200,0,4] = Y (qr)/[4—i—|(i+1)/2] = 8-2-3i]4,
i=0
= [4—6]+(qr)[2 — 3]

= [4]6171 + [S]qJ + [6]%! + qt([z]q,t + [3]q,t)~

Thus

g(14) = [2]%; + [3]%1‘ +2[4]q,t + [5]q,t + [6]51,1 +C]t([1]q7f + [2]q7t + [3]qat)'

In general, we see that
n
<A52€n,€n> = Z 81 [0,0,S].
§=2
We claim that g, [0,0,n] is a ¢,t-analogue of 2('“;1). To see this, we shall use a formula of

[HRW18] to show that

n+2
<Aegen7en>|q—t—l:2( 4 )

from which it follows that

82 [anyn”q:t:l = <Aezemen>|q:t:1 - <Aezenflyen71>|q=t=1
n+2 n—+1 n+1
= 2 —2 = 2 .
()= (")
It is proved in [HRW18] that

q(é)fk(nfl) [n

. kLe,,[X(1+q+---+q")]. (3.10)
q

Aeken|t:l/q =
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Repeatedly applying the sum rule that

SA[X—FY Z Sﬂ S?L//J

UCa
we see that
q(’z‘)—k(n—l) n k ;
Avenlio1fg = W["L ZO [Tesla'x]
ig+i1++ig=n
(5)—k(n=1) L
= T, b, I e
ig+i)++ig=n
It follows that () k1) )
(Acren,en)li=1/4 = q[kJr—l]q [k]q ,;) Hqsh

igFi1+-+ix= n

It is easy to see that

lg{) ﬁ {n—l—k]q

ioHiy = n

since the LHS is the sum of ¢/*! over all partitions A contained in the n x k rectangle. Thus,

(8) k(1)
q n n+k
Ae ny€n/lt= :—|: i| . 3.11
< € e>|t 1/q [k+1]q k q|: k :|q ( )
Setting g =1 and k =2 in (3.11), we see that
I n  (n4+2)!
(Acyen,en)|g=1=1 52!(71—2)! 21n!
4 (n+2)! 5 n+2
- 24/(n—-2)! 4 )

We shall apply our formula to compute another example at the end of this section. Consider

A = (2,1%) so that A’ = (3, 1). In this case, we can classify the tableaux
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T € SSYT((3,1),012) by whether the bottom left corner square contains a 1, in which case we
getaterm g, [1,0,2], or the bottom corner square contains a 0, in which case we get a contribution
of g,10,1,2], g2[0,1,1], or g3]0,1,0], depending on the number of 0’s in the first row. Since
£2.[0,1,0] = g,10,0,1] = 0, by Theorem 3.5, we have

1
g20,1,1] = Y g3[i,0,2-2i]
i=0
= £2[0,0,2] +¢,[1,0,0]

= [2]6IJ +gl [17070]7

and

1
2[0,1,2] = Y g2[i,0,3-2i]
i=0
= £2[0,0,3]+¢,[1,0,1]

= [3lgs+[4]gs +qt +2[1,0,1].

By Theorem 3.4, we have

gﬂ,[LO?O] = (qt)gl[07070]+[3_>3] = [l]q,m
82 [1707 1] = (qt)gl [0707 1] + [4 - 5] = [z]q,t + [3]%“ and
gl[17072] - (qt)gl[07072]+[3_>5]

= (qt)[2]q + Bl + [4lgs +[Slg.s

It follows that

8122 = [ge +2[2g +3[3]qs +2[4g: + [Slgs + (gt) ([N g + [2]g,)-
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3.3 TheA,e, case

For the case A.,e;,, we shall do a similar computation. First we compute the modified

Macdonald polynomial expansion of e4:

oo MilXsqr]  (Crart) B (a=1) HaolXiq.1
(== (@) (g+1)(@—1)(q—1)*  (—1*+q) (¢*—1) (g—1)°
(P+q+t+1) Hy 1 1(X; 9,1 Hy11.1[X:9,1]

(g+1) (=83+q) (g—1)*  (q—1) (=+q) (—1>+q)

By applying Lemma 3.1, we have

<Ae3en7 S/'L> = <Ask/e47 S4>

_ sa/[Ba] (PrgrtH)su[Bs]  (gi—1)sp[Bay]
(q=0(@=0)(P*=1)  (q+1) (1) (q—1)*  (—1>+q)(¢*—1) (q—1)°
(t2+q+t+1) 511[327171] S/ [31717171]

(g+1) (—83+q) (g—1)*  (q—1) (=+q) (—1*+q)

By applying partial fraction decomposition, the best formula we obtain is

F(q,1) = Fp(t,q9) spll+q+i+q°l/q* — syl +q+i+17] /1

<A€3en7 Sl> = q—f 2(q2—t2) 9 (312)
where F) = F) (g,t) is given by
svll+q+a*+q ] — sp[l+q+i+qt]  sp[l+q+a*+q°] — sp[l+q+i+4°]
= 2(.2 - 2 3
(g—1)q*(¢*—1) q*(g—1)(g°—t)
(gD a[1g+t4q®] —sp[I+g+t+qr]) | sa[l+g+t+qr]
2(g—1)q*(q—1) 2%

One can use this formula to prove that (A,e,, s, ) is a polynomial in Ng,|. Nevertheless,
it is clear that this approach becomes more and more complicated so that the proof of the general

A, e, case seems to require new ideas.
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The majority of Chapter 3 has been published in Electronic Journal of Combinatorics. Qiu,
Dun; Remmel, Jeffrey Brian; Sergel, Emily; Xin, Guoce. “On the Schur positivity of A.,e,[X]",
Electronic Journal of Combinatorics, vol. 25 (4), 2018. The dissertation author was the primary

investigator and author of this paper.
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Chapter 4

Conjectures about the expression A} A e,

We have introduced the Delta Conjecture of Haglund, Remmel and Wilson [HRW18]
about the expressions A;ken and A, e,, which are important open problems in algebraic combina-
torics. In the same paper, Haglund et al. gave a conjecture about the Delta operator expression
A/ekAh,en’ which is analogous to the rise version of the Delta Conjecture of A;k en. Very recently,
D’ Adderio, Iraci and Wyngaerd in [DIW19] proved the rise version conjecture of the expression
A, Ap,en at the case when t = 0.

In this chapter, we shall propose a new valley version conjecture of the expression A’ekAhren.
Then, we work on the combinatorial side on extended ordered multiset partitions to prove that the
two conjectures about AékAhren are equivalent at the cases when ¢ or g equals 0, thus give a proof

of the valley version conjecture of A’ekAhren when ¢ or g equals 0.

4.1 Introduction

In the origin Delta Conjecture paper of Haglund, Remmel and Wilson [HRW18], the
authors used an alternative combinatorial object called labeled Dyck path (we shall also use the
name word parking function), which makes an equivalent combinatorial formulation as normal

parking functions.
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Given an (n,n)-Dyck path P, an (n,n)-word parking functions PF is obtained by labeling
the north steps of P with positive integers such that the labels (called cars) are strictly increasing
along each column of P. We still let /;(PF) be the ith row label of PF. Notice that the only
difference with a normal parking function is that we use any positive integers as cars (with
repetitions allowed) rather than the distinct integers {1,...,n}. We let WP F, denote the set of
(n,n)-word parking functions. We shall call PF € WP F,, a parking function without causing
ambiguity.

