UC San Diego

UC San Diego Electronic Theses and Dissertations

Title
The Effect of Recombination on the Speed of Evolution

Permalink
https://escholarship.org/uc/item/07802190

Author
Udomchatpitak, Nantawat

Publication Date
2019

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/07802190
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA SAN DIEGO

The Effect of Recombination on the Speed of Evolution

A dissertation submitted in partial satisfaction of the

requirements for the degree Doctor of Philosophy

n

Mathematics

by

Nantawat Udomchatpitak

Committee in charge:

Professor Jason Schweinsberg, Chair
Professor Vineet Bafna

Professor Todd Kemp

Professor Sergey Kryazhimskiy
Professor Ruth Williams

2019



Copyright
Nantawat Udomchatpitak, 2019
All rights reserved.



The dissertation of Nantawat Udomchatpitak is approved, and it is acceptable

in quality and form for publication on microfilm and electronically:

Chair

University of California San Diego

2019

iii



TABLE OF CONTENTS

Signature Page . . . . . . . e

Table of Contents . . . . . . . . . .

List of Figures . . . . . . . . e

Acknowledgements . . . . . ... L

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Chapter 5

Chapter 6

Chapter 7

Chapter 8

Introduction . . . . . . . . ...
1.1 Themodel. . . ... ... ... . . ... ...
1.2 Previousworks . . . . . . . . . ... ...
1.3 Conditions of the parameters . . . . ... ... ... .......
1.4 Main theorem . . . . . . . . . . .. ...

Overview of the proof . . . . . . . .. ... ... ... ... ......

On parameters and transition rates of the process. . . . . . .. .. ..
3.1 More inequalities on the parameters . . . . .. .. .. ... ...
3.2 Transition rates of the process. . . . . . . . ... ... ... ...

Important Martingales and Submartingales . . . . . .. ... ... ..

Phase 1 and proof of Proposition 2 . . . . . .. .. ... ... .....
5.1 Notations . . . . . . . . . . e
5.2 Upper bounds for expectations . . . . .. ... ... .......
5.3 The variance bounds . . . . . . . ... ..o
5.4 Results on type 3 individuals . . . .. ... ... ... ......
5.5 The proof of Proposition 2. . . . . .. ... ... ... ......

Phase 2 and proof of Proposition 3 . . . . . ... .. ... ... ....
6.1 Comparing the Markov chain with a differential equation . . . .
6.2 Results on type 3 individuals . . . . . ... ... ... ... ...
6.3 The proof of Proposition 3. . . . . . .. .. .. ... ... ...

Phase 3 and proof of Proposition 4 . . . . . ... .. ... ...
7.1 Results on type 0 individuals . . . . ... ... ... ... ....
7.2 Results on type 3 individuals . . . . ... .. ... ... ...
7.3 The proof of Proposition 4 . . . . . .. ... ... ... .. ... .

Phase 4 and proof of Proposition 5 . . . . . ... .. ...

v

iii

X

N R

13
13
15

24

31
31
35
42
47
o8



Chapter 9

Bibliography



LIST OF FIGURES

Figure 1.1: The graph of ¢}, as the function of r, when N = 107,y =2 x 107¢ and
s = 107%. The r-axis is scaled by 107® and the ty-axis is scaled by 104

Figure 2.1: The graphs of approximate numbers of individuals with one beneficial
mutation (blue) and two beneficial mutations (red). . . . ... ... ..

vi



ACKNOWLEDGEMENTS

I would like to mention that the work presented in this dissertation was partially
supported by NSF grant DMS-1707953. I am grateful to Professor Jason Schweinsberg for
teaching me several techniques, especially the one from one of his previous papers, which
was used intensively in my proof. I also want to thank him for spending time reviewing the
manuscript several times, which improved this manuscript significantly.

Chapter 1 to 9, in full, has been submitted for publication of the material as it may
appear in Electronic Journal of Probability, 2019. The dissertation author was the sole

author of this paper. The paper is also available at arXiv:1904.09922.

vii



VITA

2014 Sc.B. in Mathematics, Brown University

2015-2019 Teaching Assistant, University of California San Diego

2019 Ph.D. in Mathematics, University of California San Diego
PUBLICATIONS

Nantawat Udomchatpitak, “The Effect of Recombination on the Speed of Evolution”. Sub-
mitted for publication in Electronic Journals of Probability. The paper is also available at
arXiv:1904.09922.

viii



ABSTRACT OF THE DISSERTATION

The Effect of Recombination on the Speed of Evolution

by
Nantawat Udomchatpitak
Doctor of Philosophy in Mathematics
University of California San Diego, 2019

Professor Jason Schweinsberg, Chair

It has been a puzzling question why several organisms reproduce sexually. Fisher
and Muller hypothesized that reproducing by sex can speed up the evolution. They ex-
plained that in the sexual reproduction, recombination can combine beneficial alleles that
lie on different chromosomes, which speeds up the time that those beneficial alleles spread
to the entire population. We consider a population model of fixed size N, in which we will
focus on two loci on a chromosome. Each allele at each locus can mutate into a beneficial
allele at rate uy. The individuals with 0, 1, and 2 beneficial alleles die at rates 1,1 — sy
and 1 — 2sy respectively. When an individual dies, with probability 1 — ry, the new
individual inherits both alleles from one parent, chosen at random from the population,
while with probability rp, recombination occurs, and the new individual receives its two
alleles from different parents. Under certain assumptions on the parameters N, un, Sy
and 7y, we obtain an asymptotic approximation for the time that both beneficial alleles
spread to the entire population. When the recombination probability is small, we show

that recombination does not speed up the time that the two beneficial alleles spread to the

X



entire population, while when the recombination probability is large, we show that recom-
bination decreases the time, which agrees with Fisher-Muller hypothesis, and confirms the

advantage of sexual reproduction.



Chapter 1

Introduction

It has been a puzzle in evolutionary biology why many organisms reproduce sexu-
ally. Sexually reproducing parents transmit just half of their genes to the offspring, which
means that all beneficial alleles that the parent has might not be fully transmitted to the
offspring. This does not happen to parents who reproduce asexually, since they transmit
all their genes to the offspring. An advantage of sexual reproduction might come from
recombination, which can combine portions of different chromosomes together. Fisher [8]
and Muller [10] hypothesized that sexual reproduction can speed up the evolution. They
explained that in an asexual population, for two beneficial mutations to survive, the second
beneficial mutation has to occur in an individual that already has the first beneficial muta-
tion, while in a sexually reproducing population, both beneficial mutations might occur on
different individuals and recombination can later combine both mutations, which leads to

an evolutionary advantage over asexual reproduction.

1.1 The model

We consider a population of fixed size N consisting of N chromosomes, which come
from N/2 organisms of the same species. We are interested in two loci on the chromosome.
One of the two loci contains either an a or A allele, and another locus contains either a b
or B allele. Both the A and B alleles are beneficial. At time 0, all individuals have a and b
alleles. Independently, each a allele mutates to A at exponential rate py, and each b allele
mutates to B at exponential rate uy. Individuals with 0, 1 and 2 beneficial alleles will die

independently at exponential rates 1,1 — sy and 1 — 2sy, respectively. A new individual is



created immediately to replace the individual who dies, in order to keep the population size
fixed. With probability 1 — rn, no recombination occurs, in which case the new individual
receives both alleles from a randomly chosen individual in the population at that time.
With probability ry, recombination occurs, in which case the new individual receives the
a/A allele from a randomly chosen individual, and receives the b/B allele from another
independently randomly chosen individual. We will give an approximation for the first time
that all individuals in the population have both beneficial alleles, when the population size
is large. The result shows that this time is shorter when ry is large, consistent with the

Fisher-Muller hypothesis.

1.2 Previous works

Takahata [14] considered a model of a population of finite size, where each individual
consists of one chromosome. This model focuses on two loci on the chromosome. One locus
contains either an a or A allele, and another locus contains either a b and B allele. The
fitnesses of individuals of types ab, Ab,aB and AB are assumed to be 1,1 + s,1 + s and
1 4 ¢ respectively. The model also assumed recurrent mutations from a to A and from b to
B, which means that mutations will never be exhausted. In the beginning, the frequency
of type ab is assumed to be 1. Via simulation, the numerical fixation time of both A and
B is given for some values of s and ¢ in the following parameter regimes: 1) t = s = 0, 2)
t=25>0,3)t=2s<0,4)t>2s>0,and 5) t >0 > s.

Some non-rigourous works discuss the benefits of recombination. Crow and Kimura
[4] argued that in large populations, sexual reproduction can incorporate more mutations
due to recombination than asexual reproduction can. Several works pursued finding the
relation between the speed of adaptation and the recombination rate. Neher, Kessinger,
and Shraiman [11] considered a linear chromosome model assuming a large mutation rate
and a weak selective effect. They obtained that the rate of adaptation is proportional
to the square root of the recombination rate. Weissman and Barton [15] considered the
regime where the mutation rate is small, and they obtained that the rate of adaptation
is proportional to the recombination rate. Weissman and Hallatschek [16] considered the
intermediate mutation rate regime and obtained that the rate of adaptation is proportional
to the recombination rate. Lastly, Neher, Shraiman, and Fisher [12] considered a population

model, where a large number of loci was considered. The recombination mechanism in this



model is different from the other works mentions before. Under the assumptions that the
selective advantage is weak and the recombination rate is much larger than the selective
advantage, they obtained that in large populations, the rate of adaptation increases as the
square of recombination rate.

We will now discuss some rigourous results. Cuthbertson, Etheridge, and Yu [5]
considered a two loci model with finite population size N. Each individual can be one of
the four possible types: ab, Ab,aB and AB. Both A and B are considered to be beneficial,
and they increase the fitness by s; and sy respectively, with the assumption that s; < ss.
The mutation from b to B randomly occurs during the the time interval that Ab is spreading
in the population, and it appears as a type aB. For both A and B to spread to the entire
population, there are three requirements. First, the number of type aB should become
significant. Second, recombination between A and B must occur. Lastly, the number of
type AB should become significant, after which AB is almost certain to fixate. The result
shows that the fixation probability of AB can be approximated by the solution to a specific
system of ODEs.

Bossert and Pfaffelhuber [3] considered a diffusion model with 4 types: ab, Ab,aB
and AB, where the fitnesses of ab, Ab,aB and AB are in increasing order. The frequencies
of these four types evolve according to a system of SDEs. In the beginning, the frequencies
of types Ab and aB are assumed to be small, and there is no type AB yet. They obtain
approximate formulas for the fixation probability and fixation time of type AB.

Both Cuthbertson, Etheridge, and Yu [5] and Bossert and Pfaffelhuber [3] assume
that at least one beneficial mutation is present at the beginning, and they do not allow an
unlimited supply of new mutations. In the model studied in this paper, we assume that
all individuals in the beginning do not have any beneficial mutations, and both beneficial
mutations occur according to a Poisson process. This model is similar to the model given
by Takahata in the case t = 2s > 0, but with finite population size.

Lastly, we mention another work by Berestycki and Zhao [2]. In their model, which
involves branching Brownian motion in two dimensions, they showed that the fitnesses on
two loci are negative correlated. They explained that recombination can reduce this negative

correlation, and leads to a fitter population.



1.3 Conditions of the parameters

There are four parameters in our model: N, uy,rny and sy. We assume that the
parameters uy € (0,1),sy € (0,1/2] and ry € [0,1). For any two sequences ay and by,

we say that ay < by iff

We will assume that uy and sy satisfy the following conditions:

sy < 1, (1.1)
1 < Npn, (1.2)
Nujy < sn, (1.3)
and
rylng (Nry) < sy, (1.4)

where Ing () is defined to be In(z) if z € (1,00), and 0 if € [0,1]. Note that (1.2) and
(1.3) imply that
BN K SN

1.4 Main theorem

Theorem 1. Let T be the first time that all individuals in the population are type AB,

which we also call the fixation time of AB. For every positive integer N, and r € [0, 1], we

define
1 N83
; 1 15 ' 1.5
NG SN " (,UN . maX{NM?Va7“1H+(N7")}> o

Then, for every 6 € (0,1), we have that
Jim P((L=0)f5(rx) < T < (14 03 (rv)) = 1.
— 00

This theorem suggests that the time that both beneficial alleles spread to the en-

tire population is approximately t3 (ry), when N is large. From (1.5), when there is no
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Figure 1.1: The graph of ¢ as the function of 7, when N = 107, 4 =2x107% and s = 1074,
The r-axis is scaled by 107> and the ty-axis is scaled by 10%.

recombination,

£0(0) = ——In <S§’V>

SN ,u‘?v
When ryIny(Nry) > Nu3,, we observe that i (ry) < t3(0). This means that when
ry is large enough, it decreases the fixation time of AB, compared with when there is no

recombination. From (1.3) and (1.4), for sufficiently large N, we have that
max{Np3,ryIny (Nry)} < sn,

which implies that

and

1 Ns2 2 1 3 1
SN UN N

This implies that under our assumptions, which assume small recombination rates, in large
populations, recombination can decrease the fixation time of AB by no more than a factor
of one-third.

Lastly, we will show that these assumptions on the parameters are attainable. We
consider when puy = N~% ry = N~ and sy = N—¢ for some positive numbers a, b and c.
One can check that the conditions (1.1), (1.2), (1.3) and (1.4) are equivalent to 0 < ¢ < b
and (1+¢)/2<a<1.

Chapter 1, in full, is a part of the paper that has been submitted for publication of



the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the sole author of this paper. The paper is also available at arXiv:1904.09922.



Chapter 2

Overview of the proof

From now on, we will refer to an individual with ab, Ab, aB, and AB as type 0,
1, 2, and 3 respectively, and we will omit writing the subscript NV in py,sy and ry. For
i=0,1,2,3 and t > 0, we define X;(¢) as the number of type i individuals at time ¢ and
define X;(t) = X;(t)/N, which is the fraction of type i individuals at time ¢.

Before we consider the behavior of the process ((Xo(t), X1(t), X2(t), X3(t)),t > 0),
we will first look at the condition 1 <« Np. Intuitively, we don’t want the mutations to
occur too slowly, so that we see one beneficial mutation spread to the entire population,
before any other mutations take hold. The process by which a beneficial allele spreads to
the entire population is also known as a selective sweep. Suppose that a mutation from a
to A is the first to occur, and assume that it doesn’t go extinct. It will take time about
21n(N) to complete its selctive sweep (see section 6.1 of [7]). During this time, a mutation
from b to B occurs at total rate of Nu. The number of descendants of one of these new
mutations can be approximated by an asymmetric random walk. So, the chance that each
of these mutations survives is about s. Hence, the number of mutations to B that survive

during the selective sweep of A is approximately
1
Np-s-—=In(N) = Nuln(N).
S

So, if Nuln(N) < 1, then there is no B that survives during the sweep of A. Hence,
we will see A spread to the entire population first, before B appears and spreads. In this
case, recombination does not speed up the time needed for the type AB to take hold in the

population. So, we should consider when N In(N) > 1. Here, we make a slightly stronger



assumption that Ny > 1.
Now, we will consider our process ((Xo(t), X1(t), X2(t), X3(t)),t > 0). The behavior
of our process is essentially reduced to two cases. For the first case, which we will call the

recombination dominating case, we assume that
N,u%\; < ryIn(Nry) < sy. (2.1)

For the second case, which we will call the mutation dominating case, we assume that there

is a positive constant C' such that for sufficiently large N,
ryIng (Nry) < CNu%. (2.2)

The reason for these names is that in the recombination dominating case, type 3 individuals
start to appear from recombination between A alleles from type 1 individuals and B alleles
from type 2 individuals, while in the mutation dominating case, the type 3 individuals start
to appear from mutations from type 1 and type 2 individuals.