The statistics of parking functions can be naturally generalized to the set of word parking
functions. Thus we have the statistics area, dinv, word, rank, ides, pides defined on WP F, in
the same way as in Section 1.2.2. Further, we have the sets valley(PF), Rise(PF) and Val(PF)
defined in the same way as in Setion 1.3.3. For a word parking function PF € WP F,,, we define

the label weight (or car weight) of PF to be

n
PF .
X = [Teer)-
i=1

Then the Delta Conjecture can also be stated as

Conjecture 4.1 (Haglund, Remmel and Wilson). For any integers n > k > 0,

~ Z
A;ken _ Z tarea(PF) qdan(PF)XPF H (1 + FF )‘ (4.1)
PFEWPF, icRise(PF) £ k-1
_ area(PF) _dinv(PF) yPF z
= Y q X I1 (1+qd,-(pF)+1> » (4.2)
PFEWPF, i€ Val(PF) "

Notice that the component Fjgeq(pr) in the previous version of the Delta Conjecture is replaced by
the car weight X*F'. Based on our previous definition, the right hand sides of Equations (4.1) and
(4.2) are denoted by Rise, «[X;q,t] and Val, x[X;q,1].

Consider the factor 2¢a(PF) [Ticrise(pr) (1 + tal(%p)) e in Equation (4.1). Each term in

the expansion of this factor is a power of ¢, and the power is area(PF) minus n — k — 1 row-areas
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a;(PF) of the double rise rows. Similarly in the factor ginv(PF) [Tievaier) (1 + W) ., in
1 Zn— —
Equation (4.2), each term is a power of ¢, and the power is dinv(PF) minus n — k — 1 row-dinvs

(d;(PF) + 1) of the contractible valley rows. Thus, if we define

WPFRE = {(PF,R):P € WPF,,RC Rise(PF),|R| =k},

WPF) = {(PF,V):P€WPF,,V C Val(PF),|V| =k}

and let
area” (PF,R) := Z a;(PF),
i€[n]\R
dinv” (PF,V) := Z d;(PF) — |V|,
i€n)\V
then
Risen,k[X;C[,f] — Z tarea*(PF,R)qdinv(PF)XPF7
(PF.R)EWPFRie, |
Val,I’k[X;q,t] — Z tarea(PF)qdinv*(PFy)XPF.

(PF,V)eWPfX?ﬁ_k_I

We call a pair (PF,R) € WP}“E}ISC (or (PE,V) € WP]:XZ,‘(I) a rise-decorated (or valley-
decorated) parking function, which can be seen as a parking function PF with k rows in Rise
(or Val) marked with a star *. Figure 4.1 shows examples of rise-decorated and valley-decorated
parking functions.

In [HRW18], the author also conjectured a combinatorial formula for the expression
A’ekAhren, and the combinatorial side is a generating function of the set of extended word parking

functions with blank valleys.
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3 «[3
1 «[1
«[5 5
2 2
4 |7 4 |
|31 3,
2 2

Figure 4.1: Examples: parking functions in WP F 7R7izse and WPF }’2‘21

Given an (n,n)-Dyck path P, remind that the valley set of P is defined to be

valley(P) :={i:a; < a;—1}.

We say that a word-labeling of a Dyck path has r blank valleys if there are r valleys not receiving
a label. Such labeled Dyck paths are called extended word parking functions. We let WP F,,.,
denote the set of extended word parking functions of size n + r with r blank valleys. Figure 4.2

shows an example of a parking function in the set WP Fs.;.

i a;(PF) d;(PF)
7 2 0
1 6 2 0
5 5 3 2
4 2 1
4] |- 3 2 0
31,7 2 1 0
2 1 0 0

Figure 4.2: A (7,7)-extended parking function with 2 blank valleys.

A more convenient way to draw an extended word parking function is that, we can fill the
blank valleys with 0’s, thus an extended word parking function is a parking function with labels
in Z>¢ such that O does not appear in the first row (since the first row is not a valley).

With 0’s labeled in the blank valley positions, we can define the area and dinv components
a;(PF) and d;(PF) on each parking functions in WP F ., in the same way. We still let Rise(PF) =

{i: a;(PF) = a;—1(PF) + 1} denote the double rise set. For sake of labeling the blank valleys with
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0’s, we can define the contractible valley set Val(PF) in the same way as Section 1.3.3.

Further, we can define the set of rise-decorated (or valley-decorated) parking functions
with blank valleys. The set of rise-decorated (or valley-decorated) parking functions with n cars,
r blank valleys and k marked double rises (or contractible valleys) is denoted by WP F Ei“;{ (or

i,

WPFYA ),

S,

The conjecture of Haglund, Remmel and Wilson [HRW 18] is

Conjecture 4.2 (rise conjecture of A;kAhre,, of Haglund, Remmel and Wilson). For any positive

integers n, k, and r with k < n,

/ o area(PF) _dinv(PF) PF <
AekAhren+r = Z t ( )q iny( )X H (1 + —tai(PF))
PFEWPF,., i€Rise(PF)

ankfl ‘
By labeling the blank valleys with 0’s, we are able to conjecture that

Conjecture 4.3 (valley conjecture of A’ekAhren). For any positive integers n, k, and r with k < n,

/ _ area(PF) _dinv(PF) PF z
AyAnenir= 3}, q ] (1 + di(PFH-l) ’ o
PEEWP F sy i€ Val(PF) q k-l

We let Rise,., k[X;q,t] denote the combinatorial side of Conjecture 4.2 and Val,., x[X; g,1]
denote the combinatorial side of Conjecture 4.3. Notice that the combinatorial sides of the

two conjectures could also be written as generating functions of the sets WPF lf.insfh v and

WP, ¢ 1

The rise version conjecture of A’ekAhren is well studied. Very recently, D’ Adderio, Iraci
and Wyngaerd [DIW19] proved this conjecture in the case t = 0. However, the valley version
conjecture of A;kAhren is new and has not appeared anywhere before. We believe that the valley
version conjecture is true since we have verified the conjecture for n < 10 by Maple programs,

and we have also proved the valley version conjecture at the case when ¢ or ¢ is zero.

In Section 4.2, we shall introduce ordered multiset partitions, extended ordered multiset
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partitions and their connections to the Delta expression conjectures. In Section 4.3, we shall
prove that the statistics inv, maj and dinv are equi-distributed by three insertion algorithms. In
Section 4.4, we shall prove that the statistics inv and minimaj are equi-distributed by generalizing
a method of Rhoades [Rho18], which completes a proof of the valley version conjecture of

A, Ap,en When t or g equals 0.

4.2 Extended ordered multiset partitions

4.2.1 Ordered set partitions and ordered multiset partitions

Let n > 0 be any integer. A set partition & of the set [n] = {1,...,n} is a family of
nonempty, pairwise disjoint subsets By, By, ..., By of [n] called parts (or blocks) such that Uf.‘ZIB,- =
[n]. We let £(m) denote the number of parts in 7 and || = n denote the size of 7. We let min(B;)
and max(B;) denote the minimum and maximum elements of B; and we use the convention
that we order the parts so that min(B;) < --- < min(By). To simplify notation, we shall write
mwas By/---/Bg. Thus we would write & = 134 /268 /57 for the set partition 7 of [8] with parts
By ={1,3,4}, B, ={2,6,8} and B3 = {5,7}.

An ordered set partition with underlying set partition 7 is just a permutation of the
parts of 7, i.e. 8 = Bg,/---/Bg, for some permutation ¢ in the symmetric group Sy. For
example, & = 57/134/268 is an ordered set partition of the set [8] with underlying set partition
T =134/268/57.

Let m = By/--- /By be an ordered set partition of [n]. The strong composition A(7) =
(|B1l,---,|Bk|) is called the shape of w. We let OP,, denote the set of ordered set partitions of
[n], and OP,, x denote the set of ordered set partitions of [n] with k parts. Further, we let OP,, 4
denote the set of ordered set partitions of [n] with shape c.

More generally, for a weak composition 8 = 3 - -- By E n, an ordered multiset partition

with content B is defined to be a partition of the multiset A(8) = {i% : 1 <i < ¢} into several
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ordered sets called blocks where repetition is not allowed in each block. We denote the set of
ordered multiset partitions with content § by OPpg. Similar, we have OPg ; and OPg . For
example, 7T = 234/26/123 is an ordered multiset partition in OP(13510.1),(32,3)-

We shall define 4 statistics: inv, maj, dinv and minimaj on ordered multiset partitions.

Given & = By /- /By € OPg, the inversion statistic inv(7) is defined to be the number
of pairs a > b such that b is the minimum of its block, and a is in some block that is strictly left of
b’s block. Such pairs are called inversion pairs. For example, & = 134 /268 /57 has 4 inversions,
and the inversion pairs are (3,2), (4,2),(6,5),(8,5).

For an ordered partition 7 = By/--- /By € OP Bk let Bf-l denote the Ath smallest element

in part B;, then the diagonal inversion of 7 is defined to be
dinv(m) := [{(h,i,j) : i < j,B} > B}y U{(h,i,j):i < j,B} > B}"'}|,

where the triples in the left set are called primary dinvs, and the triples in the right set are called
secondary dinvs. For example, T = 134/268/57 has 4 dinvs, which are all secondary dinvs:
(1,1,2),(1,1,3),(1,2,3),(2,1,2).

We let 6 = o () of a partition & € OPpg 4 be the word obtained by writing each block B; in
decreasing order for i = 1---k. We also define the index word index () = 0/B1/11B2] ... (k — 1),

Then the major index of 7 is

maj(m):= ) index(7)it.

i:0;>0j41

For example, if w = 134/268/57, then o = 43186275, index(m) = 00011122 and maj(r) =
0+0+1+1+2=4.

Given 1 =B /--- /Bx € OPp o where o = (@i, ..., 04), we first construct a word
miniword(7) by organizing the elements in each block and list the organized blocks By, ..., B.

We first organize the numbers in By, in increasing order. Then suppose that we have processed
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block B;.1, we shall organize the numbers in B; by placing the numbers strictly bigger than
the first number of B;,; first in increasing order, followed by the remaining numbers also in
increasing order, then we place the organized numbers on the left of the existing sequence. For
example, if 7 =2/34/13/13/2, then miniword(x) = 23413312. The minimum major index of 7
is defined by

minimaj(7) := maj(miniword(7)).

The four statistics are closely related to the Delta Conjecture. Let

D;stalz(CI) — Z qstat(n')
’ neOPg

where stat is one of the statistics inv, maj, dinv, minimaj, Haglund, Remmel and Wilson in

[HRW18] proved that

Theorem 4.1 (Haglund, Remmel and Wilson). For any integers n,k and weak composition 3,

Rise,«[X;q,0llm; = DFY,(q), (4.3)
Riseni[X:0,q]ly = D, (a); (4.4)
Val, 1[X:9,0llm, = Digy1(9); (4.5)
Val, [X:0,qll, = Dfpg). (46)

They proved Theorem 4.1 by constructing 4 bijections of the form ¥ for stat = dinv,
mayj, inv and minimaj between ordered multiset partitions and word parking functions. We present
the four bijections in Appendix A. It is a fact that for any ordered multiset partition 7, each
bijection V"™ maps the the minimum element in the last part of T to the car in the first row in the
parking function y**(1r) mentioned in Appendix A. We are going to use the fact when we prove
Theorem 4.3.

On the combinatorial side, Wilson [Will6] and Rhoades [Rho18] proved the following
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theorem:

Theorem 4.2 (Rhoades and Wilson). For any integers n,k,

Rise, x(X;¢,0) = Rise, x(X;0,q) = Val, x(X;¢,0) = Val, +(X;0,q9). 4.7)

4.2.2 Extended permutations, extended ordered set and multiset partitions

We shall generalize the definitions of permutations, ordered set partitions and ordered
multiset partitions in the way that the number O is allowed to be an entry.

Let B = {Bi,...,Bs} E n be a weak composition and A(B) = {ifi : 1 < i < ¢} be its
corresponding multiset. A permutation of A(f3) is an ordering of the entries in the multiset A(f3).
We let Sg denote the set of permutations of A(f3).

Given a weak composition 8 F n and an integer r > 0, an extended permutation (or a tail
positive permutation) is a permutation of the multiset A(f8) U{0"} such that the last entry is not 0.
We let S,.5 denote the set of extended permutations of A(8) U{0"}. Clearly, Sp.5 = Sg.

In a similar way, one can define extended ordered set and multiset partitions. We let
OP|., denote the set of extended ordered set partitions, which are ordered set partitions of the set
{0}U{1,...,n} such that the number O is not contained in the last block. Similar to the definition
of OP, and OP,, o, we have OP1,, and OPy., o.

An extended ordered multiset partition with content 8 F n with r 0’s is an ordered multiset
partition of the set A(f8) U {0} such that 0 is not contained in the last block. We let OP,. denote
the set of all such extended ordered multiset partitions. Similarly, we have OP,.5 ; and OP,.g .

The above three new combinatorial objects are defined from the same idea that they do not

end with 0, and extended ordered multiset partitions have nice combinatorial properties. It is easy
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to check that all the for statistics: inv, maj, dinv, minimaj are well defined on the set OP,. B Let

D= T
EEO'PV;B’](

where stat is one of the statistics inv, maj, dinv, minimaj. Using the notation of decorated parking

functions with blank valleys, we have

Riser;mk[X;q,t] _ Z parea” (PF,R)qdinv(PF)xPF,
(PE,R)EWPFRSe | |

Valr;mk[X;q,t] _ Z tarea(PF)qdinv’(PF,V)XPF‘
(PEV)EWPFY |

We can prove the following theorem:

Theorem 4.3. For any integers n,k,r and weak composition 3,

Riseri[X:4,0llu, = DI, (q), 48)
Rise . [X:0,qllu;, = D, (@), (4.9)
Valy k[X:q,0][m, = irr;l;va,kH(Q)a (4.10)
Val,i[X:0,q] [y, = ngfkﬁa{(q). 4.11)

Proof. Similar to the definition of OP,.g, we shall let (973‘;‘;1}3 denote the set of ordered multiset

partitions of the set A(f8) U{0"}, but there is no restriction of the placement of 0 (i.e. 0 is allowed
to be in the last block). Similarly, we have OP‘;‘!}; . and op

rB,o

Haglund et al. proved Theorem 4.1 by constructing 4 bijections ydinv, ymai yinv ,minimaj
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between ordered multiset partitions and decorated word parking functions:

. _ ((B)
Y0P — {(PF,R)e WPFREe, | XPF= [1", area™(PF,R) =0},
i=1
. , ((B)
Y™ :O0Pgri1 — {(PE.R)e WPFue, |, X = Hx?iv dinv(PF) = 0},

yinv OPgry1 — {(PE, V)€ WP}"X‘ZI,,{A, XxPF = Hx area(PF) = 0},

. . . g(ﬁ)
yiminimaj . Opﬁ,k+l — {(PR,V) e WPfo}},kfl, xPF — I—[xlﬁi7 dinv™ (PF,V) = 0}.
i=1