In the following chart, we define the times when we see significant changes in the

behavior of the process.

Time | recombination dominating | mutation dominating
¢ 1 1 S CO,T 1 1 S CO,m
T n _ Tn [ 2 ) =
s vV Nr s s N 2 s

t 1ln(8)—01 1ln(8)—01

S 1 S S 1 S

1 C 1
to ln<s>+2 ln<s>+2

s I S s I S

1 82 03 1 82 03
t —In | ———— — —In{—= —
Pols n<urln(N7“)>+ s s H<Nu3>+ s

1 82 C4 1 82 04
t —In|{ ———— — —In| —= —
Yol n(urln(Nr))+ s s n(N,u3 L

The constants Cy ., Co m,C1,C2, Cs, and Cy are defined in (5.7), (5.5), (5.4), (6.12), (7.1),
and (8.6). These constants do not depend on N, but the times defined in the table above

depend on N. The reader does not need to know what these constants are exactly at this

point, but should notice that C;/s is the lower order term in the definition of the ¢;. From
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Figure 2.1: The graphs of approximate numbers of individuals with one beneficial mutation
(blue) and two beneficial mutations (red).

now on, all statements are assumed to be true in both the recombination dominating case
and the mutation dominating case, unless specified otherwise.

Overall, the behavior of the numbers of type 1, 2 and 3 are similar in the sense that
they first grow exponentially, then grow logistically. Both types 1 and 2 grow simultaneously,
but type 3 will start to grow later, due to the late appearance of type 3 individuals. The
behavior of the process is split into five time intervals, which will be discussed below. During
the time interval [0,¢;], which we will call phase 1, most individuals are type 0. The type
1 and type 2 individuals appear from mutations from type 0 individuals. Since type 1
and type 2 individuals die at rate 1 — s, while the majority of the population, which is
type 0, dies at rate 1, the numbers of descendants of these type 1 and 2 ancestors grow
exponentially at rate approximately s. Since the total rate of mutation from type 0 to type
1 is approximately Ny, we have

ﬂest'

¢
X;(t) ~ /0 Np-eduy ~ .

The type 3 individuals appear around time ty. From this time, the number of type 3
individuals will grow exponentially at rate about 2s, due to the fact that each type 3
individual dies at rate 1 — 2s, while most individuals in the population die at rate 1. The

following proposition describes the process at time ¢;.

Proposition 2. For e > 0 and § € (0,1), there is an event A1) n, such that for sufficiently
large N, we have that P(A(l),N) > 1—17¢, and the following statements hold:



1. On the event Ay N, when N is sufficiently large, fori=1,2,

(1-6%)e "N < X;(t1) < (146%)e N (2.3)

2. In the recombination dominating case, there are positive constants K; and Ky, that
do not depend on N, such that for sufficiently large N, on the event A N,
K{ Nrin(Nr)

K Nrin(Nr
17"8() < X3(t) < e (2.4)

3. In the mutation dominating case, there are positive constants Ki and Ky, that do

not depend on N, such that for sufficiently large N, on the event Ay n,

— 2,2 + 2,2
KlmN H §X3(t1) S KlmN 12 ]

; ; (2.5)

This proposition says that when N is sufficiently large, at time ¢1, both type 1 and
type 2 have established themselves in the population by having their numbers reaching
the level of order N. However, X3(t;) is only of order rIn(Nr)/s in the recombination
dominating case, and is only of order Ny?/s in the mutation dominating case, which from
(1.3) and (1.4), means that number of type 3 at time ¢; is not yet comparable to those of
type 1 and 2.

During the time interval [t1, t2], which we will call phase 2, the numbers of type 1

and 2 now grow logistically, or more precisely,

~ 1 1
Xit) = 2 (1 + Be—s(t—t1) >’

for i = 1,2, where B is some positive constant. The following proposition describes the

process at time ts.

Proposition 3. For e > 0 and 6 € (0,1), there is an event A(y) N, such that for sufficiently
large N, we have that P(Aq) n) > 1 — 21e, and the following statements hold:

1. For sufficiently large N, on the event Ay n, fori=1,2, we have

10



2. In the recombination dominating case, there are positive constants K;; and K, that

do not depend on N, such that for sufficiently large N, on the event Ay v,

K&AWhNN%)<‘&dh)<AK;AWhﬁN%)

S S

3. In the mutation dominating case, there are positive constants K;rm and K, that do

not depend on N, such that for sufficiently large N, on the event A(z) N,

— N2,,2 + 2,2
Kon N0 < Xs(t2) < Kon N7
B B

This proposition says that at time to, almost half of the population becomes type 1,
and almost the other half becomes type 2, while the number of type 3 individuals doesn’t
change much from time ¢;.

During the time interval [t9, 3], which we will call phase 3, the majority of the
population has become type 1 or type 2. The number of type 3 individuals continues to
grow exponentially from time ¢5. However, since the majority of the population dies at rate
1—s, and a type 3 individual dies at rate 1 — 2s, the type 3 population grows exponentially

at approximately rate s. The following proposition describes the behavior of the process at

time t3.

Proposition 4. Fore >0 and § € (0,1), there is an event Ay y, such that for sufficiently
large N, we have that P(A) n) > 1 — 256 — 76 — 82, and the following statements hold:

1. For sufficiently large N, on the event A(3) n, we have

(56(136)(0302)N<TIH(NT)

1-38
) in the recombination dominating case
s

Xo(t3) <

e—(1-3)(Cs—Ca) 5y (NM2
S

1-30
) in the mutation dominating case.
\

2. In both cases, there is a positive constant K3 that does not depend on N, such that

for sufficiently large N, on the event A(z) n, we have

K3N < X3(t3) < 6°N.

11



This proposition says that by the time ¢3, the number of type 3 individuals has
reached order N. Moreover, from (1.3) and (1.4), there are almost no type 0 individuals
left by time t3.

During the time interval [ts,t4], which we will call phase 4, the number of type
3 individuals grows logistically. The following proposition describes the behavior of the

process at time t4.

Proposition 5. Fore >0 and § € (0,1), there is an event Ag),N, such that for sufficiently
large N, we have that P(A(y n) > 1 — 26e — 76 — 82, and on the event AN

2
(12 < xt < (1 22

and
K3N
X1(tg) + Xo(tg) > :; .

This proposition implies that by time ¢4, almost all individuals have become type
3, and only small fractions of type 1 and 2 individuals remain in the population.

After time t4, which we will call phase 5, the number of individuals that are not
type 3 can be approximated by a subcritical branching process. The non-type 3 population
is heading toward extinction, and type 3 becomes fixated in the population. The fixation
of type 3 will occur around time 3, (ry).

In chapter 3, we will discuss about transition rates of the process. In chapter 4,
we construct martingales and submartigales, and give expectation and variance formulas.
They will be used in the proofs of phases 1, 2, and 3 in chapters 5, 6, and 7. In chapter 5,
we will prove several lemmas on the process during phase 1, and at the end of the chapter,
we give the proof of Proposition 2. Proposition 3, 4 and 5 will be proved in chapters 6, 7,
and 8 respectively. Finally, the proof of Theorem 1 will be given at the end of chapter 9.

Chapter 2, in full, is a part of the paper that has been submitted for publication of
the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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Chapter 3

On parameters and transition rates

of the process

3.1 More inequalities on the parameters

Lemma 6. The following statements hold.

1. In the recombination dominating case,

1 < Nr. (3.1)
2. In the mutation dominating case,
r < Nu?.
3. In both cases,
r < S, (3.2)
r
~In(Ns) < 1, (3.3)
s
and
"1 ('S) < 1. (3.4)
S M

Proof. We will first prove statement 1. In the recombination dominating case, from condi-

13



tions (1.2) and (2.1),
1 < (Np)? < Nrin(Nr),

which implies that 1 < Nr.
Now, we will prove statement 2 by contradiction. Suppose there is a ¢ > 0 and an

increasing sequence {Nj}72, of natural numbers such that for all £ =1,2,3, ..., we have
T, > CNkM%Vk-
From (2.2), we have that for all k =1,2,3, ..,
CNkN?Vk 1n+(cN,§u?Vk) <7y, Ing (Ngrw,) < C’Nk/,t%\;k.
This leads to a contradiction, since 1 < N u implies that
Iny (eNj g, ) — 00,

as k — oo.

Lastly, we will prove statement 3. First, we will consider the recombination domi-

nating case. By (1.4) and (3.1),
r << rin(Nr) < s.
From (2.1) and (3.2), it follows that
fln(Ns) = Cln(Nr) + <$) <1,
s s s r
and because of (1.2), for sufficiently large NV,
"1n <8> < “In(Ns) < 1,
s

s \p

which implies (3.4). For the mutation dominating case, we define 1}, such that Nr}; is the

solution of

xIn(z) =+/(Nu)? - Ns.

14



It follows that Nu? < ri In(N7%) < s. Therefore, by the same argument above,

v < S, (3.5)
"N 1n(Ns) < 1, (3.6)

S

and

"N 1n <3> <1 (3.7)
s \p

Also, from (2.2) and the fact that Nu? < 7} In(NrY,), for sufficiently large N, we have
ry < ry. This fact along with (3.5), (3.6) and (3.7) imply (3.2), (3.3) and (3.4). O

3.2 Transition rates of the process

For the proof, we need to separate type 1 individuals into two groups: one that
comes from mutation from type 0 individuals and another that comes from recombination
between type 0 and type 3 individuals. We need to do the same for the other three types.

The precise definitions are given below.

1. A type 1 (or 2) individual is called a type 1m (or 2m) ancestor, if it appears by

mutation from a type 0 individual.

2. A type 1 (or 2) individual is called a type 1r (or 2r) ancestor, if it appears by
recombination between a b (or an a) allele from a type 0 individual and an A (or a

B) allele from a type 3 individual.
3. A type 1 individual z is called an offspring of another type 1 individual y if

e 1z receives the A allele from y, or

e 1 receives the b allele from y and receives the A allele from a type 3.
4. A type 2 individual z is called an offspring of another type 2 individual y if a

e 1 receives the B allele from y, or

e 1z receives the a allele from y and receives the B allele from a type 3.

5. A type 1 (or 2) individual is called type 1m (or 2m), if it descends from a type 1m
(or 2m) ancestor. A type 1 (or 2) individual is called type 1r (or 2r), if it descends

from a type 1r (or 2r) ancestor.

15



6. A type 3 individual is called a type 3m ancestor, if it appears from mutation from

a type 1 individual or a type 2 individual.

7. A type 3 individual is called a type 3r ancestor, if it appears by recombination

between an A allele from a type 1 individual and a B allele from a type 2 individual.
8. A type 3 individual x is called an offspring of another type 3 individual y if

e 1z receives the A allele from y, or

e 1z receives the B allele from y and receives the A allele from a type 1 individual.

9. A type 3 individual is called type 3m, if it descends from a type 3m ancestor. A type

3 individual is called type 3r, if it descends from a type 3r ancestor.

10. A type 0 individual is called a type Or ancestor, if it appears from recombination

between an a allele from a type 1 individual and a b allele from a type 2 individual.
11. A type 0 individual z is called an offspring of another type 0 individual y if

e 1 receives the a allele from y, or

e 1z receives the b allele from y and receives the a allele from a type 2.
12. A type 0 individual is called a type Or if it descends from a type Or ancestor.

For i = 1,2,3, we define X;,(t) as the number of type im at time ¢, and for
i=0,1,2,3, we define X;,(¢t) as the number of type ir at time ¢. Note that for i = 1,2,3
and t > 0, we have X;(t) = X (t) + Xir(t). Next, we define Xi(;zb} (t) and Xi(f’b] (t) to be the
number of type ¢m and ¢r individuals at time ¢, whose ancestor appears in the time interval
(a,b]. Tt follows that if 0 < t < b, for i = 1,2,3, we have that Xi(gl’b] (t) = Xim(t), and for
1 =20,1,2,3, we have that X;?’b] (t) = Xir(t). We will call an individual type im(a,b] (or
ir(a,b)), if it is of type im (or type ir) and its ancestor appears in the time interval (a, b].

Lastly, we define X, (t), Xi(t) x(at (t), and Xi(f’b} (t) to be the fractions of type im, ir,

»“tim
im(a,b] and ir(ab] in the population at time ¢ respectively.

(0] (t),t > 0), First, we consider the rate that Xff,;b] (t)

Now, consider the process (X7,

increases by 1. There are two ways to increase X{Z,’Lb] (t). First, a type 0 individual can
mutate to a type 1 individual during the time interval (a, b], creating a type 1m(a,b] ancestor,
which occurs at total rate

M (1) = pXo(t)1 (0 (1). (3.8)
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Second, an individual that is not of type 1m(a,b] can die, which occurs at total rate

Xo(t) + (1 — 8)(X1(t) — X% (1)) + (1 — )Xo (1) + (1 — 25)X;5(2), (3.9)

1m

and the new individual must be a type 1m(a,b]. The probability that recombination doesn’t

occur and the new individual has type 1m(a,b] is (1 —r)X 1(%’}

(t). If recombination occurs,
the new individual can come from combining an A allele from a type 1m(a,b] individual with
a b allele from a type 0 or 1 individual, or combining an A allele from a type 3 individual
with a b allele from a type lm(a,b] individual. (Note that recombination between an A
allele from a type 3 individual and a b alelle from a type 0 individual creates an ancestor
of type 1r.) So, the probability that recombination occurs and the new individual has type
1m(a,b] is
P 0% + X0 X 1) + XX 0)

Im Im

= rX@() (Xo(t) + X1 (t) + X (t)). (3.10)

Hence, the total rate that the number of descendants of type 1m(a,b] increases by 1 is

(Xo(t) + (1 = 9)(X1 () = X5 (0) + (1= ) Xa(t) + (1~ 25) Xa (1))

(=GN + X0 (Ko + X1 (1) + X)) ).

Let us define

Bl =(Xo(t) + (1 = 9)(Xu(t) = X5 (0) + (1 = ) %alt) + (1 - 25)Xs (1))
: (1 - r)Zg(t)), (3.11)
and note that X{z;b} (t) increases by 1 at rate Ml(a’b] (t) + B%Z’lb] (t)X{Z;b] (t).

Similarly, the rate that the number of type 1m(a,b] individuals decreases by 1 is
given by

(=) X {0 (1= (1 =X 0 —r X 5T 0 (Ko (1) + Xa(6) + Ko@) ) + X {5 (1), (3.12)
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(a,b]
Im

where (1 — s)X; " (t) is the total rate that type 1m(a,b] individuals die at time t,

1— (1 - )X ) - r XS0 (Ko () + X1 (1) + Xs(2)

is the probability that we don’t create a type 1m(a,b] individual, and puX f?ﬁb} (t) corresponds

to the total rate that type 1m(a,b] mutates to type 3. We define

DI (1) = (1= 9) (1= X[ @) + r XX @) + (3.13)

1im Im im

and note that the number of type 1m(a,b] individuals decreases by 1 at rate Dgi;b} ()X (0.t (t).