The details can be found in Appendix A. If we allow 0 as an element of an ordered multiset
partition, then the four maps can be naturally generalized to the set (973?1}3 «» and the range of the
maps are parking functions that allow 0 as a car, i.e. if we let WPF l}ff’ and WPF Yfllz be the
set of rise and valley decorated word parking function with r 0’s (car 0 is allowed in the first row),
then we have bijections

(B)

l
Y oPY L = {(PE.R) e WPFRSeH | XPF = T af¥, area™ (PF,R) = 0},
1

rinn—k—17

rinn—k—1

. ((B)
Y0P — {(PRR eWPFR | X =T]x B dinv(PF) = 0},
i=1

: (B)
,ymv . O,P;l;l;i,k—i-l — {(PF,V) c Wpfval—l— xPF _ x?i’ area(PF) = O},

rinn—k—1°
i=1

- “«p)
yminima 0Pl = {(PEV) e WPEME L xPF = [T aff, dinv=(PF,V) = 0}.
i=1

rin,n—k—17

We have mentioned the fact below Theorem 4.1 and in Appendix A that each bijection
7> maps the minimum element in the last part of 7 into the car in the first row of (7). Since
the set OP,.g; contains ordered multiset partitions in (9733‘,1;3 ;. that 0 is not contained in the

last block, the restriction of the maps y** on the set OP,.g , C (’)Palﬁ , is a bijection between

OP,.p  and the corresponding set of parking functions with r 0’s but 0 is not allowed in the first
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row, which exactly matches the set WP F Rise — or WP FVal and the restriction of the

rnn—k—1 rinn—k—1°

maps ¥** on OP,.g ; C (973?!}3’,( are bijections:

| | (B)
Y OPp1 — {(PE.R) e WPFREe | XPF =[]+, area™ (PF,R) =0},
i=1

Y™ :OP,gr1 — {(PF,R)e WPFRse | | X7 = Hx dinv(PF) = 0},

Y™ :OP,gi1 — {(PEV)eWPFE | X" = Hx area(PF) =0},

rinn—k—1s
f(ﬁ)

,yminimaj : Opr;ﬁ,k+1 — {(PR,V) € W’P-FX’;;I,nfkfl’ xPF — fo}i, dinv™ (PF,V) = 0}.
i=1

Theorem 4.3 follows from the fact that ¥ maps the statistic stat into parking function statistics

dinv,area”,dinv ", area. ]

Thus, the combinatorial sides of the conjectures about the expression A’ekAhren at the
case when ¢ or ¢ equals 0 become generating functions about generalized ordered multiset
partitions. We shall show in the following two sections that the statistics inv, maj, dinv, minimaj

are equi-distributed on OP,.g .

4.3 The identity Ddlgvk( )= DmEJ (q) = lrnlvgk(Q)

Recall that we let 077&.1}3 denote the set of ordered multiset partitions of the set A(f) U{0"}
and 0 is allowed to be in the last block. We also have OPalﬁ . and (973:;‘;1;3 o
In fact, (’)Palﬁ , only enlarge the alphabet of OPpg ; from Z to Z>(, and it will inherit

all the properties of OPg ;. For a composition 8 = (pBi,...,B,) and integers r, k, we let

Ditz;}tt <q> Z qstat(n:)

1l
Jre(’)P;‘ﬁ «
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where stat is one of the statistics inv, maj, dinv, minimaj, then clearly

Df’ta(l;;;...,ﬁn),k (q) = D?E’at 15eesPBn)k (q) ’

since we can add 1 to all the entries of a multiset partition in 077?.1% Bi...B) .k (O geta multiset

partition in OP .5, 5. - It follows from Theorem 4.2 that,

Corollary 4.4. For any integers n,r and composition 3,

i j+ di inimaj+
DL(0) = DI @) = DI ) = DI )

For a composition 8 = (By,...,B), we let B~ = (Bi,...,B,—1) be the composition
obtained by removing the last part of . We also let [0, ] be the set {0, 1,...,¢}. In order to prove

the result about ordered multiset partition that Dg‘vk(q) = Dga}g (q) = D%if;cv (q), Wilson in [Wil16]

constructed 3 insertion maps:

stat [0’£_1] [076]
(Pﬁ,k,ﬂ . O,Pﬁ—,g X (ﬁn—k—l—ﬁ X k—{ — OPﬁ,kv

where stat is one of the statistics inv, maj, dinv, and he proved that

stat (gbgﬁa,‘;f(n,U,B)) =stat(m)+ Y u+ Y b

uclU beB

for all the three statistics. In this section, we shall generalize Wilson’s insertion maps to extended

ordered multiset partitions to prove the identity that

DR (@) = Dig(a) = D (@),

This identity is also proved by D’ Adderio, Iraci and Wyngaerd in [DIW19] independently.
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4.3.1 The insertion map for inv

We shall generalize the map %“Z , of Wilson to the extended case as

rB e OPrp X (gj ,—g ; Ji]f) - (( ’[‘Oﬂ )>

0,/—1 0,¢
+ (OP‘;‘%,I—OR;B-I) X (ﬁ[n—k+]€) X (<k£611>> — Opr;ﬁ,k

such that

inv (qu?g,k?f(n,U,B)) :inv(n)+u§]u+l§3b. (4.12)

Given = (Bi,...,B,) and # € OP,.g- , we label each block plus the space to the left
of m from right to left with numbers O, 1, ..., ¢. Then for any U € ( [[32{;]@) and B € (( Ecoﬁ >> , We
construct ¢rml§lk (7, U, B) as follows.

We repeatedly remove the largest number i from the multiset U U B, taking from U first if
the largest numbers are equal. If i € U, then we place an n to the block with label i; if i € B, then
we add a new block of a singleton # to the right of the block with label i. This process constructs
all the ordered multiset partitions in OP,. ; such that the last block that is not a singleton {n}
does not contain 0.

In order to construct the remaining ordered partitions in OP,.g ;, we take ordered multiset

partitions 7 in the set (OP%, ¢ —OP,p-, g) (which means the last block of 7 contains 0). Then

[0,0—1]
Bn—k+¢

ri,“[}’ ¢(7,U,B) by repeatedly inserting numbers in the multiset U UB in the same way. One can

for any U € ( ) and B’ € (( kgz_}] )), we set the multiset B = B’ U {n}, and we construct

check easily that this gives all the ordered multiset partitions in OP,.g 4, and the inv statistic

increases by i each time we insert an i, thus Equation (4.12) follows.
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4.3.2 The insertion map for maj

In order to define the map (])rm;;IJ koo We shall introduce the descent-starred permutation
notation of an ordered partition. For any ordered partition & = By /- -- /B, we write the numbers
of each block in decreasing order, remove the slashes and add stars at the descent positions that is
entirely contained in some block of 7. This permutation with stars is called the descent-starred
permutation notation of 7.

The set of the positions with stars is denoted by S(7), and the permutation is denoted
by o(x) introduced in Section 4.2.1. For example, if & = 134/47/23, then o(7) = 4317432,
S(m) ={1,2,4,6} and 4,3,17,43,2 is the corresponding descent-starred permutation.

The map

Orke OPrps X <[£0 ’3? +1]£) g «/[co’—@ )>

0,/—1 0,¢
+ <OP%}3*,€_OP’§BT€) X ([gn—k—k]ﬁ) X <<k£€l l)) — Opr;ﬁ,k

is defined as follows.