1m
We will now consider the process (X{?’b] (t),t > 0). We will first consider the rate
that Xfff’b] (t) increases by 1. There are two ways to increase Xff’b] (t) by 1. First, an
individual that is not of type 1r(a,b] dies, and the recombination between an A allele from
a type 3 individual and a b allele from a type 0 individual occurs during the time interval

(a, b], which creates a type 1r(a,b] ancestor. This occurs at total rate of

Rt = (Xo(t) + (1= ) (X1(8) = X{7 (1) + (1 = ) Xa(t) + (1 - 25) Xa(t))

. (rf(o(t)f(;g(t)l(a,b} (75)>-

Second, an individuals that is not of type 1r(a,b] dies, and a new type 1r(a,b] individual is
born from the type 1r(a,b] individuals at that time. Similar to the way we obtain (3.9) and
(3.10), by defining

B () =(Ko(t) + (1= 9)(Za () = X{0) + (1= 5)Xa(t) + (1 - 25) K (1))
. (1 . TXQ(t)), (3.14)

one can see that the rate that Xl(:f’b} (t) increases by 1 is Rga’b] (t) + Bii’b] (t)Xfff’b] (t).

We will now consider the rate that X{?’b] (t) decreases by 1. One way that Xf?’b] (t)
decreases by 1 is when a type 1r(a,b] individual dies and the new individual is not of type
1r(a,b] (i.e, the new individual is not born from a type 1r(a,b] individual, and it is not a
type 1r(a,b] ancestor). Another way is when a type 1r(a, b] individual mutates to a type 3

individual. By the same reason we used to obtain (3.12), the rate that X f?’b] (t) decreases
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by 1 is
(1= )XW (1= (=X - X0 Ko(t) + Xa() + Ka(1))

1r
= Xo(D) Xs(t) 1 (1)) + nX (1),

and note that the term rXo(t)Xg(t)l(a,b] (t) is precisely the probability that a type 1r(a,b]

ancestor is created. By defining

D) = (1= ) (1= X2 (1) + r X0 — rXo () Xa (Ol (®)) + 1. (315)

one can see that the rate that X{?’b} (t) decreases by 1 is Dgi’b] (t)Xg’b] (t).
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Now, we define

Bl = (Ko + (1= 9)X1(t) + (1= 5)(Xa(t) = X5 /0) + (1 = 26) K1)

: (1 - rf(l(t)),
D) = (1= 9) (1= X0 + e O X5 0) + .
M) = pXo(t)1 (0 (1),
B (1) = (Xo(t) + (1= s)X1(8) + (1 = 9)(Xalt) — X)) + (1 - 25).X5(0))

: (1 — er(t)),
D) = (1= 5) (1= X0 + X O K50 - 1Ko Xa (D1 (1) + 1

Ry (1)

(Ko(t) + (1= 9)X1(t) + (1 = 5)(Xa(t) — X477 (1)) + (1 = 25) Xs (1))

Bil() = (Xo(t) + (1= 5)(Ka (1) + Xa(t) + (1 — 25) (Ka(t) — Xi3" (1))
(1=rXo(0), (3.16)

D) = (1= 28) (1= X5 (0) + rXo(MX (1)), (3.17)

M) = (X0 () + Xo(8) Lo (8), (3.18)

B = (Ko() + (1= 9)(Ka(t) + Xa(t) + (1 - 28)(Ka() - X577 (0)))

(1=rXo0), (3.19)
DEI(E) = (1= 28) (1= XE(0) + Ko (X 0) = r X (O X (010 (1)) (3.20)
RY(1) = (Xo(t) + (1= ) (X1 (1) + Xa(0)) + (1 = 25) (X(t) - X4 (1))

‘(er(t)XN)l(a,b](t)), (3.21)

D) = (1= XG0 +rXe (X5 (1) - r X () X1 0n(®) + 21,

R () = (( Xo(t) — X)) + (1 = 8) (X1 (t) + Xa(t)) + (1 — 2s)X3(t))
: (TXl(t)XQ(t)l(a,b] (t))-

By analogy, one can check that for ¢ = 2,3, we have that X (a.b] (t) increases by 1 at rate

m
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Mi(a’b] (t) + Bffrl’b] (t)Xi(sl’b](t) and decreases by 1 at rate Dz(z;b}

and 3, Xi(f’b] (t) increases by 1 at rate Rga’b] (t)+ Bi(f’b] (t)Xi(f’b] (t) and decreases by 1 at rate
D) x (1),
Fori=1,2,3, and 0 < a < bAt, we define G;(t) = B.*"(t) — D\**|(¢), which is the

im

(X% (1). Also, for i = 0,2

1

growth rate of the type im(a,b] population at time ¢. For i =0,1,2,3,and 0 < a < bAt, we
b b b . ) )
define Gz(f }(t) = B ](t) - D,L(f ](t). This is the growth rate of the type ir(a,b] population

ir
at time t. Note that G;(t) does not depended on the interval (a,b], because from (3.11),
(3.13), and the fact that Xo(t) + X1 (¢) + Xo(t) + X3(t) =1,

Gi(t) = Bl (t) = D ()
= (1= (1= XW) - X (0) - sXa(t) — 25X3(1) ) (1 - rXa(0))
~ (=9 (1= X0+ r X X)) -
- s(1 ~ X0 (1) — Xalt) — 2)23@)) —rXa(t) (1 — X0 (t) — sXa(t) — stg(t)) iy
(3.22)

Similarly, we have

Galt) = 5(1— Xa(t) - Ka(t) — 2%5(1) ) — %2 () (1 - X0 () — s (1) — 2%5(t)) — s,

Gs(t) = s (2 ~Xi(t) — Xa(t) — ng(t)) —rXo(t) (1 ~sX1(t) — sXa(t) — 25X3(t)).

(3.23)
Also, by similar calculation, we have
G(t) = Ga(t) + (1 - 5)rXo(t) Xs(t)10 (1) (3.24)
Gl () = Gat) + (1 — s)rXo(t) X3 (t)1 (0 (1) (3.25)
GSP(t) = Ga(t) + (1 — 28)r X1 () Xa(8) L0 (1) (3.26)
(t) X

Gty = —s(Xy(t) + Xa(t) + 2)23@)) 0 (1 — X1 (1) — sXa(t) — 25X (t)
(

— 2u+ X1 (6) X ()14 (1). 3.27)

From the fact that Xo(t) + X1(t) + X2(t) + X3(t) = N, and s < 1, it follows that
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for sufficiently large IV,

R () < NrXo(t) Xa(t)1(0, (1), .
R (1) < Ny Xo(t)X5(t)L(a,)(t),

Rt < Nr X () Xa(t) 10 (1), 20
Ry(t) < NrXa () Xo(t) 10, (2). 0

Lastly, for i = 0,1,2,3 and 0 < a < t, we define Xi[a] (t) to be the number of type i
individuals at time ¢ that descend from one of the type ¢ individuals at time a. It follows

that for 0 <a <t<bandi=1,2,3,

and

Xo(t) = X3 (t) + xM @),

Following the argument we used to obtain B( b]( t) and D(a b]( t), for 0 < a <t, we define

B (1) = (Xo(t) + (1= s)(Ka (1) - XE“] <t>> (1= ) %a() + (1= 2 X3(0)) (1 - r%a(®)),

D[la](t):(l—S)<1—X[a]()+7"X2 + s
B (E) = (Xo(t) + (1= )%a(6) + (1 - 9)(Ka(t) - XJT(0) + (1 - 29)%5(0)) (1 - K0 (0))
D) = (1= 9) (1= X0 +r XX ) + 1,

: (1 - rXO(t)>, (3.31)
D (1) = (1= 25) (1= X (1) + Ko () K1), (3.32)
B (1) = ((Xo(t) = X5 0) + (1= 9)X1 (1) + (1= ) %a(t) + (1= 2)X5(1) ) (1 = rKs (1)),

D) = (1= X5 + r XX ) + 20

and we should note that for i = 0,1, 2, 3, the process (Xi[a] (t),t > a) increases by 1 at rate
B[a]( )X[a}( t), and decreases by 1 at rate Dz[a] (t)Xi[a} (t). Also, for all t > a and i = 1, 2,3,
we can check that

Bl ) - Dty = Gie).
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Lastly, we define Go(t) = Bl (t) — DI(t) for all t > a. Tt follows that
Go(t) = —S(Xl(t) + Xo(t) +2X3(t)) —rX5(t) (1 — s Xy (1) — sXa(t) - 25)23(75)) —2u, (3.33)
and note that from (3.27),
G () = Golt) + X1 (8) X (1)1 (0 (1), (3:34)

Chapter 3, in full, is a part of the paper that has been submitted for publication of
the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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Chapter 4

Important Martingales and

Submartingales

In this chapter, we will define several martingales and submartingales that will be
used frequently in the proof. First, for ¢ = 1,2,3 and for 0 < a < b, when 0 < t < a, we
define Z(a b]( t) =0, and when 0 < a < ¢, we define

280 (g) = = Ji Gilw)as y / M (e Ja Gi@dv gy, (4.1)

m

Also, for ¢ = 0,1,2,3 and for 0 < a < b, when 0 < ¢ < a, we define Zi(f’b] (t) = 0, and when

0 <a < t, we define

t
2008 () — o= I G x (@] gy / R (e~ Ja' G w)dvgy, (4.2)

a

It follows that for ¢ > a,
m

X(ab /Mab] )IUG(UdUdU“I_Zab]() fG'(U v (43)

wmr

t
X_(a,b} (t) :/ Rl(fl,b]( Je N G\ b(v)dvd —|—Z(a b]( t)e I Gletl (v)dv (4.4)

Let (F;)i>0 be the natural filtration of the process ((Xo(t), X1(t), X2(t), X3(t)),t > 0).

Proposition 7. Fori =1,2,3, the process (Z( b]( t),t > a) is a mean-zero martingale, and
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fora <t,

Var< (ad] (t)) _ E[/t o2 )2 Giv)dv (Mi(a’b] (u) + (Bz(f,’;b] (u) + Dl(gn,b] (u))Xi(g{b] (u))du] .

a

Also, Fori1=0,1,2,3 the process (Zl-(f’b] (t),t > a) is a mean-zero martingale, and for a < t,

t
Var(Z(a b]( )) = E[/ 212 Gl @) (Rga’b] (u) + (Bl(a b]( )+ D(a b]( ))Xi(f’b] (u))du] .
Moreover, if T is a stopping time and T > a, then fori = 1,2,3, the process (Zi(;zb} (tAT), t >

a) is a mean-zero martingale, and for a <t,
b INT u b b ,b b
Var(ZZ.(:;’ }(t/\T)> — E[/ e—2fa Gi(v)dv (Mi(w ](u)+ (B(a ]( )—i—D(a ]( ))Xz(;: ](u))du] )

Also, fori=20,1,2,3, the process (Zi(f’b] (tAT),t > a) is a mean-zero martingale, and for
a<t,

Var( wb](t/\T))

AT .
_ E[/ o2 L Gt (w)dv (Rl(mb] (u) + (B(a b]( )+ D(a b]( ))Xi(ravb] (u))du]

Proof. The technique used in this proof was previously used in section 5.1 of [13]. We will
prove the result for the process (Z{f,;b] (t),t > 0). The results for the other processes can be
proved in the same manner.

For t > a, let U(t) be the number of times in [a, ] that the number of type 1m(a, b]
individuals increases, and let V'(¢) be the number of times in [a, t] that the number of type

1m(a, b] individuals decreases. Then, X, (a. b]( t) =U(t) — V(t). Next, we define

w0 =00~ [ (4 + B X )i, (4.5)

a

W =v) - [ Dl a, (1.6)

a

and W(t) = Wi(t) — W_(t), for all ¢ > a. Because Ml(a’b]( ) + B(a’b]( )Xff,;b](u) and

D%?T’Lb] (u)Xff,’lb](u) are exactly the rates that the process (X( }(t) t > a) increases and

1m

decreases by 1 at time u, and both U(a) and V' (a) are 0, both the process (W, (t),t > a)
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and the process (W_(t),t > a) are mean-zero martingales. It follows that the processes

(W(t),t > a) and (W4 (t) + W_(t),t > a) are also mean-zero martingales. Since W is
locally of bounded variation, its quadratic variation is

u€|a,t]

Now, consider the process ((W)(t),t > a). The process ([W](t)—(W)(t),t > a) is mean-zero

martingale, by the definition of the sharp bracket. From equations (4.5), (4.6), and the fact
that (W, (t) + W_(t),t > a) is a mean-zero martingale, we have that

o0 = [ () + (B8 + D w0) X2 )

Now, for t > a, we define
I(t) = e~ Jo 10y,

Because both (Xff,;b] (t),t > a) and (I(t),t > a) are semimartingales, such that (I(¢),t > 0)
has continuous paths and the process (X fg;b] (t),t > a) is locally of bounded variation,

[Xfff], I|(t) =0 for all ¢ a.s.

Also, because

xlay =u) - v

im

W(t) + / t <M1(“’b] () + Gl(u)X(a’b}(u)>du

for all ¢ > a, we have

[ rwaxtsion = [ waw + [ () + 6wxsw )
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Using the Integration by Parts formula, we have

1OX 1) = 1) X (@) + [ x@0 um)dzw) + / Hum)ax @8 ) + x@, 7)(p

im >
a a

_o [ xten (u)Gy (u)I (u)du + / t I(w)dX " () + 0

a a

= [Muietwrian s [ raav). (4.7)

a

Therefore, from (4.1) and (4.7),

1m 1m

20ty = 1(6) X () — / t MY () () du = / 1w w. (4.8)

From (3.11) and (3.13), we have By(t) € [0,1] and D;(t) € [0,1 4 p] for all ¢ > a. So,
Gi(t) € [-1 — p, 1] for all t > a. Thus,

t
/ 12 (u)d(W) ()

t
_ / el Gl(”)d”(Ml(a’b](u)Jr (By;;f](u)+D§2;f](u))xfgj’](u))du (4.9)

a

t

— (62(1+#)(t—a) _ 1)N,

for all t > a. Hence, for each t > a, we have E[fot I?(u)d(W)(u)] < co. Therefore, from

4.8), the process (Z (@] 4 ,t > 0) is a square integrable martingale with
im

(70 (t) = / 12 () (W) (1), (4.10)

a

This process has mean zero, because fo,’tb] (a) = 0. By Corollary 8.25 of [9],

Var (23, (1) = E[(215 (1)) = E[(Z5,")®)],

and this proves the variance formula by using (4.9) and (4.10). Lastly, because a stopped
(a,b]

martingale is a martingale, the process (Z;,,

(tAT),t > a) is also a mean-zero martingale,
and by the same argument above, we can also get the variance formula for the process

(ZE AT) ¢ > a). 0
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Because the process ((Xo(t), X1(t) — X\ “t), X (4), X, (1), X5()),t > 0) is a
continuous-time Markov chain, combining Proposition 7 and Markov property yields the

following result.

Corollary 8. If T is a stopping time and T > a, then fori=1,2,3 and a <,
Var( 7Y (tAT) ’.7:)
AT u b b b b
- E [ / o720 G () 1 (B () + DG () X5 () ) du

and fori=20,1,2,3 and for a <t,

)

Var(z(“ A AT ‘}")

tAT
_ E[ / o2 L2 G w)do (Rgaﬂ (u) + <B§f’b] () + D@ (u))Xff’b] (u))du ]-'a].
Now, for : =0,1,2,3 and 0 < a < ¢, we define
Z[a]( t) = o= Ja Gl de[a}( £). (4.11)

By a similar argument to the one used in proving Proposition 7 and Corollary 8, we get the

following result.

Proposition 9. Suppose T' is a stopping time and T > a. For i = 0,1,2,3, the process
(Zi[a} (t),t > a) is a martingale, and for all a <t,
g

Var (2 A7) = [ [ e G0 (50 1 D)) X

Lastly, for 1 = 1,2,3, for 0 < a < b and a < t, let us define
Wit(t) = e Ja Gilodde (ot ), (4.12)
and for ¢ = 0,1,2,3, for 0 < a < b and a < t, we define
W (1) = e~ JiGE W x (@l gy,

wr

Proposition 10. Suppose T is a stopping time and T > a. For i = 1,2,3, the process
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(Wi(yi’b] (tAT),t > a) is a submartingale, and for a <t,

E[W(ab]t/\T‘}"} [ MTM(“”() Gy,

gl

Fori=0,1,2,3 the process (Wi(f’b} (tAT),t > a) is a submartingale, and for a < t,

(a,0] B tAT (a,b] _ glat] (v)dv
BlWenT)|7] = E RO ()= Ja G @dvgy | 7 |

a

Proof. Consider the process (W(a b](t AT),t > a). We know that B(a b]( t) € [0,1] and
D“P(t) € [0,1 4 ). Tt follows that G\ (t) € [-1 — p, 1]. Thus,

m

Wi(;’b] (t A T) — fat/\T Gi(y)dei(:n,b] (t A T) e [0’ e(l+u)(t—a)N]’

for all t > a. So, E[W(a b](t AT)] < oo for all ¢ > a.
From (4.1) and (4.12), for all ¢ > a,

tAT
Wit nT) = 28 AT) + / M (eI G gy,

a
For a <t < t, by Proposition 7, we have

E[W(a A AT ’]_- } [Z(“ B AT ’ft/} +E[ tAT M (e Gi(v)dvdu‘]:t/]

a

(4.13)

t'AT
= 7MW AT) + M () Ja Gito)do gy
tAT .
+ E[ Mi(a’b}(u)e* Ja Gi(”)dvdu‘}}/}
UAT
tAT u
= Wil nT) + B / M (u)e S GO gy 7

t'A\T
> W@ AT).

Thus, the process (W-(a’b] (tAT),t > a) is a submartingale. From (4.13) and from the fact

m
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that the process (Z(a’b}

im (tAT),t > a) is a mean-zero martingale by Proposition 7,

tA\T

E[w e A T) )fa] =E[25 ) jfa] +E[ [ M we Gi(@dvdu]fa}

b tAT b ¢ “
2@+ B [ M) SO0k 7,
tAT ¢

=F [ Mi(a’b] (u)e™ Ja Gi (”)dvdu‘fa} .

a

The proof for the process et

. can be done by a similar argument. O

Chapter 4, in full, is a part of the paper that has been submitted for publication of
the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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Chapter 5

Phase 1 and proof of Proposition 2

5.1 Notations

First, note that to prove Propositions 2, 3, 4 and 5, it is enough to prove that they

hold for all small values of € and §. We choose € and ¢ as follow:

e (0, 1%) (5.1)

and

5e (o, i) (5.2)

We will now define several constants, fixed times, stopping times, and events. The constants
we are going to defined do not depend on N, but all the fixed times, stopping times,

and events depend on N. In both the recombination dominating case and the mutation
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dominating case, we pick the following constants:

6

K>> (5.3)
C1 > In (%) V In (%) (5.4)
Com > 2In (%) (5.5)
Cin > Com V <14€CI +ln <6(14§I§2)2>> (5.6)
Cor > In (Ii?) V (O + Ind), (5.7)
n=2Ke 1 (5.8)

Next, we define several fixed times as follows:

1 S C
—In ( ) — 297 in the recombination dominating case

1 C
to, =4 —1In < i ) — 2% in the mutation dominating case and when Nr > e
s "N T s
1 § C'0 T . . . .
—In (—) - — in the mutation dominating case and when Nr < e,
S 7 S
(5.9)

1 S C()m

tom = =1 (—)— m 5.10

0Om = 2 N 2 s ( )
1 s 00+

+ m

tln = - In <Nu2> + (5.11)
1

t=-1In (f) _9 (5.12)

s 1 s

It follows from these definitions, the fact that 1 < u, and the fact that 1 < Nr in the

recombination dominating case that for sufficiently large N, we have 0 < tg,, < tarm <t
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and 0 < tp, < t1. Now, in both cases, we define the following stopping times:

Ty = inf {t >0: X, (t) > @est}, (5.13)
s
KN
T, = inf{t > 0: Xa(t) > = “est}, (5.14)
N
T; = inf {t >0 X5(t) > T“est}, (5.15)
T(l) =Ty NTy NTs. (516)
Lastly, we define the following events:
Al = {T(l) > tl}. (5.17)
4
Ay :{ sup |20 (1 ATy <4/ 22 NQ“} (5.18)
t€[0,t1] € S
Agz{ sup Zégfl](t/\Tl)) < 48N2M}
te[0,t1] € S
48 Nur s
Ay = { sup Z(g’tl] t AT, <y/—- In(— } 5.19
te[0,t1] i (1)) € 53 (,u> ( )
48 Nur s
As =4 sup Z(S’tl] tAT, <y/—- In(— }
° {te[o,tl] 2 ( 1)) € 53 (,u>
* 48K eCom 1
Ag = { sup | Zgu (A T)| < BReor 2}. (5.20)
teltd 1] € 8
1652200 Ing (N
Ar :{ sup |20 A Ty g\/ S 7“)}. (5.21)
teto,rt1] € s
Ag = { x0tomd (4 A T) = 0}. (5.22)
Ag = {XéS’M (1 ATay) = o}. (5.23)
QKG_ZCH—CO*’" N2 2
Ay = {Xéfg’"’tl](t ATpy) < ( : ) S“ } (5.24)
K2e—2C1(9 . — 1
A= {ng?’“tl](tl NT)) < ( ! <C2¥07 e )) e in+(NT)) } (5.25)
€
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Also, we define

m A; in the recombination dominating case
1<i<11,i#6

ﬂ A; in the mutation dominating case.
L 1<i<11,6#7

We will show that these events occur with high probability. Here, we will prove some

inequalities involving G (t), Ga(t) and G3(t), which will be used quite often in this chapter.
Lemma 11. For sufficiently large N, and t € [0,t; A T(1)), the following statements hold:
1. X;(t) <nN, fori=1,2,3.
2. Gi(t) < s, Ga(t) < s, and G3(t) < 2s.
3. Gi(t) > s—4ns —r — pu, Go(t) > s —4ns — r — u, and G3(t) > 2s — 4dns —r.

4. For 0 < a < b, we have Ggi’b](t) < s+l (), Ggfjb](t) < s+ rlgy(t), and

Gyt < 25+ 1(0,)(1)-

5. For 0 < a < b, we have Gg?,’b] (t) > s—4ns —r — p, Gg:jb] (t) > s—4ns —r — pu, and
Ggﬁ’b} (t) >2s—4ns —r.

Proof. By the definition of 1, t; and T{yy in (5.8), (5.12) and (5.16), for every ¢ € [0,1AT(y)),
and for i =1, 2, 3,

< KN o < KNp
S S

Xi(t) sh = Kem“IN < nN.

For statement 2, since 0 < X (t) + Xo(t) 4+ X3(t) < 1 for all t > 0, and s < 1, it follows that
for sufficiently large N, we have 0 < 1—2s < 1—sX(t) —sXo(t) —25X3(t) < 1 for all t > 0.
Thus, by the definition of G1(t) in (3.22), for sufficiently large N, we have G1(t) < s for all
t € [0,t1 ATy)). Also, by part 1, if t € [0,£1 AT]y)), then 1— X (¢) — Xo(t) —2X3(t) > 1—4n.
Again, by using the definition of Gy (t) in (3.22), we get the lower bound of G () in statement
3. Both the upper and lower bounds for G3(t) can be shown by similar arguments. Lastly,
we can prove statements 4 and 5 by using (3.24), (3.25) and (3.26) along with statements
1, 2 and 3 of this lemma. ]
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5.2 Upper bounds for expectations

In this section, we are going to prove some results on the upper bounds for the

expectations of Xz-(;il’b] (t AN Tyy) and Xi(f’b] (t AT y)-
Lemma 12. For sufficiently large N, for i =1,2 and t € [0,t1], we have

N
E[e‘S(MTU))Xim(t A T(l))} < 2K (5.27)
S

and
Nit

B[ Xim(t A T)] < =

Proof. The proof is similar to Lemma 5.1 in [13]. We will show the proof for i = 1, since
the argument is similar for ¢ = 2. We will first show that for sufficiently large N, for

0<a<b<ty, and for t € [0,t1], we have
) b
E e*S(t/\T(U)nglb ](t ANTy)| < elinstr+u)(b—a) . N,u/ e *“du. (5.28)

If t € [0, a), this inequality is trivial, since by the definition of X fz;b} (t), we have X ff;;b] (t) = 0.
Assume that ¢ € [a,t1]. By Proposition 7 and (4.1), we have E[for;b] (t ATjy)] =0, and

t/\T(

— 1N Gy o) ye(ab] _pf T @by - G
E[e x(a (t/\T(l))] —F M (e Ja dul.  (5.29)

Note that in the event that 7{;) < a, we interpret the integral from a to t AT{;) as 0. Also,
from the definition of X}fr;b] (t), in the event T}y < a, we have X}%lbb] (t ANTq)) = 0. Now,
using the upper bound for Gi(t) in Lemma 11, we know that for sufficiently large N, for
0<a<b<t,andtE€ [a,ti],

ATy

tAT,
Bl GOn (T A Ty)| = Bl OB XA T ), 2]
— t/\T(l) sav a,
> Blemd XA Ty g s
— esa,El |:€_S(t/\T(l>)X{?r;b] (t A T(l))l{T(l)Za}:|

= ¢ F [e—S@ATm) X @0 T(l))} . (5.30)

Next, we use the lower bound for G;(¢) in Lemma 11. From (3.8), for sufficiently large N,

35



for 0 <a<b<t,andt€ [a,t1],

t/\T(l) “ t/\T<1> ”
Bl [ e e 0kan] —p| [T ity kO etal

b
< / JN e (a=Ans=r—p)(u=a) g,
a
b
< elnstrn)(b—a) -N/wsa/ e *du. (5.31)
a
From (5.29), (5.30) and (5.31), we have the inequality (5.28).
In the second part of the proof, for each n € N, let t;- = (b—a)j/n + a, for
7=0,1,...,n. It follows from
n—1

Z €_S(tAT(1>)XS7%’t;+1] (t AN T(l))
=0

m—1 t/'+1

! ! J
N tmsrrim ) ~Nu/ e *tdu
=0

Ble 0 x(# (¢ 7Ty = B

IN

!
t

b
a

Nu
—¢€
S

< elnstru) (522 | —sa_
By letting n — oo, we have that for sufficiently large N, 0 < a < b <ty, and t € [a, t1],

E[efs(t/\Tg))Xf‘:ﬁb] (t /\T(l)):| < %e*‘m‘ (532)

The inequality (5.27) follows from the fact that X1,,,(t AT(1)) = Xf(r),’f] (tAT{1)). From (5.32),
it follows that

E[le(t A T(l))} - eStE[e’Stle(t A T(l))} < estE[e*S(MTu))Xl(Sf] (tA Ty < %e“,
which completes the proof. O
Lemma 13. For sufficiently large N, fori= 1,2, and t € [0,11], we have

Be*Tw) X, (¢ A Ty)| < (N ;”)t, (5.33)
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and

E[Xir(t A T(l))} < (N:’r>estt. (5.34)

Proof. The proof is similar to the proof of Lemma 12. We will show the proof for ¢ = 1,
and the same argument can be used when ¢ = 2. In the first part of this proof, we will show
that for sufficiently large N, for 0 < a < b < t1, and for ¢ € [0,¢1], we have

Nur

- (5.35)

E e—s(t/\T(D)ngyb] (A T(1)) < elns+2r+p)(b=a) |
Ift € [0, a), this inequality is trivial, since by the definition of X {g’b}( t), we have X, (a, b]( t)=0.
Assume that ¢ € [a,t;]. By Proposition 7 and (4.2), we have E|[Z;; 7Y (t ATpy)] =0, and

T

tAT, a, a tA a
Elela Ggrb](”)d”Xfr’b}(t/\T(l))] :E[ / R (e Ja G177 “)d”du} (5.36)

Using the upper bound for G(a b]( t) in Lemma 11, we know that for sufficiently large N, for

0<a<b<t,andt€ [a,ti],

tAT(, ab
T gl

- (v)dv y-(a,b] —ft/\T(l)(s-i-rl (v))dv y(a,b]
Ele Xir (t/\Tu))} > E[e . (@eREX, (t/\T(l))l{T(l)Za}]

> eI p [e_s(MT“”X RALI( T(l))l{T(l)Za}}

= el T x (G AT | (5.37)

Then, using the lower bound for G( ]( t) in Lemma 11, along with the upper bound for
Rga b]( t) in (3.28) and the definition of 75 in (5.15), we have that for sufficiently large N,
for 0 <a<b<t,andt€ [a,t],

tAT
E[/ () R(a B (u)e et (0)do gy,

AT (1) - - 6 (v
<] [ Mo Rau) g (0)e du

b
< / Nr - Hesu . 6*(5*4713*T*.“)(“*a)du
S
a

Nur
—e
s

< eWnstrm)(b-a) ¢(h— a). (5.38)

From (5.36), (5.37) and (5.38), we have the inequality (5.35). Lastly, by using (5.35) and

following the argument in the second part of the proof of Lemma 12, we can prove (5.33)
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and (5.34). O
Lemma 14. For sufficiently large N and for t € [0,t1], we have

2K N 2

E[e_S(MT(U)Xgm(t/\T(l))] < K e (5.39)
S
2K CO,mN2 4
E{X?E?L’m’tﬂ(t/\T(l))} < %e%t, (5.40)
and .
+ o 2Ke Com N2 4
E[Xéfg’m tl](t/\T(l))} e (5.41)

Proof. The argument in this proof is similar to that of Lemma 12. We will first show that
for sufficiently large N, for 0 < a < b < t1, and for ¢ € [0,¢1], we have

2K N2 b
B €_S(tAT(1))X:§fT;b](t/\T(1)) Se(4ns+r)(b—a) 'S'u’est/ e~ du. (5'42)

Ift € [0, a), this inequality is trivial, since by the definition of X :gf,;b] (t), we have X ?Efr;b] (t) =0.
Let assume that ¢ € [a, t1]. By Proposition 7 and (4.1), we have E[Zéff] (tATpy)] =0, and

t/\T(l)

— [ G3(v)dv y(a,b] _ M) (a,b] — [* G3(v)dv
E[e a X (t/\T(l))] -y M () Ja du|.  (5.43)

Using the upper bound for G3(¢) in Lemma 11, we know that for sufficiently large N, for
0<a<b<t,andtE€ [a,t],

(1)

AT N b AT o b
FEle fa G3(v)d Xig;ln](t/\T(l))} > E|:€ fa 2sd X:g(:n}(t/\T(l))l{T(l)Za}]

. sa s a,b

— o Stt2sap [efs(tAT(l))Xé;lr;b] (t A T(l))} . (544)

Now, we use the formula for M:,Ea’b] (t) in (3.18), the lower bound for G3(¢) in Lemma 11,
and the definition of 77 and T3 in (5.13) and (5.14). It follows that for sufficiently large N,
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0<a<b<tj,andt e [a,tl],

E |:/ M?Ea,b] (u)e— N G3(v)dvdu:|

t/\T<1) .
Bl [ i) + a1 ]

bAT, 2
- E[/ W 2KNpu e 6_(23—4ns—r)(u—a)du]
S
a

S

2 b
< clns+n-a) ZENH o / —— (5.45)

From (5.43), (5.44) and (5.45), we have the inequality (5.42). By following the argument
in the second part of the proof of Lemma 12, it follows that for sufficiently large N, when
0<a<t;andtE€ [a,t],

2
< 2KNpu

- 2

s(t—a) 4
R , (5.46)

Blem T X001 n 1))

and )
QKN:U es(2t—a)
— .