Given 8 = (Bi,...,B,) and T € OP,.5- 4, we write 7 in descent-starred notation and let
6 = o(m). We label the rightmost position firstly, and label the unstarred descent positions of 7
secondly, then label the unstarred non-descent positions (including the leftmost position) thirdly
with labels O, ..., /.

For any U € (};Sf;ﬂg) and B € (( g?ﬁ )) we construct (l)rmgjk ,(m,U,B) by setting U" =

u+l:ue , then repeate remove the largest number ¢ from the multiset U B, takin
{u+1 U}, then repeatedly he larg ber i from the multiset U U B, taking

from B first if the largest numbers are equal. The algorithm of inserting i is as follows:

1. Insert the number n at the position with label i.
2. Move each star that appears to the right of the new n one descent to the left.

3. If i € U, then star the rightmost descent.
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4. Relabel the starred permutation as before, stopping atiif i€ Bandi—1ific U™,

This process constructs all the ordered multiset partitions in OP,.g ; such that the last block that
is not a singleton {n} does not contain 0.

In order to construct the remaining ordered partitions in OP,.g ;, we take ordered multiset
partitions 7 in the set ((’)773;1}3% — O’Pr;ﬁ—’g) that the last block contains 0. Then for any
U e ([ggf;i]g) and B’ € ((kﬁ)ﬁl», weset UT ={u+1:u€ U} and B= B'U{n}, and we
construct qbrmgj K g(m U, B) by repeatedly inserting numbers in the multiset U™ U B in the same way.
One can check easily that this gives all the ordered multiset partitions in OP,.g ;. Wilson [Wil16]

gave a proof that the maj statistic increases by i each time we insert an 7 in the non-extended case,

which works naturally for the extended case, thus we have

maj (¢,‘f1,§‘fk7g(7r,U,B)) =maj(n)+ Y u+ Y b. (4.13)
uclU beB

4.3.3 The insertion map for dinv

We define a map

inv ., [076_1] [O’E]
‘Pgﬁ,k,z :OP,.g- ¢ ¥ (Bn_k+£) % ((k—€)>

al [0,—1] [0, ]
+ (0P, OP,;,;_,Z)X(B”_HE (50 ) = OPgie

Given 8 = (Bi,...,Bn) and & € OP,.- 4, we label the £+ 1 spaces (the spaces between
parts as well as the spaces in the two ends) of 7 from right to left with numbers 0, 1,...,¢ which
we call the gap labels. Next, we label the blocks from highest to lowest length (from left to right
for each length) with numbers 0, 1,...,¢ — 1 which we call the block labels.

For any U € ( g:f;i]p) and B € (( E{O_’ﬂ )), we can construct rdll;wk (7, U, B) by inserting an

n into each block whose label is in U and inserting a singleton block {n} at the gap b for each
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b € B. This process constructs all the ordered multiset partitions in OP,.g ; such that the last
block that is not a singleton {n} does not contain 0.
In order to construct the remaining ordered partitions in OP,.g 4, we take ordered multiset

partitions 7 in (OP%,.E - OPr;ﬁ—7g). Then for any U € (lgof;ﬂg) and B' € (( kﬁ)f_]l )), we set
the multiset B = B’ U {n}, and we construct ‘Pii[?,vk, (7, U,B) in the same way. One can check
easily that this gives all the ordered multiset partitions in OP,.g ;, and the dinv statistic increases

by i each time we insert an i, thus we have

dinv <¢;{;§1,Vk7f(n,u,3)) = dinv(m)+ Y u+ Y b. (4.14)
uclU beB

According to the definitions of maps (})riT‘g s f,lgjk. - q)fiéwk , and Equations (4.12), (4.13)

and (4.14), one can conclude that

Theorem 4.5. For any integers n,r and composition J3,

" 4(4) = D (@) = DL (a).

4.4 Theidentity DI (q) = D}'g"™ (q)

The goal of this section is to generalize the (inv, minimaj) equi-distribution theorem of
Rhoades [Rho18] from the set OPp ;. to the set OP,.g ;. For our convenience, we shall abbreviate

D™ and D™MMMA) ¢ 1 and M, i.e. we shall use the notations

Ig () = D% @), 15.a(q) =DE%(@), Ipi(@) =D (@), Lup.alq) =D o(q),

Mg i(q) = D=™(q), Mg o(q) = D™ (q),

Bk B.o
My i(q) = DT (q),  Mypalq) = D5 (q).
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Further, we let

1 i L '
(@) = Dgi(@): Ip.o(a) = Di(@)

M (@) = DG (@), and M 4(q) = D)5 (@)

denote the generating functions that 0 is allowed in the last block.

4.4.1 The recursion for inv

For any integer m and set S C [m], we let x5 = (xs(1),...,xs(m)) be the sequence such
that ys(i) = x(i € S). For two sequences ¥; and 7, of the same length, we write y; < ¥ if each
entry of ¥ is less than or equal to the corresponding entry of 5.

Given an integer n, a weak composition 8 = (fi,...,Bn) F n and a strong composition
o= (0,...,0) Fsrong 1, We still use the notation ot~ = (@i, ..., %) for the composition of
n — oy that the last part of « is removed.

Recall that by definition, OP,.g 4 is the set of extended ordered multiset partition of the
multiset A(f3) U{0"} and shape « such that 0 is not contained in the last block, while (973%1 o

allows 0 in the last block. Their generating functions tracking the statistic inv are /.. o (q) and

all
Ir; B,a

[Rho18].

(q) respectively. Then we have the following theorem which is analogous to Lemma 3.2 in

Theorem 4.6. The generating function I,. B,a(‘l) satisfies the following equation:

Lpale)= Y g Bo@py (). (4.15)
SC[m], |S|=0,
xs<B

Proof. Consider an ordered multiset partition it = By /--- /By € OP,.g . Writing S = By, we

have that By/--- /By_; € (’)73% _ys.a—- Since each element in the ordered partition B /- -+ /By
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that is bigger than min(S) creates an inversion with the last block, Equation (4.15) follows

immediately. O

Summing over all the strong compositions & of n with k parts, we have the following

corollary.

Corollary 4.7. The generating function I,. ﬁ7k(q) satisfies the following equation:

I";ﬁ,k(q) = Z qzi:min(SH-l (Bi_XS(i))If};llg o] (q) (416)
Sg[m]v XSSﬁ

We shall prove a similar result about the statistic minimaj in the following subsection.

4.4.2 The recursion for minimayj

In our new notation, Corollary 4.4 shows that
I o (9) = MY (). (4.17)

We shall prove in this subsection that

Theorem 4.8. The generating function M,.g 1 (q) satisfies the following equation:

Mr;ﬁ.,k(q) = SC[ }Z: <ﬁ qzi:min(S)+l(ﬁi_XS(l))M;i;l[lgixs’kil (q) (418)
Simj, Xs<

Then as a consequence of Corollary 4.7, Theorem 4.8 and Equation (4.17), we have

Theorem 4.9. For any integers n,r and composition J3,

(@) = D™ (a).
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In order to prove Theorem 4.8, we need to state some combinatorial actions and properties
about the statistic minimaj. We always use the setting that for any integers n, r, we consider ordered
multiset partitions of the form u = By /--- /By € OP,.g o, where B = (f1,...,Bn) F nis a weak
composition and & = (01,..., 0%) Fswong 7 is a strong composition. We let o~ = (aiy,...,0%—1).

A k-segmented word is a pair (w, @) such that w = wy ---wj, is a length n word and « is
a strong composition of n. We write such k-segmented word in the form of a word w with dots
after weo,, Wy +ogs- - - » Woy +--+¢4_, - Lhe components of the words separated by the dots are called
segments. For example, the 3-segmented word (3342412, (2,3,2)) can be written as 33 -424-12.