E[X?Ez;b}(t/\T(l))] <=

(5.47)

The inequality (5.39) follows from (5.46) and the fact that Xzm(t A T(1)) = X?ng] (tAT(y),
and the inequalities (5.40) and (5.41) follow from (5.47) and the definitions of ¢¢ ,, and tafm
in (5.10) and (5.11). O

Lemma 15. For sufficiently large N and 0 < a < t1, if t € [0,t1], we have

2872
E [e_s(t/\T(l))X3r (t A T(l))} < <Ki\;,ur> eStt, (5.48)
and if t € [a,t1],
2872
BX{M e nTe)] < (W)ezst(t —a). (5.49)

Proof. The proof is similar to the proof of Lemma 12. We will first show that for sufficiently
large N, for 0 < a < b <t and t € [0,;], we have

. K2N 2 tAb
E|:€—8(t/\T(1))X§T7b} (t /\ T(l))] S 6(4775+2T)(b_a) . ﬂe‘ﬂf . /t 1du (550)

2
S Na

Ift € [0, a), this inequality is trivial, since by the definition of X ?E?’b} (t), we have X éi’b] (t) =0.
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Assume that t € [a,t;]. By Proposition 7 and (4.2), we have E[ng’b] (t ATpy)] =0, and

AT (1)

o, tAT(1) u ~a,
ple 0 X e g)] = 5] [ R ). @a

Using the upper bound for Ggi’b] (t) in Lemma 11, we know that for sufficiently large N, for

0<a<b<tj,andt e [a,tl],

tAT(l)

_ (@] 3 o <~ (a,b
'E|:e fa GST ( )d X?ET ](t/\T(l)):|
tAT,
> E[e_ fu (1)(23+r1(a,b] (v))de?E?,b] (t A T(1)>1{T(1)2a}}
> eBamst=rl=a) =S ONTw) X (4 A Ty )1 5]

_ e2sa—st—r(b—a)E [e_s(tAT(l))Xéﬁ’b] (t A T(l))} ) (552)

Then, we use the lower bound for G:(;;’b] (t) in Lemma 11, along with the upper bound for

Rga’b] (t) in (3.28) and the definitions of T} and T% in (5.13) and (5.14), we have that for
sufficiently large N, for 0 < a < b < ty, and t € [a, t1],

AT,
E[ [ R e Gé‘:’“wvdu]
t/\T(l) ~ ~ _ j-u G(a,b] (’U)dU
<FE NrXy(u) Xo(u)l gy (u)e™ Ja Zor du

tAb 2 2
< / K ]\g,u Te2su . e—(2s—4ns—'r)(u—a)du
S
a

—= 32

2 2 tAb
< lnstr)p-a) ETNHT - oen / 1du. (5.53)

From (5.51), (5.52) and (5.53), we have the inequality (5.50). By similar argument to
the second part of the proof of Lemma 12, we can show that for sufficiently large N, for

0<a<b<t,andtE€ [a,t],

. K2Nu?
E[e‘s(”(”’Xg(,r’b](t AT<1>)} <=t (tab—a), (5.54)
S
and 9 nr. 9
a KNpr o
B nT)| < =5 b —a). (5.55)

The inequality (5.48) follows from (5.54) and the fact that Xég’t] (t NTy) = X3e(t A Ty).
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The inequality (5.49) is a special case of the inequality (5.55) when b = ¢;. O

Using these upper bounds on expectations, we can prove that when N is sufficiently

large, the event 71y > t1 occurs with probability close to 1, and the proof is shown below.
Lemma 16. For sufficiently large N, we have P(Af) < 2e.

Proof. Recall the definition of A; in (5.17). First, note that
3

P(AS) = P(Tg) < t1) = P(th ATy =T1)) < Y Pty ATy =To). (5.56)
i=1

Now, consider the term P(t; A Ty = T;), for i = 1,2. Using Markov’s inequality, Lemmas
12 and 13, the definition of ¢; in (5.12), and (3.4), for sufficiently large N,

KN
P(t1 A T(l) =T, < P(Xi(tl A T(l)) > Tues(tl/\T(l))>

KN
< P(Xim(tl ANTy) = Jes(tlAT@)))

2s
KN
+ P<Xir(t1 A T(l)) > Tsues(tmTu)))
KN
< P(e_s(tl/\Tu))Xim(tl NTy) > 5 #)
S
KN
4 P(eis(tl/\T(l))XiT(tl /\T(l)) 2 28”)
E[e—s(tlAT(l))Xim(tl A T(l))] E[e_s(tl/\T(l))Xir(tl A T(l))]
= KNyu/2s * KNp/2s
< z " 2rty
- K K
2 2 r S
<4+ =--In(=
SxTR Sk <u>
< 3K (5.57)

Next, consider the term P(¢; A To = T3). By Markov’s inequality, Lemma 14, Lemma 15,
and using (3.4), for sufficiently large N, we have
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N
P(t1 A T(l) =1T3) < P(Xg(tl N T(l)) > ?Hes(tl/\T(l)))
P

IA

Nu
> S(tl/\T(l))
<X3m(t1 NTy) = 9g ¢ )

N
+ P(Xgr(tl A T(l)) > TMeS(tl/\T(l)))
s

S P<e—s(t1/\T(1))X3m(tl /\T(l)) 2 NN)

25
N
+ P(e_s(tl/\T(l))XST(tl ATpy) > 7“)
s
_ E[efs(h/\T(l))Xgm(tl /\T(l))] . E[efs(tl/\T(n)XBr(tl /\T(l))]
- Nu/2s Nu/2s
sty 2 sty
< 4K pe n 2K=pure®tty
s s
< 4Ke C1 4 2K2eCr . r In (f)
S w
< 5Ke 1, (5.58)

Thus, from (5.56), (5.57), (5.58) and the way we choose K and Cj in (5.3) and (5.4), for
sufficiently large N, we have P(T < t1) < 6K~ + 5Ke™ 1 < 2e. O

5.3 The variance bounds

By using the upper bounds for expectations, the variance formulas in Proposition
7, and the L?-maximal inequality, we can show that the probability that each of the events

Ay, As, Ay, As, Ag, A7 occurs is at least 1 — e.
Lemma 17. The following statements hold:
1. For sufficiently large N, and for i = 2,3,4,5,6, we have P(AS) <.
2. In the recombination dominating case, for sufficiently large N, we have P(A%) < e.

Proof. Recall the definitions of the events Ay, Az, A4, A5, Ag, A7 in (5.18) - (5.21). We will
first prove that P(A§) < ¢, when N is sufficiently large. From (3.11), (3.13) and the facts
that © < s,7 < s, and s < 1, for sufficiently large N and for ¢ > 0,

Bi(t) < Xo(t) + X (t) + Xa(t) + Xs(t) = 1,
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and
Dy <(1—s)+pu<.

im

From Proposition 7, Lemma 11, and Lemma 12, for sufficiently large IV,

Var (Z{gfl] (tl A T(l)))

tinT() u
_ E|:/ 1 6_2fo G1(v)dv (MXO(U) + (B(O,tl](u) + D(O,tﬂ(u))X(O,tl](u)>du:|
0

Im Im Im

t1
<FE |:/ 6*2(3*4718*7‘*:“)“(]\/'/1 + 2X1m(u AN T(l)))du}
0
t1
< 62(T+H)t1E |:/ 6*25(1*477)“(]\7/1, + 2X1m(u VAN T(l)))du]
0

t1
_ 2rmt / e UMY (N 4 2B[X 1 (u A T(1))])du
0

t
< 62(T+u)t1 / ' 6725(17417)11 <Nﬂ + 2NM65u> du
0 S

S

Nu 1 2
< 2+t TH .
=¢ s (2(1—4n)+8(1—8n)>

t
_ 2w VB / ' (250 Mg 4 pes(-8nu) gy
0

(5.59)

From the definition of ¢; in (5.12) along with (3.4), and the facts that 4 < s and r < s, we

have that

(T+u)t1=£ln(%)+%ln<%) —Ol(r;_ﬂ)<<1-

By the way we choose €, K and 7 in (5.1), (5.3) and (5.8),
n=2Ke ' <2/5<e<1/16.

By (5.59), (5.60) and the fact that s < 1, for sufficiently large N,

() 22(2) () - () (30) < 2

s 1—8n) 1—8n/\ s2

By the L?-maximal inequality, for sufficiently large N,

8 N aVar(Z20M 4 AT
P( sup Zf?ﬁtl](t/\T(l))‘ >\ — 2,u,> < ( - ]S,ul 0) <e
te[ovtl] € § e

€ 52

(5.60)

(5.61)

Hence, we have shown that P(A§) < e. The proof for P(A§) < € is in fact the same as that
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for P(A5) <e

Now, we will prove that P(Aj) < e. From (3.14) and (3.15) along with the facts
that u < s,7 < s, and s < 1, for sufficiently large N, for all ¢ > 0, we have B%?jtl](t) <1
and Di?jtl](t) < 1. From Proposition 7, Lemma 11, and inequality (3.28), for sufficiently
large N,

Var( (0 tl](tl AN T(l)))
tAT() u
_ E{/ 2fo G(o t1] (Rgo’tl](U) + (ng,tl]( ) + D(D tl]( ))X{S’tl](u))du]
0
t1 ~
<E |:/ 6*2(3*4775*7“7“)u(NTX3(u A T(l)) + 2X17«(u A T(l)))du]
0

t1
< e2(r )t / e—2s(1—4n)u <NT’ . ﬁesu + 2B [ X1, (u A T(l))]>du-
0 S

From Lemma 13 and the definition of #; in (5.12), for sufficiently large NV,

h N 2N
Var (ng’tl](h A T(l))> < 2wt / 625(1477)“< AT gsu y 2000 (M>esu> du

0 s 52

t
< 62(r+u)t1M<1 L 2m (f)) / " sy,
s s \ul) Jy

< e2(r+mt _ Npr (1 + 2ha (f))
2i-sp s

Therefore, from (5.60), (5.61), and the fact that u < s < 1, for sufficiently large N

L

Nur 3 (S>§12NMT1D<Z>.

Var (210 A T)) <20 g S 7

By the L?-maximal inequality, for sufficiently large N,

WVar(ZOM (@ AT,
P< sup ’Z ’l]t/\T(l))‘ 48-N';”ln<s)>§ ar(Zy," " (t (1)>)§€

We have proved that P(Aj) < e. The proof for P(Af) < ¢ is the same as the proof for
P(Aj) <e.

Next, We will give a proof that P(A§) < e. From (3.16), (3.17) and the facts that
u < s, r<s,and s < 1. for sufficiently large N, for all ¢t > tOm, we have B(t0 m’tl]( t) <1

tl]

and D:(M%’W (t) < 1. From Proposition 7, Lemma 11, and the definitions of 77 and 7% in
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(5.13) and (5.14), for sufficiently large N,

+
Var (Zgom " (01 A T)

m

tATy —2 (% Ga(v)dv
=g [ T (i) + ot

+
tO,m

<

+
0,m

t1 +
< / ¢~ 22—l ) (u EENE u o pxom i) T@))Ddu.

)t S
tO,m

(t0+,m7t1] (t0+,m7t1]

o)+ 0 ) x5 )

. QKN:U’ esu + 2X§f§;m7t1}
S

+ (B

t1AT (1) —2ftﬁ (25—4ns)dv
e 0,m <l’1’

(u A T(l))>du]

By Lemma 14, and the definition of tg’ m in (5.11), for sufficiently large NN,

th 1]

Var (Zyom " (01 £ Ty) )

—_ct
1 6_2(28—4ns)u (Wesu + 4Ke 0,mN2’u4

t
< g2rta 62(25_4775)t8r,m
- s s3

+
tO,m

eZsu) du

2t —Ci o N2
< g2t 62(2S*4n8)t5r,m ) LKN'U / e~ (3s—8ns)u + 2e - Np e~ (25=8ns)u g,
s t s

2 —(35—8ns t+m —C+m 2 —(25—8ns t+m
< Q2rtr | 25— )t 2KNp <€ ( It 2¢”“0mNp? e ( )to, )

s(3 —8n) * 2 s(2—8n)

S

=e

21ty % eCOfmS + 2605%”
s2\3-8y 2-8p)°

From (5.60) and (5.61) along with the fact that s < 1, for sufficiently large N,

(e 1] 9K 3¢Com 12K eCom

Var (Zy (tl/\T(l)))SQ-?-278n< 5

By the L?-maximal inequality, we have that for sufficiently large N,

+ .t
+ 48K eCom 1 4AVar(Z., * t1 AT,
P( sp |25 AT ) 2 e.2> o NVar(Zy, ] M ATw))
tE[tG mot] ‘ g 48KeT0m >
) € S

Lastly, we will prove statement 2. From (3.19), (3.20) and the fact that p < s,7 < s,
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and s < 1, for sufficiently large N, for all ¢ > 0, we have B(Otﬂ( t) <1 and D(O tﬂ( t) < 1.
From Proposition 7, Lemma 11, inequality (3.29), and the definition of 77 and 7% in (5.13)
and (5.14), for sufficiently large N,

Var<2§i0”t” (t1 A T<1>))
. [ /‘tl/\T(l) 2ft (to r t1]( )dv <R§to’"t1](u)

tO,r

+ By w) + Déi““t”<u>>X§i°”’t”<u>)du]

<E anTo —2(2s—4ns—r)(u—to,r) (N X % (to,rt1]
< e * rXi(u)Xo(u) +2X5, (uATy) )du

tO,r

t1 2 2
< / e—2(2s—4ns—r)(u—to,r) (ﬂwe%u + QE[X(to s tl]( A T(l))]>du
S

tO,r

By Lemma 15 and the definitions of ¢y, and ¢; in (5.9) and (5.12), for sufficiently large NNV,

Var( (to rtil (tl A T(n))

¢ 2072 207,,2
< e2ri1 . 2(2s—dns)to s / 1 e_2(2s—4’r]5)u<K J\gu " e2su 2K J;TM rGQSu(u B tom))du
S S

tO,r

2 2 t
< e2rtr 62(25—4ns)t0,,« . K ]\g:u r (1 + 2(t1 . tOJ‘)) / ! e—(2s—8ns)udu

S tO,r
K2N 2 e~ (2s=8ns)to,r
< p2rt1 2(2s—4ns)to,r 7[&(1 2t1 — ¢ ) —
e € 52 +2(t —tos) s(2 —8n)
K2e—2C0,r 2 2(Cy, — C
2rty 67(1 + —In(Nr) 4+ M)
s(2 — 8n) s s

Because in the recombination dominating case, 1 < Nr, by using the fact that s < 1 along
with (5.60) and (5.61), we have that for sufficiently large NV,
K2%e—2Cor 3 4K?%e2C0r In(Nr)

-—In(Nr) <
s(2—8n) s n(Nr) < s?

Var( (to T’tl](tl A T(l))) <2

By the L?-maximal inequality, for sufficiently large N,

<e.
16K2¢~2C0,r ln(Nr) -

€ 52

\/16K2e—20w 1n<Nr>> AVar(Zg " (1 A T)))
) 2

P< sup  |Z80m (AT >

te[toﬂ‘vtl] € §

This completes the proof. ]
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5.4 Results on type 3 individuals

In this section, we will show that the events Ag and Ag as defined in (5.22) and
(5.23) occur with high probability. That is with probability close to 1, there are no type
3m (or 3r) individuals at time ¢; that are descended from type 3m (or 3r) ancestors that

appear before time g, (or tp,). The proof consists of two main ideas.

1. With probability close to 1, the number of type 3m (or 3r) ancestors that appear

before time tg,, (or tp,) is small.

2. With probability close to 1, each of these early ancestors will not have alive descendant

by time ¢;.

At the end of this section, we will show that the events Ajp and Aj; as defined in (5.24)
and (5.25) also occur with high probability.

Lemma 18. Define m(t) and p(t) to be the number of type 3m ancestors and 3r ancestors
respectively that appear in the time interval (0,t]. For sufficiently large N, the following

statements hold:

1. P(m(fo’m A\ T(l)) > e_CO,m/2> <e.

s

2. P(p(tow N T(l)) > eC(;,TJrl) <e.

Proof. The process (m(t),t > 0) is a pure birth process with total birth rate M?Eo’t] (t) as
defined in (3.18). Then, there is a mean-zero martingale (W'(t),t > 0) such that for all
t>0,

m(t) = W'(t) + /0 t M () du.

By Doob’s stopping theorem, (W'(t A T(1)),t > 0) is a mean-zero martingale. Thus,

to,mAT 1)
Blm(ton A Tl = B| [ ui0) + Xt

fom  2KN
< / po 2B gy
0 S

B 2K N 2

5 (esto,m o 1)
S

2K e Com
. .
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So, by Markov’s inequality and by the way we choose Cp p, in (5.5),

< 2K e Com/2 <e.

Co,m /2 Elm(tom AT,
eo ) < [m(to, (1))
S

P<m(t0,m A T(l)) > efco,m/Q/S

Now, consider the process (p(t),t > 0). By (3.21), the process is a pure birth
process, and the birth rate at time ¢ is given by Réo’t] (t) as defined in (3.21). Then, there

is a mean-zero martingale (W”(t),t > 0) such that for all ¢ > 0,

olt) = W(t) + /0 R (u)du,

By Doob’s stopping theorem, (W”(t A T{3y),t > 0) is a mean-zero martingale. Thus,

to,r NT(1) (0.4]
E[p(to,r AN T(l))] = E|:/O R3 ’ (u)du}

toyr/\T(l) B _
< E[/ Ner(u)Xz(u)du}
0

to,r K2 2

< Nr. éu 2% du
0 S

< K2Nu2r .

2sto. r
3 e~ (5.62)
From the definition of ¢p, in (5.9), if we are in the recombination dominating case or in the

mutation dominating case with Nr > e,

27T, 2 2_—2C,
KN,ur‘eQStO’T:Ke T
53 s

)

and in the mutation dominating case when Nr < e, we have

K2Np2r 2stor _ K2e—2Cor Ny < K2 2C0r+1

§3 s s

Hence, from (5.62),
KZB—QCo,r-i-l

Elp(to, NT(1y)] < -

Lastly, by Markov’s inequality and the definition of Cy, in (5.7),

—Co 1
¢—Co ) - Elp(tor NTw) _ 2 —co, <e

P(p(tovr A T(l)) > e Cortljg =

S

48



O]

Lemma 19. For i € N, define 7;,, to be the time that the ith type 3m ancestor appears,
where we set T; , = 0o if the ith type 3m ancestor never appears. Let Y; n(t) be the number
of descendants of the ith type 3m ancestor alive at time t. Then, for sufficiently large N,
foralli e N,

P({¥in(t1) > 0} 0 {2 < Tiy Hrim < tom ATy ) < 3.

Proof. First, define fﬁm(t) =Y m(t)/N for all t > 0 and ¢ € N. By following the same
reasoning that led us to get the rates in (3.16) and (3.17), we have that on the event 7; ,,, <
tom A T(1y, the process (Y m(t + 7im),t > 0) is a birth-death process with Y; n(7im) = 1,

where each individual gives birth at rate

b(t) :(Xo(t + Ti,m) + (1 — 8)(X1(t + Ti,m) + XQ(t + Ti,m))
+ (1= 28)(X3(t + Tiym) — Yign(t+ Tim))) (1 — 7Xo(t + Tim)),

and dies at rate
d(t) = (1= 28)(1 = Yy (t + Tim) + rXo(t + Tim) Yim (t + Tim)).

Note that for ¢ > 0,

b(t) < Xo(t + Tim) + X1 (t + Tim) + Xo(t + Tim) + (X3t + Tim) — Yign(t + Tim))
=1- ifim(t‘f"rim)a

)

and

d(t) > (1 —25) (1 = Yim(t + Tim))-

For t > 0, define A(t) = [ 1 — ¥ ;n(v)dv. Define Y, (t) = Yim(AL(t) + 7i.m)

for t € [0, A((t1 A T(1)) — Ti;m)]. The process (Y;7,(t),0 <t < A((t1 A T(1)) — Tiym)) is a
birth-death process with Y;%, (0) = 1, where each individual gives birth at rate
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and dies at rate

-1
d*(t) = A1) - (AN (1) = — d((i_l((i)))+ — >1—2s.

)

Let (Y#(t),t > 0) be a birth-death process where Y#(0) = 1, where each individual
gives birth at rate 1 and dies at rate 1 — 2s. From the generating function of birth and

death process (in the section 5 of Chapter III of [1]), for ¢ > 0,

1 - (1 — 23) 25
# _ _
PY7(t) > 0) T R e g (5.63)
Since 1 <« Npu, we have that for sufficiently large NV,
# (2L 0m B
P<Y ( 2 > - 0> < 1-— e_s(tl—to,m) B 1— NLeC&—Co,m < 3s. (5'64)
o

By Lemma 11 and (5.61), on the event t; < T{y) , we have Y, (t) < X3(t) < nN < 5 for

all ¢ € [0,¢;1], which implies that

t1—t0,m+Ti,m - t1—t0,m~+Ti,m 1 t tO m
At~ tom) = [ L Vim(o)do = [ Sl >0 (5.65)
T T

w2,

1,m 1,m

It is possible to couple the process (Y7 (t),t > 0) with the population process, such that 1)
on the event t; < T{y), for any time ¢, if Y}, (t) > 0, then Y#(t) > 0, and 2) the process
(Y#(t),t > 0) is independent of F, . It follows that

({ym t) >0} N{t1 < Ty}

Tim < o A T(1))

{Y;m > 0} N {tl < T(l)}

Tim < tom A\ T(1)>

IN

{Y@m tl—t()m—l-ﬂm) >0}ﬁ{t1 <T )}

Tim < to,m A T(1)>

Tim < tom A T(1))

,m

IN

P(
P(
p({y* (At — tom)) > 0} N {t < Ty}
p({y At — tom)) > 0} N {t1 < Tyy)}

Ti,m < t07m VAN T(l)) .
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Lastly, using (5.65) and (5.64), we have

P<{Y2m(t1) >0} N{t1 < Ty}

{Y**(@) > 0} N{t1 < T}

P(
< P(Y#<m> >0
P(

Tim < o A T(l))

Tim < tom N\ T(1))

Tim < tom A Ty

< 3s. (5.66)

O

Lemma 20. For i € N, define 7;, to be the time that the ith type 3r ancestor appears,
where we set T;, = 00, if the ith type 3r ancestor never appears. Let Y;,(t) be the number
of descendants of the ith type 3r ancestor alive at time t. Then, for sufficiently large N, for
all i € N,

P({Yi,r(tl) > 0} N {t1 < Ty} Tir < tor A T(1)> < 4s.

Proof. The proof is similar to that of Lemma 19. First, define Y; .(t) = Yi,.(t)/N for all
t > 0 and ¢ € N. By following the same reasoning that led us to get the rates in (3.19)
and (3.20), we have that on the event 7, < g, A T{1), the process Yir(t+7,),t>0)isa

birth-death process with Y; ,(7;,) = 1, where each individual gives birth at rate

b(t) =(Xo(t +7ip) + (L= 8) (X1 (t + Tip) + Xo(t +7ip))
+ (1= 28)(X3(t + 75,0) = Yir(t + 702))) (1 — 7 Xo(t + Ti)),

and dies at rate
d(t) = (1 - 23) (1 - Y/i,r(t + 7_1',1‘) + TXO(t + Ti,r)ﬁ,r(t + Ti,r) - er (t + Ti,T)XQ (t + Ti,r)) .
Note that when ¢ > 0, we have b(t) < 1 — Y .(t + 7).

For t > 0, let A(t) = [**7" 1 — Y, (v)dv. Define Y;%,(t) = Yir(A1(t) + 7i,) for
t € [0, \((t1 AT(1)) — 7i,r)]. The process (Y7, (t),0 <t < A((t1 AT(1)) —Ti,r)) is a birth-death

o1



process with Y7 (0) = 1, where each individual gives birth at rate

and dies at rate

d*(t) = d(ATH(B)) - (AT ()
-1

_ d(A" (1))
1Y, (A1) +7ir)
er(/\_l(t) + Ti,T)XQ()‘_I(t) + Tir)
> (1-2s) (1 a 1— Y (AH(t) + 7iy) ) (567

Since the function A is strictly increasing on the interval [0, (t1 A T(1)) — 7i,r), we have that
if t € [0, A((t1 A T(1y) — Tipr)), then A1 (2) + 74,(t) < t1 A T(y). Hence, from Lemma 11, for
every t € [0,A((t1 A T(1)) — Tip)) and j = 1,2 and 3, we have X;(AYt) + 1) < 7, and
Vi (AT Ht) + 7ip) < X3s(AH(t) + 1) < 1. Now, because r < s, by (5.67), for sufficiently
large N, for t € [0, A((t1 A T(1)) — Tir)),

2

&) > (1— 2s)<1 - (17’_n>r> > (1-2s)(1—s)>1—3s.

Let (Y#(t),t > 0) be a birth-death process where Y#(0) = 1, where each individual
gives birth at rate 1 and dies at rate 1 — 3s. By the same argument we used to get (5.63),

for t > 0,
1—(1-3s) < 3s
1— (1 _ 33)6—(1—(1—33))15 — 1 —e3st’

P(Y#(t) > 0) = (5.68)

We claim that for sufficiently large N,

P(Y#C“_;W) > 0) < ds.

From (5.68) and the definition of Cp, in (5.7), in the recombination dominating case and
the mutation dominating case with Nr > e, we have that for sufficiently large NV,
P(Y#(tl _3t07r> > O> < 3s = 3 < 3 < 48,

-1 - e_s(tl—to,r) 1-— 7\/}\7’"6_(00,7“_01) 1— e_(CO,T_Cl) -
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and in the mutation dominating case with Nr < e, we also have

P 3s 3s
# ﬁ) =
P<Y ( 3 ” O> = 1 —esttiztor) 1 — ¢=(Cor—Ch) =t

On the event t1 < T{y) , using (5.61), we have Y; .(t) < X3(t) < nNN < % for all t € [0,t1].
By following the same reasoning in (5.65),
t1 —to,r

At = to,) > =+

It is possible to couple the process (Y7 (t),t > 0) with the population process, such that 1)
on the event t; < T(y), for any time ¢, if Y7, (¢) > 0, then Y#(t) > 0, and 2) the process
(Y#(t),t > 0) is independent of F;, . By the same reasoning we used to get (5.66), it
follows that for sufficiently large N,

P({Yz‘,r(tl) >0} N {ts < Ty bTie <tor A T(1)) < P(Y#(%) > 0) < 4s.

O]

Now, we are ready to show that the events Ag and Ag occur with probability close

to 1.
Lemma 21. For sufficiently large N, we have P(A§) < 4e, and P(A§) < 4e.

Proof. Recall the definitions of Ag and Ag in (5.22) and (5.23). We will only show that
P(Ag) < 4e. The same reasoning can be used to prove that P(A§) < 4e.
Let J = [e~“om/2/5s|. By Lemma 19, we have that for sufficiently large N,

P{X0m (t1) > 0} 0 {mtom A Ty < e /shn {ts < Ty)})

m

J
< Zp(mm(tl) > 0} N {Tim < tom ATy} N {11 < T(l)}>

s
Il
_

Mg

P({Y;,m(tl) > 0} N {tl < T(l)} Tim < tom N T(1)>
1

sJ

—Co,m/Q

VAN VAN
@ w o

e

Hence, by Lemma 16 and Lemma 18 along with the way we choose €, K and Cy ,, in (5.1),
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(5.3) and (5.5), for sufficiently large N,

PX{ (0 A Tpy) > 0})

< P({X?()E,;to’m] (t1 A T(l)) >0} N {m(to’m A\ T(l)) < e_coﬂm/z/s} N{t1 < T(l)})
+ P(m(tom AT(1)) > e 0m/2[s) + P(T() < t1)

< 3e Com/2 4 3¢

< 4e.
So, this prove that P(A§) < 4e. O

Lemma 22. For sufficiently large N, we have P(AS,) <€, and P(A§;) <e.

Proof. Recall the definition of Ajp in (5.24). From Lemma 14 and the definition of ¢; in
(5.12), for sufficiently large N,

2K Com N2N4 2ot _ 2K e—2C1+Co,m N2M2

E|xtomtlg Ay <
(ti ATy | < 3 .

3m )

and from the Markov’s inequality, we get that P(A§,) < e.

Now, recall the definition of A;; in (5.25). We will first consider the recombination
dominating case and the mutation dominating case with Nr > e. Recall that Nr > 1 in
the recombination dominating case. From Lemma 15 and the definition of g, in (5.9), for
sufficiently large IV,

K2Npr
872623751 (tl o tO,r)

2s s

E Xéio,r,tl](tl/\T(l))] S

< K2e72€1(2(Cy, — C1) + 1)NrIn(Nr)
- 2s '

In the mutation dominating case with Nr < e, from Lemma 15 and the definition of #g, in

o4



(5.9), for sufficiently large N,

K2Np?r
E Xéio,mtl](tl /\ T(]_)):| S 82/"[’ 628t1 (tl _ tO,’r‘)
= KQe_chNr<CO’T - Cl>
S
_ K% (2(Cor — C1) +1)
< 95 :

Thus, in both cases, for sufficiently large N,

K?e72011(2(Cy, — C1) + 1) (1 V Nrlnyg (N7))
2s ’

E| x50t A Ty | <

T

and P(A§;) < e is followed from the Markov’s inequality. O

Before we prove Proposition 2, we will give both upper and lower bounds of the

numbers of type 1 and 2 individuals on the event Ay y.
Lemma 23. The following statements hold:

1. For sufficiently large N, on the event A(yy n, fori=1,2, and for t € [0,11],

Xi(t) < (1 +52)%68t.

2. In the recombination dominating case, for sufficiently large N, on the event A,

fori=1,2, and for every t € [to,,t1], we have

3. In the mutation dominating case, for sufficiently large N, on the event A(y) N, for

i=1,2, and fort € [tom,t1], we have

&6“.

X;(t) > (1 -6%) ,

Proof. In this proof, we assume that we are on the event A}y n. From (4.3), we have that

for all t € (0,11],

t t t
le(t) _ X(O,tﬂ(t) _ / M1(07t1](u)€fu Gl(v)dvdu + Z(O,tﬂ(t)efo Gl(v)dz}. (5.69)
0

im 1m
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From Lemma 11, definitions of A; and Az in (5.17) and (5.18), and the fact that 1 < Ny,
for sufficiently large N and for ¢t € (0,¢],

/48 N
le /Nue sdvdu_|_ :u fosdv
€ S

N 48 N
:—'u(e‘gt—l)—l— — —'u est

S € 5

14 48 1 \Nu
H st
‘Nu) s

(1%)? .