For an ordered multiset partition 4 =By /--- /By € OP,.g o Where B; = {jgi) <. < jg.)},
we let w(u) = u[l]-u[2]- --- - ulk] denote the k-segmented word obtained in the following way:
we let the last segment  [k] be the increasing word jgk) e j((f ). For 1 <i<k—1, assume that
the i + 1% segment (i + 1] is defined and let r be the first letter of p[i + 1]. Let j(i), e ,j,(,? be

1
the numbers that are less than or equal to r, and let J‘;(vi)ﬂ? e, jgl.) be the numbers that are greater

than r, then we define u[i] = j,SZLl jéﬁ) jgi) fe j,(?i). We also refer to w(u) as the permutation

component of the segmented word without causing ambiguity. Note that w(iL) as a permutation

coincides with our definition of miniword(u ). Thus we have the following lemma:
Lemma 4.10. Let u be an ordered multiset partition, then minimaj(() = maj(w(u)).

Rhoades in [Rho18] defined an action on ordered multiset partitions ( to interchange
the number of i and i + 1 in u, called the #;-switch map. Let s; be the action on a sequence that

interchange its ith and i + 1st component, then Rhoades proved the following theorem:

Theorem 4.11 (Rhoades). There exists a bijective map
ti: OPgy—OPypk

such that minimaj(#;(1)) = minimaj(u ).
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Recall that we can add 1 to all the entries of a multiset partition in OP?% Bi....B) K (O geta
multiset partition in OP,.g s, We can naturally generalize this result to the set (973% . that

allows us to rearrange the component of  and the number r:

Corollary 4.12. Let (Y,7,-- -, Ym) be any rearrangement of the sequence (r,By,...,Bm), then

there is a minimaj-preserving bijection y between the sets (’)77%1.(

all
Yootk A4 OP L Bk

It is obvious that for an ordered multiset partition, the contribution of the last block to
minimaj only depends on the minimum element of the last block. Thus we have the following

lemma.

Lemma 4.13. Let B,/ - - - / By be an ordered multiset partition. Then
minimaj(B;/---/By) = minimaj(B;/--- /min(By)). (4.19)

Rhoades in [Rho18] defined an action of the group Z,, = (c) on OPg 4 by decrementing

all

all the letters by 1 modulo m. Analogously, we define the group action of Z,, 1 = (c) on OPr; B.a

by decrementing all the letters by 1 modulo m + 1. Rhoades in [Rho18] proved that

Lemma 4.14 (Lemma 3.4 in [Rho18]). If the last component of o is 1, then w(c.it) = c.w()

for any € OPg 4.

Recall that there is a bijective relation between OP;@% BroBo)ct and OP .5, . B.).a- 1t

s

follows from Lemma 4.14 and our new group action of Z,, that

all
rB,o

Lemma 4.15. If the last component of @ is 1, then w(c.it) = c.w(u) for any u € OP
Another property about the action ¢ is summarized in the following lemma:

Lemma 4.16. For any word w = wy - - -wy, with content {0", 18 ... ,mﬁm} such that w, # 0, we

have maj(c.w) = maj(w) +r.
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Proof. The map ¢ moves every descent occurring before a maximal contiguous run of 0’s in w to

the position at the end of this run. [
Now we can prove the following lemma.

Lemma 4.17. Given integers n,r. Let &« = (0, ..., 0) Fstrong 11 be a strong composition with

oy =1 andlet B = (By,-..,Bm) F n be a weak composition. We have

Myp.o(q) = ﬁzoqﬁi+1+...+ﬁme}gﬁi+]rn,ﬁmﬁmﬁi_l)’a (q). (4.20)
i >

Proof. We shall prove the recursion above about the generating function M,. /370‘((1) where oy = 1.
Without loss of generality, we assume that 8 is a strong composition. Consider an ordered
multiset partition 4 € OP,.g 4. If the last block of U is a singleton {m}, then clearly it does not
contribute anything to minimaj(ut). Writing & = ’/m, then minimaj(g) = minimaj(’).

Next consider the case when y = u’/m — i end with m —i for some i € {1,...,m—1},
then u’ € (’)P’;‘}I( BrooBrnieTooo )~ It follows that we have the following consequence of Lemma

4.15 and Lemma 4.16:

minimaj(u’/m—i) = minimaj(c’.(¢.1'|m))

= minimaj(c¢™".u'|m) + Bu_it1+ -+ B
Where C_i.u/ & OP?}£’1175+17(ﬁm,[+27~-7ﬁm>r7ﬁ17“‘7Bm—i—l)7a*’ and we haVe

m—i P p gall
Mr;B,a(CI) = ; Z OCIB rreh Mﬁmﬂ#l§(ﬁm7i+27~~7ﬁm7r-ﬁl7~~7ﬁm7i_1)7a7 (4)- (4.21)
m—i >

Equation (4.20) follows immediately from Equation (4.21) and Corollary 4.12 since we can

permute r and entries of 3. [

Now we are ready to prove Theorem 4.8.
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Proof of Theorem 4.8. Let 4 =By /- /By € OP,.g . For the case when & = (0, ..., 041,1),

we have the following recursion as a consequence of Lemma 4.17:

ZMr’ﬁ7a(q) = Z Z qﬁi+l+.“+ﬁme;l%Bi+l1"'7ﬁWL7B15"'7B[71)7a_ (q)
o~ o~ Bi>0

i ceo By 11
= ﬁganqﬁJrl—i_ +ﬁ M?;(Bi-kl a~--7Bm~,ﬁl a"'vBi71)7a7 (q)

- ZqBi+1+...+ﬁme§lgﬁi+l7~~-7ﬁm:ﬁlwwﬁi*l)k*l(q)
Bi>0

= Y P s k(@) (4.22)
Bi>0

The first line is Equation (4.20) summed over all compositions &~ Fgyong (7 — 1) with k — 1 parts;
the second line interchanges the order of the two summations; the third line evaluates the inner
sum over all possible o~ ’s; the last line is an application of Corollary 4.12.

More generally, if the last block is of size o > 1, then the following equation follows as

a consequence of Equation (4.22):

Mr;ﬁ ,k<Q) = Z qzi:min(Bk)+l (Bi*XBk(l))Mf;llla - (q), (4.23)
By C[ml, x5, <B

which proves Theorem 4.8. U

4.5 The Mahonian distribution on OP,.; ;

Following from Theorem 4.5 and Theorem 4.9, we have

Corollary 4.18. For any integers n,r and composition J3,

v (@) = D (q) = DyigY(q) = DG ™ (q).

Benkart et al. [BCH™ 18] proved the equi-distributivity of the statistics minimaj and maj
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on ordered multiset partitions using a crystal structure. This provides another idea of proving
Corollary 4.18.

Given that D’ Adderio, Iraci and Wyngaerd [DIW19] have proved the following,

Theorem 4.19 (D’ Adderio, Iraci and Wyngaerd). For any integers n,k > 0, we have the equality
Rise,., k[X;¢,0] = Rise,, x[X;0,q] = A/ekAhren|t:0 = A/ekAh,en|q:0,t:q- (4.24)

We have the following corollary as a consequence of Corollary 4.18 and Theorem 4.19
which gives a proof of the valley version Delta Conjecture about the expression A;kAhren at the

case when ¢ or g is zero.