Next, from (4.4), we have that for all ¢ € (0, 4],
Xip(t) = X3t / RO (el 6 Wi gy 4 700 (1) i G,

From (3.28), Lemma 11, and definitions of A; and A4 in (5.17) and (5.19), for sufficiently
large N and for ¢ € (0, 1],

€ S

48 N
irle / Nr o) Ry (u)eliletnae gy 4 |25 AT, (5)ekitesn

By the definition of T3 in (5.15), inequalities (3.4), (5.60) and the fact that 1 < Ny, it
follows that for sufficiently large N and for t € (0,11],

Xlr(t) < Nr /t Eesu . s(t u)Jrrtd + 48 N:U’T ln< ) st4rt
B 0o S € s3 7

AN
=
=
&
™
3
/
3
=
+
%
”“oo
gH
w | =
=
—
Tl®
~
N—

<
Therefore, for sufficiently large N, for all ¢ € [0,¢1], we have

N
X1(t) = Xim(t) + X1o(t) < (14 52)?“682
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Note that by similar argument, we can also prove the upper bound for Xs(t).

To prove the lower bound for X (¢) in the recombination dominating case, we first
need to consider the term qu G1(v)dv. By using (3.22), part 1 of this lemma and the
definition of T3 in (5.15), we have that when N is sufficiently large, for 0 < u <t < ¢y,

t t B B ~
/ G1(v)dv > / (s — sX1(v) — sXa(v) — 25 X3(v) —r — p)dv

t
Z/ (ss-(1+62)ues“s-(1+52)'ues“28-es“r,u>dv
w s s s

2
=s(t—u)— W(e“ —e™) = (r+p)(t —u)
=s(t—u)— (4+j(52m65t1 — (r+ w)ty.

Now, using the fact that § < 1, the definition of ¢; in (5.12) along with (5.60), we have that
when N is sufficiently large, for 0 < u <t <y,

t
/ Gi(v)dv > s(t —u) — G—MeStl —(r+pt
u s
= 5(t —u) — 61 — (r 4 )ty

> s(t —u) — 7e” O, (5.70)

Also, using part 1 of this lemma, the definition of 73 in (5.15) and the fact that 6 < 1, for
sufficiently large N, and for u € [0, t1],

N N N
Xo(u) = N =X, (1) — Xo(u) = Xs(u) > N=2(1462) o esu Nl s o SNE ou 5.7

S S S

Thus, from (5.69), (5.70), (5.71), along with the definition of A4 in (5.19) for sufficiently
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large N, for all t € [ty t1],

Xi(t) > X\l

t
> | M(N . 5Nu)<> N
0 S € s

t
—7e=C1 —su 48 1
= —_— d —_ —_— ——
<€ /0 (se Su)du € N M)

><u—7aﬂwm—e*ﬁ—mw—-e-
2<u—7ecwu—eswr—@ng— ‘1-:1><N“ﬁ0. (5.72)

In the recombination dominating case, we have Nu? < s and » < s. So, by using the

definition of ¢p, in (5.9), we have that

1 2
%W:,m<s )—%$>L

2 N p2r
Thus, from (5.72), (5.60), and the way we choose C; as in (5.4), for sufficiently large N,
and for all ¢ € [to,, 1],
N N
Xi(t) > (1 — 8Oy Hest > (1 — 62) " Hest,

S S
The proof for the mutation dominating case is almost exactly the same as that of the
recombination dominating case by replacing to, by to,m, and using that because N p? < s,

we have
S

N2

stom = In ( ) — CO,m > 1,

which completes the proof. O

5.5 The proof of Proposition 2

Proof. By the definition of A() x in (5.26) and Lemmas 16, 17, 21, and 22, for sufficiently
large N, we have that P(A(;)n) > 1 — 17e. From now on, we will assume that we are

working on the event Ay y. The statement 1 follows from Lemma 23 by inserting ¢ = ¢;.

Now consider X3(¢1). From the definitions of Ag, Ag, A19 and A1y, in (5.22), (5.23),
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(5.24) and (5.25), it follows that

: (5.73)

3Im

€

2K _201+00,m N2 2
X (t1) = XS0foml 4y 4 xlomtil gy < ( e ) SM

and

2¢ s

K?e72%1(2(Cy,r — C1) + 1)\ (1V Nrlng (N
X (1) = X507 (0) + x50 ) < ( e (2(Co, = C) + >> (LV Nrln (Nr))
(5.74)
In the recombination dominating case, Nr > 1 and r satisfy (2.1). It follows from (5.73)

and (5.74) that if N is sufficiently large, then

€ S

o B rin r
X5(t1) = Xsm(t1) + Xsr(t1) < (K% 201(2(Co Cl)+1)>N In(N7)

So, we choose the positive constant

K% 21(2(Cy, — C) + 1)

+ _
Klr_ €

Next, consider the mutation dominating case. In this case, r satisfies (2.2), and we also

have that 1 < Npu. It follows from (5.73) and (5.74) that if N is sufficiently large, then

)

K?2e7261(2(Cy, — C1) + 1)> CN??

Xar(tn) < »

S

and

4K e 2C1+Com 4 K2e-2Ch (2(Cor — C1) + 1)C> N?p?

X3(t1) = Xam(t1) + Xsr(t1) < ( 2¢

S

Thus, we choose the positive constant

4K e 2C1+Com 1 K272C1(2(Ch, — C1) 4+ 1)C

K, = 5

Now, we will show the lower bound of X3(¢1). First, consider the recombination dom-

inating case. To prove the lower bound, we will need to consider the term fil Ggio’“tl] (v)dv.
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Similar to the way we get (5.70) by using (3.26) instead of (3.24), for to, < u < ti,
t1 t1

Géio’“tl](v)dv > G3(v)dv

u u

> /t1 (2s — sX1(v) — sX5(v) — 2sX3(v) — r)dv

/ 2s — s+ 1—|—52)M63“—5-(1+52)B65"—25-Hesu—r)dv
s

sty

61
> 2s(t] —u) — e — 7ty

= 2s(t) — u) — 6~ —rt.
By (5.60), when N is sufficiently large, for ¢p, < u <t
/ G, t(”’tl v)dv > 2s(t; —u) — 7e” 1, (5.75)
By (3.21) and Lemma 23, for sufficiently large N, and for ¢ € [to ,, t1],

RE (1) > Xo(t) - X (0) Ko (1)
= (N — X1(t) — Xa(t) — X3(t)) - rX1(t) X2(t)

N N 2
N — 2 1+ 52 :uest o Jest) ((1 . 52)2L;628t>

> ( s s
> (N 5N,U stl) (( — 52)2 lgr 2st)
= (1-5e Cl)( — 62)2. NS“QT 2st. (5.76)

Using (4.4), (5.75), (5.76), Lemma 11 and the definitions of A7 in (5.21), for sufficiently
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large N,

Xa(ty) > X0 ()

t 2
> / ! (1 — 56701)(1 . 52)2 . NLzreQSu . 625(,51,“)776_01 du
to,r S

B \/16K2€2007T In(NT) ,eft?r@”r)dv

€ 52
- Np?
— e TN (1= 5e (1 - 62)% - S et (4 — ¢,
S

\/16K26_2COW In(Nr)

€ 52

. 6(2S+T) (tl 7t0,r) .

It follows from the definitions of ¢; and ¢, in (5.12) and (5.9) that for sufficiently large N,

_ —2C
Xo(tr) > e (1= 5071 - %) S (M) + 2(Co, — )

4K e 2C1+Cortrte Ny /In(Nr)

Ve s
_Nr In(Nr) —7¢=C1 —-C 22 —2cy (1 (Coy — Ch)
N s <€ (1=5e7)(1 = 07)% <2+ In(Nr) )
4K e—2C1+Co,r+rt1 1
- Ve ' ln(Nr))

By (5.60) and the fact that 1 < Nr, we have that for sufficiently large N

9

TN (1= 5e ) (1 — 52)2e201> NrIn(N7)

Xs(ty) > <€ .

S

and we choose the positive constant

e TN (1~ 5em ) (1 — §%)%e 2
; .

K, =
Lastly, consider the mutation dominating case. By the same argument we used to
obtain (5.75), we have that for sufficiently large N and for ¢, < u <y,
t1

Gs(v)dv > 2s(t; — u) — Te 1.

u

From (4.3), Lemma 11, Lemma 23, and the definition of Ag in (5.20), for sufficiently large
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t1 + [ Gs)dv
_ / (X1 (1) + Xa(u))elit Gs@dvogy 4 Z0omhl ) i,

0,m
t1
> /tl 21— 82) . M g sttt gy 48K LUGEN
i, y
ct
=2(1 - 52)6—76_01 . Ni/ﬂe%tl(e—stofm —e s — d8ke 1 o25(ti—tg )

52 € 52

Using the definitions of ¢; and tg,, in (5.12) and (5.10), and the fact that 1 < Ny, for
sufficiently large N,

_ N 2
X3(t1) > 2(1 — 62)e 7 . Ne 2O (e—Co* R ae ﬁ)
S

48K6’ o 2. 201 200mN2 2
52

_ N2 2(1 — §2)e T N20=Cy ( C1+C L)
S Nu

C+
_ | ABKeOm 201204,
€
N2u2 o . 48K Com "
> (1 o 52)6—76 1_201_Co,m - . 6_201_200’7"
S €
N2 4 o 48K e Com
_ . 6_201_200’7" (1 . 52)6776 L )
S €

Note that the way we define C{f . in (5.6) is precisely to make

(1— 62)eTe / 48Ke

Hence, we choose the positive constant

Ky, =(1-06%e —7e=C1-20 - 1/48Ke b e—201-2C7
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which completes the proof. O

Chapter 5, in full, is a part of the paper that has been submitted for publication of
the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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Chapter 6

Phase 2 and proof of Proposition 3

6.1 Comparing the Markov chain with a differential equation

Theorem 24 below is a special case of Theorem 4.1 of [6]. Let (X(t),t > 0) be a
continuous time Markov chain with finite state space S C R3. Let ¢(¢,¢’) be the jump rate
from the state £ to the state &’. For each state £ € S, define the function o : S — R by

a(€) =€ —¢Pq&9), (6.1)
&'#E

where | - | is the Euclidean norm, and define the function 8 : S — R3 by

BE) =D (€ =&al&,€). (6.2)
§#E

It follows that .
X(t) = X(0) + M(t) —l—/ B(X(s))ds, fort >0,
0

for some martingale (M(t),t > 0).
Let b : [0,1]> — R3 be a Lipschitz function with Lipschitz constant K, and let
x:[0,00) — R3 be the function that satisfies

t
z(t) = z(0) +/0 b(x(s))ds, fort>0.

The goal is to compare X(t) with x(t).
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Fix T >0, g >0, L > 0, and let A = ege™ 57 /3. Define the events

Qo = {[X(0) — 2(0)| < A},

T
Q- { /0 BX(1)) — bX(1)]dt < A},
Qy = {/OTa(X(t))dt < LT}.

Theorem 24. Under all the assumptions above,

ALT . . c
P< sup |X(t) — z(t)| > 6) < AT + P(Q5UQf UQ3).
0<t<T
Now, we will apply this theorem to our process ((Xo(t), X1(t), X2(t), X3(¢t)),t > 0).
First, for ¢ > 0, we define
X(t) = (X1(1), Xa(t), Xs(1)), (6.3)

and S = {(&,&,&) € {0, %, ..., 551, 133 & + &+ &5 < 1}. We are thinking of &1, & and &
as the fractions of type 1, 2 and 3 individuals in the population. For better understanding
in the following formulas, we will define §g = 1 — & — & — &3, which represents the fraction

of type 0 individuals in the population. Now, for each £ = (£1,&2,&3) € S, we define

fo(§) = (1 —r)& + (o + &) (6o + &),
J1(§) = (1 = r)& + (& + &) (6o + &),
fo(€) = (1 =7r)& + (8o + &2)(&2 + &),
f3(8) = (1 =r)&s+ (& + &) (& + &)

Note that for each ¢ = 0,1,2,3, the quantity f;(§) represents the probability that a new
individual born is of type i. Next, for £ = (£1,&2,&3) € S and & = (£1,85,85) € S, the
transition rate q(§,¢’) is given by
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Né&of1(§) + pN&o, if (&1, 65,85 = (&1 + .2, &)
Néof2(§) + pN&o, if (&1, 65, 85) = (&1, &+ 7. &3)
N&o f3(8), if (&1,85,€5) = (61,62, 6+ )

N(1 = s)&fo(€), if (€1,65,€3) = (&1 — §. &, &)
N(1 = s)&1f2(8), if (€1,6,85) = (&1 — x &+ 3, &)
N(1—s)6fs(€) +pNEr, if (61.65.65) = (€1 — 562,65+ )

(&€ = N(1 = 8)&fo(9), if (€7,65,85) = (61,8 — 3, &) (6.4)

N(1L—s)&f1(8), if (&1,85,83) = (14§, &2 — 3, 63)
N(1—s)&fs(&) + uN&, if (&,8,8) = (&.& - 7.8+ +)
N(1 = 2s)&3f0(), if (€7,65,85) = (61,626 — )
N(1 - 25)&f1(8), if (&1,65,8) = (G + %88 — %)
N(1 = 25)&32(9), if (61, €5.65) = (€1.&2+ 7.6 — )
0, otherwise.

\

The reasons behind the formulas for these rates are similar to the ones we used to obtain
the birth and death rates in chapter 3.2. Let us consider the first rate. It is the rate that the
number of type 0 individuals decreases by 1 and the number of type 1 individuals increases
by 1. There are two ways for this to occur: 1) a type 0 individual mutates to type 1, which
occurs at total rate of uN¢p, and 2) a type 0 individual dies and is replaced by a type 1
individual. The total rate that a type 0 individual dies is Ny, and the probability that the
replacement is of type 1 is f1(§).

We define the functions « and § as in (6.1) and (6.2). For £,& € S such that
q(€,€") # 0, we have [¢ — ¢'|? < 2/N?, since it is equal to 1/N? or 2/N?. Because for each
i=0,1,2,3 and £ € S, we have 0 < f;(§) < 1, and because u < s < 1, it follows that for
sufficiently large N, for all £,£ € S, we have ¢(£,¢’) < 2N. By the definition of a in (6.1),
for sufficiently large NNV,

48
a(é) < N (6.5)
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For each £ € 5, we define

75(&) = (§0&3 — &1&2) (1 — s&1 — s&o — 25E3).

A tedious calculation gives

(1-& — & —28)& 1 o —&
Bl)=s|(1—-& —&—-25) [ +rms@ | 1 | +uléb—& - (6.6)
(2—& — & —28)8 -1 &1+ &

Note that for i = 1,2,3, the i*" row of NB(£) is exactly the rate at which the number of
type ¢ individuals increases by 1 minus the rate at which the number of type ¢ individuals

decreases by 1.

Here, we define the functions b : [0,1]> — R3 and b : [0,1]* — R® by
b(z1, z2,3) = s((1 — 1 — w2 — 2x3)21, (1 — 21 — T2 — 223) T2, (2 — 11 — @2 — 223)23), (6.7)

and

b(xy, xo, x3) = b(x1, 22, x3)/5. (6.8)
Since all first partial derivatives of b are bounded, the function b is Lipschitz. Hence, b is
also Lipschitz with Lipschitz constant ks, where k > 0 and k does not depend on N.