Corollary 4.20. For any integers n,k > 0, we have the equality

Rise,., k[X:q,0] = Rise,., x[X;0,q] = Val,.,, k[X;¢,0] = Val,., x[X;0,¢]

= A/ekAhren|t:0 — A;kAhren|q:0,t:q- (425)
Define the Mahonian distribution on OP,.g ; to be the polynomial
Dygala) =D}t (4) = DT (4) = D () = DI (a)

andlet Dy (q) 1= Di;}gfk (q) = D‘;;g{; (q) = ijgj,j (q) = D;‘;;;‘kmaﬁ (g), then D,.5 ;(q) generalizes

the Mahonian distribution on ordered multiset partitions Dg ;(q) of Wilson [Wil16] that

Dg i (q) = Do.g 1(q)-

By either of the Equations (4.12), (4.13) and (4.14), we have the base case that Dg.p o(q) = 1,
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D,.p x(q) = 0 for r +k > 0 and the recursion:

D,.gi(q) = ;q(ﬁnzw) {ﬁn —£k+£Lm qu;ﬁ:z(CI)
ICES {Bn _fk . g} q lk; 1] q <Dr+;ﬁ7’€(q) - Dr;g—,g(q))

- gq(ﬁn_zw) [ﬁn —ka] . (Kf: ﬂqD““‘f(q) i {k; 1} D+ﬁ’£@> |

r
q

Note that D,.g x(q) is a generalization of the g-Stirling number S, (q) defined by
Snx(q) = Sn—1k—1(q) + [k]¢Sn—14(q) (4.26)
as a consequence of the following equation due to the work of Wilson [Will6]:
Do;1n k(q) = Snk(q)- (4.27)

The content of Chapter 4 is currently being prepared for submission for publication of the
material. Qiu, Dun; Wilson, Andrew Timothy. “Conjectures about the expression A;kAhren". The

dissertation author was the primary investigator and author of this material.
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Chapter 5

Conclusion and future directions

In this chapter, we give a brief summary of our research projects mentioned in this
dissertation. In the meanwhile, we discuss several directions that our work can be extended in.
We also give some other open problems which are closely related to our work for research in the

future.

5.1 The Rational Shuffle Theorem in more general cases

As a generalization of the Shuffle Theorem, the Rational Shuffle Theorem gives rise to
a great number of combinatorial problems about Macdonald polynomials and rational parking
functions, which will generalize the rational g,¢-Catalan theory.

Our work presented in Chapter 2 gives a proof of the Rational Shuffle Theorem at the
3-row case, and conjecturally gives the Schur function expansion of the 3 column case parking
function generating function.

Recall that our method on the algebraic side about the 3-row case uses a recursion that

Qm+n,n(_1>n :VQm,n(_1>n (51)
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where n = 3. Using the same recursion for bigger n, the algebraic side results can be easily
generalized to the n-row case, and the proof can be fulfilled with help of mathematical software
such as Maple when n is relatively small. We have run the data for the 4-row case, and the
Schur function expansions with ¢, ¢-analogue coefficients are as nice as the 3-row case. Thus we
can compute the Schur function expansion of the 4-row case (or even 5, 6-row cases) using the
recursion in Equation (5.1).

On the 3 column case, we have more open problems to be solved in the future. By
checking a large volume of program data, we are able to discover the straightening action on
3-column parking functions, which in fact proves the Schur positivity of the 3-column case. The
data of parking functions with more than 3 columns will be hard to be looked into, but it will be a
meaningful research problem to generalize our result about the straightening action on parking

functions.

Problem 5.1. Define the straightening action of the m column rational parking functions for any
positive integer m. This will prove the Schur positivity of the parking function side of the Rational

Shuffle Conjecture.

Lascoux, Leclerc and Thibon in [LLT97] defined an important class of symmetric func-
tions called LLT polynomials. The Shuffle Theorem and its generalizations are closely related
to a subclass of it called column LLT polynomials. In fact, the following generating function of

parking functions on a particular rational Dyck path IT € PF,, ,,

Z tarea(PF)qdinV(PF)Fides(PF) _ tarea(H) Z qdinv(PF)Fides(PF)
e T(PF)=I1

is a column LLT polynomial (up to a power of ¢). Notice that our straitening action on 3-column
parking functions does not change the path, thus it would be useful to prove the Schur positivity

of (column) LLT polynomials combinatorially if it is generalizable to n-column case.
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Problem 5.2. Prove the Schur positivity of LLT polynomials combinatorially using parking

functions.

About the other action S called the switch map, we hit an iceberg when proving that S

preserves the statistic dinv, from which Conjecture 2.5 and Conjecture 2.6 follows immediately.

Problem 5.3. Prove that the action S preserves dinv for any rational parking function.

5.2 The Delta expression conjectures

As another generalization of the Shuffle Theorem, the Delta Conjecture still remains open,
though a number of special cases have been proved.

In Chapter 3, we prove that the expression A, e, when k = 2 is Schur positive. The Schur
positivity of the case when k > 3 is still open. Note that the Schur positivity of A, e,, follows if

Problem 5.2 or Problem 5.3 is proved.
Problem 5.4. Prove the Schur positivity of A,, e, when k > 3.

Haglund, Remmel and Wilson gave a conjecture (called the Extended Delta Conjecture)
about the Delta operator expression A/ekAhren which is analogous to the rise version of the
Delta Conjecture about Aéken. In Chapter 4, we propose a new valley version conjecture of
the expression A"ekAhren, making the Extended Delta Conjecture completely analogues to the
two-versioned Delta Conjecture. Further, we give a proof of the valley version conjecture of

A’ekAhren when ¢ or g equals 0. The main goal of this study is:
Problem 5.5. Prove the Extended Delta Conjecture in general.

This includes the origin Delta Conjecture.
It is proved that the two versions of the Delta Conjecture and the Extended Delta Conjec-
ture are equivalent at the case when ¢ or ¢ is 0. However, there is no proof that the combinatorial

side of the two versions are equivalent in general.
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Problem 5.6. Prove that
Rise,., k[X;q,t] = Rise,, x[X;t,q] = Val,., k[X;q,1]. (5.2)

This includes the problem that Rise, «[X;q,t] = Rise, «[X;t,q] = Val, ¢ [X;q,1].
Finally, the Delta operator satisfies Ay ., = Asr & T4 and

r1,1k=1

Ahrek = A/ekAhr + A

e, On,» which 1s saying that the sum of two expressions in the Extended Delta

Conjecture is also a sum of two Delta hook-Schur functions. We want to explore a conjecture for

A, for hook shape partition A.

Problem 5.7. Give a combinatorial conjecture about the expression Ay, e,, where A - n is of

hook shape.
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Appendix A

Four bijections between ordered multiset

partitions and parking functions

In this appendix, we present four bijections, Y4V, yma yinv pminimaj _of Haolund, Remmel

and Wilson [HRW18] when they were proving the following equations appear in Theorem 4.1:

Rise,«[X;4,0llm, = DFY,(q), (A1)
Rise, «[X;0,q]lv;, = Djy, (q), (A2)
Val, i [X:q,0]lm; = D, (a), (A.3)
Val, i X:0,4)lu, = Dy (g). (Ad)

We shall omit the proof of bijectivity which can be found in [HRW18].
.. . inv : . __ nydinv
A.1  The bijection y'" of Rise, «[X;q,0]|m; = D57, (q)

Recall that

DL @= ¥ 4™, and
EGO'Pﬁ,k_H
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Risen,k [X; q; O] |Mﬁ = Z qdinV(PF) .

(PER)eWPFRise  xPP_1'B) P area= (P R)=0

n,n—

The map
| , “) .
Y™ OPg i1 — {(PF,R) e WPFyroe, | X" = fo', area (PF,R) = 0}
i=1

that satisfies dinv(y4™ (1)) = dinv(7) is defined as follows.

Given T =71/ /M1 € OPp jy Where |;| = o, we construct a Dyck path
N+ %I NOE% ... N E% which is of size n. Then, the rise-decorated parking function
y4inv (1) is obtained by labeling the north steps N% with entries in the block 7;, and mark all the
n—k— 1 double rises. Clearly, the resulting parking function has area™ 0, and the map Y4 is
invertible.

For example, for an ordered multiset partition 7 = 24 /13 /235 with dinv(7) = 8, its image

under the map y4™ is given in Figure A.1 which also has dinv 8.

>|<4‘/
2
13,
/]_/
x5 ’
*3//
2

Figure A.1: The image Y™ (x) for & = 24/13/235.

A.2 The bijection y™¥ of Rise, [X;0,4]| My = Drﬁna,g 1(g)

In this section, we construct the map

. , ()
Y™ OPpiy1 — {(PE.R) € WPFRSe  xPF = T, dinv(PF) = 0}
i=1

129



that satisfies area™ (Y™ (7)) = maj(x).

Given & =7y /- /M1 € OPp g4 Where || = o, we shall write the descent-starred
permutation notation of 7: we first write 7 as a permutation ¢ () = oy - - - 6, of the multiset
A(B) = {iPi: 1 <i < ¢(B)} by organizing the elements in each block 7; in decreasing order. We
mark a star  at the lower-right corner of each number in ¢ (7) that is in the same block with the
next number. Now we are ready to construct the rise-decorated parking function y™¥(r).

We read o(7) from right to left. We start with drawing a north step and labeling it with
0, when reading the rightmost number o, (notice that ¢, cannot have a star mark). Inductively,
suppose that the next number we read is ;. If 0; < 0,11, we add 2 steps EN at the end of the
previous path, and label the new north step with ;. Otherwise when ©; > 0,1, we add another
north step and label it with o; (this must be a double rise). We decorate the new north step with a
star if 0; has a star x. Then we proceed to the next number o;_;.

In this way, we construct a parking function with no dinv. For example, for an ordered
multiset partition 7 = 24 /13 /35/2 with maj(7) = 6, we have o (7) = 4,23,15,32, and its image

under the map 7™ is given in Figure A.2 which has area™ 6.

* 4 it
2 .

Figure A.2: The image y™¥(x) for £ = 24/13/35/2.
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A.3  The bijection y™ of Val, s[X;q,0]u; = D', (q)
In this section, we construct the map

. “B)
Y™ OPp iyt — {(PEV) e WPFY | XPF = [+, area(PF) = 0}

nn—k—1s
i=1
that satisfies dinv™— (9™ (7)) = inv(7).

Givent =/ - /M1 € OPp x4 Where | 1| = @, we construct a diagonal (n,n)-Dyck
path (NE)". Then we proceed from the lowest to the highest north step and from the last to the
first block of 7. We label the first oy north steps increasingly with numbers in 7|, and add
stars to the north steps from the second row to the ;. 1th row. Suppose that we have completed
the procedure for block ;1. For block 7;, we label the next ¢; north steps increasingly with
numbers in 7; while adding stars to all except the first step in the ¢; steps. Then we proceed to
the next block 7;_.

In this way, we construct a valley-decorated parking function with no area. For example,
for an ordered multiset partition 7 = 24 /13 /235 with inv(7) = 4, its image under the map Y™ is

given in Figure A.3 which has dinv™ 4.

Figure A.3: The image y"™ (7) for 7 = 24/13/235.
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A4 The bijection Y™™ of Val, ;[X;0,q][w, = Dj 1" (g)

In this section, we construct the map

YU OPg iy — {(PEV) e WPFA |, XTF = ﬁxff, dinv™ (PF,V) = 0}
i=1
that satisfies area(y™"™ (7)) = minimaj(7). Y™™ is most technical among the four maps.

Givent =71/ /M1 € OPpg p41 Where | ;| = @, we construct T = miniword(7) as in
the definition of minimaj. We define the runs of 7 as its maximal, contiguous, weakly increasing
subsequences. Suppose that 7 has s runs, then we label the runs with O, ..., s — 1 from right to
left. We shall construct the parking function y™"™a (1) inductively by reading from the Oth to
the (s — 1)st run of 7, such that the row has number in the ith run has area i (this is sufficient for
showing area(y™"™¥ (1)) = minimaj(7)).

Suppose that 7,, T+ 1, . ., T, 1s the Oth run, and the numbers from 7, to 7, are contained in
blocks 7y, ..., 1 that only consist of numbers in the Oth run (for some b > a). Suppose that the
numbers T, ..., Tp_1 form the first block from right to left containing elements in run 1. Starting
from the empty path, we first construct steps (NE )”_b+1, filling the north steps with entries in
Tk+1,- - -, Ty increasingly for each block from bottom to top. We add star mark on the north steps
where its label is in the same block as the label in the row immediately below it. Then we find
the biggest number 7; among T, to 7, that is smaller than 7. (which must exist by definition of
miniword). We insert steps (NE)“~¢ above the north step of 7, label the steps with 7, ..., 7,1
from bottom to top, and add stars to the rows of 7. 1,...,7,—. Then we insert steps (NE )b_“
after the east step after (NE)“~¢ that we just inserted, and label the steps with 7,,..., 7,1 from
bottom to top, adding stars to all these rows. We let A denote the north step of 7,.

For greater value i € {1,...,s — 1}, we suppose that the procedures for runs 0,...,i —
1 have been completed and we proceed the algorithm inductively as follows. Suppose that

Tay Tatl,---, Ty 18 the ith run that has not been read, and the numbers from 7, to 7,, are contained
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in blocks 7, ...,y that only consist of numbers in the ith run (for some b > a). Suppose that
the numbers 7, ..., T,_1 form the first block from right to left containing elements in run i 4 1.

Starting from the top of A in the previous procedure, we first insert steps (NE )"/_b“,
filling the north steps with entries in 7/, ..., T, increasingly for each block from bottom to top.
We add star mark on the north steps where its label is in the same block as the label in the row
immediately below it.

Then we find the biggest number 7; among 7, to 7, that is smaller than 7.. We insert
steps (NE)“~¢ above the north step of 14, label the steps with 7, ..., 7,_; from bottom to top,
and add stars to the rows of 7., ,...,T,_1. Then we insert steps (NE )"~ after the east step after
(NE)?~¢ that we just inserted, and label the steps with 7,,...,T,_; from bottom to top, adding
stars to all these rows. We renew A to be the north step of the new 7, in this procedure.

For example, for & = 13/23/14 /234, its miniword is T = 312341234 which has 3 runs:

1234, 1234, 3 from right to left. The procedure of computing y™"™ (1) is given in Figure A.4.

x| 4
7
7

*
N
N
N
N

Figure A.4: The procedure of computing Y™™ (1) for £ = 13/23/14/234.

A.S5 Summary

We have presented the four bijective maps of the form y** for stat = dinv, maj,inv and
minimaj. In [HRW18], Haglund, Remmel and Wilson proved that the maps y*@' are bijective,

and they map the statistic stat into some parking function statistic (stated in each section of this
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appendix).
Further, by checking the four bijections, we notice that each bijection y*** maps the
minimum element in the last part of 7 into the car in the first row of (7). We use this fact to

prove Theorem 4.3.
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