Now, we define a random variable B such that on the event that X1 (t;)+ Xo(t1) > 0,

we have

B = (Xl(tl) + Xg(tl))il — 1. (69)
The value of B on the event that Xj(¢;) + Xa2(t1) = 0 is not of interest, as we will work
only on the event Ay when N is sufficiently large. By Proposition 2, we know that
Xl(tl) + X'g(tl) > 0 on the event Ay y. Next, for t > ¢;, we define

1

f(t) = W? (6.10)

and for ¢ > t1, we let

= (x X x - Xl(tl) Xz(tl)
z(t) = ( 1(t), z2(t), 3(t)) = <(X’1(t1) +X2(t1)>f(t)7 <X1(t1) +X2(t1)>f(t)7026. 1)
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Note that for i = 1,2, we have z;(t;) = X;(t1), and for all t > t1, we have 1 (t)+z2(t) = f(t).
From (6.10), for ¢ > ¢,

d sBe—s(t=t1)
“ _ — sB —s(t—t1) 2
dtf(t) (1 +B€_S(t_tl))2 S € (f(t)) bl
and it follows that
X X
i»c(t) — sBe~*(t=1)( f(t))2< _ Nt ,— 2(ta) ,0>.
dt Xl(tl)JrXQ(tl) Xl(t1)+X2(t1)

From (6.7), (6.11), (6.10), and the fact that 1 (t) + x2(t) = f(t) for all t > ¢;, we have that
for ¢ 2 tl,

ba(t) = s((1 = F(B)z1(t), (1 = F()z2(1),0)
— sBe—St—11) 2 X1 () Xs(t)
Bes -1 (£ (1)) ( Kt <t1>’0>'

Therefore, for ¢t > t;, we have %x(t) = b(x(t)), and

x(t) = z(t1) +/ b(x(s))ds.

t1

We pick the constant

1 1
and we define
1 S 02
to=—In(— —. 1
2= n(u) += (6.13)

We will use Theorem 24 to show that with probability almost 1, both X;(¢) and
Xs(t) are close to z1(t)N and zo(t)N for t € [t1,t2]. We define the event

4
Aps = { sup | Xi(t) — 2 (£)N] < (5—>N for i = 1,2}. (6.14)
te(t,t2] 4

Note that the constant C5 does not depend on N, but 5 and A2 depend on N.
Lemma 25. For sufficiently large N, we have P(ASy| F,) < € on the event Ay n-

Proof. Let A = §*=F(C2+C1) /12, We will first prove that for sufficiently large N, on the
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event A(1)7N,

54
P(tesﬁ%;] |X(t) — z(t)] > T ]:t1> <e.
By (6.6) and (6.7), we have
B(X(t)) — b(X(t))
1 1—2X1(t) — Xa(t) — X3(2)
= s (X1 (t), Xo(t), X3()) | 1 | +p | 1= X1(t) — 2X5(t) — X3(t)
-1 Xu(t) + Xa(t)

Because Xz(t) € [0,1] for all : = 1,2,3, and t > 0, we have
1B(X(t)) = b(X(t))| < Dr+ D'p,

for some positive constants D and D’. Thus,

/ * 18X (8) — b(X(1))|dt < (Dr+ D)t — t1) = (Ca + C1) (DG) +0'(£)). (615)

t1 S

In the recombination dominating case, because r < s, 4 < s, 1 <€ Ny, and

ring (Nr) < s, if N is sufficiently large, then

(192(CA22+ 01)> (J\z) <e (6.16)
(Ca + C1) (DG) + D’(%)) <A, (6.17)

and
Kprin(Nr) _ 5 (6.18)

In the mutation dominating case, since r < s, u < s, an Nu? < s , if N is sufficiently

large, then (6.17) holds and

- A. (6.19)

In this proof, we assume that N is large enough so that in the recombination dominating
case, (6.16), (6.17) and (6.18) hold, and in the mutation dominating case, (6.16), (6.17) and
(6.19) hold.

Now, let us consider the process (X(t),t > 0). By Markov property of the process, if
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we condition on F%,, the process after time ¢; behaves as if we start the whole process again
with X(¢1) as the initial condition. Now, let us fix the value of X(t1) = (&1,&2,&3), and
consider the process starting at time ¢; with this initial condition. Note that by starting
the process from this fixed start point, the function f and = defined in (6.10) and (6.11)
are no longer random, which allows us to use Theorem 24.

We define T' = t5 — t1, and note that A = §le F(C24C) /12 = (§4/4) . e~ k)T /3,
which is in the form required in order to use Theorem 24. We let L = 48/N and define the

events

Qo = {|IX(t1) — 2(t1)] < A}

o, = { [ 180xe) - bexeian < A}

t1

Qp = {/t (X (1))t < LT}.

t1

First, we consider €. In the recombination dominating case, if X(t1) = (&1,&2,&3)

satisfies (2.3) and (2.4), then by (6.18), we have

X (t1) — x(t)] < [X1(t1) — 21 (t2)] + | Xao(t) — 22(tr)] + [Xs(t1) — z3(t1))]
K{rin(Nr)

<0+0+

<A.

Similarly, in the mutation dominating case, if X(t1) = (&1, &2,&3) satisfies (2.3) and (2.5),
then by (6.19), we have

X (t1) — a(t)] < [X1(t1) — 21 (t2)| + | Xa(t) — 22(tr)] + [ Xs(t1) — z3(t1))]

+N22
<0404 ~im 1
S

<A.

Next, because of (6.15) and (6.17), we have that Qf = ). Lastly, by (6.5), it follows

that

/ * (X ()t < (%8)(152 _ )= LT.

t1

So, Q5 = 0.
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Therefore, if X(t1) = (&1, &2, &3) satisfies (2.3) and (2.4) in the recombination dom-
inating case, or satisfies (2.3) and (2.5) in the mutation dominating case, by Theorem 24

and (6.16), we have that

4
P< sup |X(t) —z(t)| > o

X(ty) = (51,52,53)>

tefts,ta] 4
< M—T +0

N

. 192(Cs 4 Ch) 1
() ()
<e.

Note that the upper bound does not depend on the value of (£1,&2,£3). By Proposition
2, on the event Ay, we know that X(t1) = (£1,82,83) satisfies (2.3) and (2.4) in the
recombination dominating case, and satisfies (2.3) and (2.5) in the mutation dominating
case for sufficiently large N. Using the Markov property of the process, we have that on
the event Ay v,

4
P( sup |X(t) —z(t)| > o
tE[tl,tQ] 4

]:751> S €.
Thus, from the definition of the event A1z in (6.14), on the event A(y) v,

4
P( fz’ft1)<P< sup |X(1t)—g;(t)|>5Z

tet1,ta]

ft1> Sﬁg

which completes the proof. ]

6.2 Results on type 3 individuals

We will now show that for sufficiently large N, with probability close to 1, X3(t2)
has the same order as (NrIn(Nr))/s in the recombination dominating case, and has the
same order as (N2u?)/s in the mutation dominating case. The proof mainly has two
parts. In the first part, we will show that X?Etl](tg), which was defined to be the number
of type 3 individuals at time ¢ that descend from the type 3 individuals at time ¢y, has
order (N7In(N7))/s in the recombination dominating case, and (N?x?)/s in the mutation
dominating case. In the second part, we show that Xétl’tﬂ (t2) and X?Ef,l’m](tg) are much

smaller than X:L,tl] (t2).
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Lemma 26. For sufficiently large N, for allt > t;
BIxI) | 7] < 0 Xy ().
Proof. From (4.11) and Proposition 9, we have that for ¢t > ¢,
Xa(tr) = 2§ () = B[ 25 (1) ‘ Fu| = Ele Jiy Ga()dv xlta] 4y ] Ful.
Because of Lemma 11, for sufficiently large N,
E[e_ Jiy Gato)dv xlta] 4 ] ftl} > E[e_ Jiy 250 xelnl ) ] fh} - e—%ﬁ—tl)E[Xgﬂ(t) ‘ fh]
Thus, for sufficiently large IV,
BIxJ) | 7] < et xy 1),

and this completes the proof. O
Lemma 27. The following statements hold:

1. In the recombination dominating case, there is a positive constant Ko, that does not

depend on N, such that for sufficiently large N, on the event Ay N, we have

Ko Nrin(N
P(’Zgl](t2> —Xg(tl)’ > \/ 50 AT 22( 7’) ‘ftl) <e.

2. In the mutation dominating case, there is a positive constant Koy, that does not depend

on N, such that for sufficiently large N, on the event Ay n, we have

Kom N
p(]zg11(t2> —Xg(tl)’ >4 2 TM ‘J—}l> <e

Proof. First, consider the recombination dominating case. From (3.31) and (3.32), for all
t > 0, we have that Bgﬂ(t) <1and Dgl](t) < 1. Also, from (3.23) and the fact that s < 1,
for sufficiently large N, for all ¢ > 0,

Gs(t) > —r. (6.20)
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By Proposition 9, (6.20), and Lemma 26, for sufficiently large N,

V [t1] b2 2r(u—t1) [t1]
ar<Z3 (t2) “Ftl) <FE e -2X3" (u)du

t1

)

to
< ge2rita—t) / B[ X} (w) | F]du

t1

t
< 262’"('52_“)/QeQS(u_tl)Xs(tl)du

t1

25(t2—t1) -
= eZrlt2—t1) <e 1>X3(t1).

S

By Proposition 2 and the definitions of ¢; and 3 in (5.12) and (6.13), for sufficiently large
N, on the event A v,

v (ACAC) K Ny In(N
Var (24 (t2) | 7, ) < X OO0 (e L o 7,)> (6.21)
2e2C2HCV K NrIn(Nr)
< = :
We define
Koy = 26X CHCI (6.22)

Since the process (Zgl](t), t > 0) is a martingale, we have that E[Zgﬂ(tgﬂftl] = Zgﬂ(tl) =
X3(t1). Hence, by Chebyshev’s inequality, we have that for sufficiently large N, on the

event A n,

Ko, Nrln(N
(| - x> 22 Y | ) <

For the mutation dominating case, the proof is almost exactly the same. The only

difference is the inequality (6.21), for which Proposition 2 gives that

52 52

2(Co+C1) fr+ N72,,2 2(Co+C1) r+ N2,,2
V&I'(Z:[}tl](tQ) ’Fh) < 62(C'2+Cl)-g<e (© 1)[{Mn‘N H > < 267 1)K1mN H .
In this case, we pick

Kom = 22 FC) g

m*

(6.23)

The proof is now completed. O
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Lemma 28. There exist positive constants K| and K} that do not depend on N, such that
for sufficiently large N, we have

!

1. p<X§ngl<t2> > K % ]ft1> <e.
€
!

b e > 0| 5 ) <.
€

Proof. We will first prove part 1. Let U(t) and V(¢) be the numbers of times that the
number of type 3m(t1,t2] individuals increases and decreases respectively during the time

interval [t1,t]. Then, for ¢t > t1, we define

t
Wot) =00~ [ (M) + B x5 )

t1

t
W_(t) =V (t)— [ DRl x {2 ) du,

3m
t1

W (t) = W () — W_(2).

Then, both processes (Wi (t),t > t1) and (W_(¢),t > t;1) are mean-zero martingales, and
so is the process (W,,(t),t > t1). We also have that

XUV = U1) — V(1) = W(t) + / t (M) ) + G () X4ix ™ (w) ) s

t1

Thus, from Lemma 11, for sufficiently large N, if ¢ € [¢1, 2], then

t1,t ¢ ti,t t1,t
Bl | R = 0+E[ / (M52 () + Gy () X5 () )

t1

)

IN

E[ /t t (,L(X1 (w) + Xa(w)) + 23X3<;yt21(u))du

)

t
< E[/ (Nu + 23X§f711’t2](u)>du

t1

)

¢
< Nu(ty —t1) +/ 2sE {X:,(,le’tgl(u) ‘ ftl}du.

t1
Here, we define
K{ = 62(C2+Cl)(02 + 01) (6.24)
From Gronwall’s inequality, we have

KN
E[Xéf’)ll,tQ] (tQ) ‘ -Ft1:| S N,U/(tQ _ tl)eQS(tgftl) _ 1TH,
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and by Markov’s inequality, we have that
K, N
P<X§£;’”] ()2 ==~ ’ fn) =
€ s

Now, we will prove part 2. The proof is similar to the the proof for part 1. First,

we have that there is a mean-zero martingale (W,.(¢),¢ > ¢;) such that

ti,t ¢ t1,t ti,t ti,t
Xydwzwqw+/(@h#@+®fﬂ@@;#@ﬁw

t1

for all ¢ > t;. From (3.21), Lemma 11 and r < s, for sufficiently large N, and for ¢ € [t1, t2],

t
Bl | F] =0+ E[ / (RS () + GEH x5 () ) du

t1

)

<s[ [ (Ve () o)+ (25 4+ 1) XS ) )| 7,

t1

IN

¢ tt
E[/ (Nr + (2s +r)X§r1’ 2](u)>du
t1

)

= Nr(t—t))+ /t(Qs + T)E{X(tl’tﬂ(u) ‘ ftl}du

3Im
t1

t
< Nr(ta —t1) +/ 3sE [ngl’tﬂ(u) ‘ ftl]du.

t1
We define
K} = Ty + ). (6.25)

From Gronwall’s inequality, we have

K\Nr

E[Xg(,f,l’w](m) ‘ ]:tl} < Nr(ty — tl)e?’s(t?_tl) =
and the result follows from Markov’s inequality. O

Recall the constants Koy, Kom, K1 and K} defined in (6.22), (6.23), (6.24) and (6.25).

Now, we define the following events in both cases:

K, N

A]_3 — {X?E?L:tﬂ (t2) < -1 . M} (626)
€1 S
K, Nr
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In the recombination dominating case, we define

Ay = {\ZE”(@) ~ Xafty)| < o/ Koe AT IRA) } (6.25)

while in the mutation dominating case, we define

Kom N
A5 = {‘Zz[;tl](tz) - X3(751)‘ < S : SM} (6.29)
Lastly, in both cases, we define
15
A(Z),N = A(l),N N ( m Az> . (630)
=12
Lemma 29. For sufficiently large N, on the event A n, for i =1,2, we have
142 Xi(t 1+ 42
< — (t1) <t (6.31)
2 Xi(t1) + Xo(t1) 2
and )
1—90
—— < flty) €162
1462~ f(t2) <

Proof. First note that if ¢ > 0, then the function g(x) = z/(z + ¢) is increasing on the

interval (0, 00). Then, from Proposition 2, on the event Aq)y,N, for sufficiently large N,

X1(th) - (1—62)e - (1—62)e~ 162
Xi(t) +Xo(t1) ~ (1-682)e O+ Xo(t) ~ (1—6%)e 1 + (1 +0%)e~ 2
and
X (t1) < (14 62)e= < (14 62)e= 14 52
Xl(tl) + Xg(tl) (14 (52)6_01 + X2<t1) —(1+ 52)6701 +(1- 52)6701 2

By the same argument, we get the same bounds for Xy (t1)/(X1(t1) + Xo(t1)).
Now, recall the definitions of B and f in (6.9) and (6.10). By Proposition 2, (6.31)
and the definitions of ¢1,ty and Cs in (5.12), (6.12) and (6.13), for sufficiently large N, on
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the event A v,

1

1 —s(ta—t1)
1+ <X1(t1)+X2(t1) 1)6 o
< 1

f(t2) =

=1-6%

and

1

_ 1 _ —s(ta—t1)
1+ (Xl(t1)+X2(t1) 1>e o
1

eC —
1+ (ﬁ _ 1)6 (C2+C1)
1

U (% 1) (i =) (50)

From the way we define 6 and Cj in (5.2) and (5.4), we have e©* > 8/§2 > 32 > 15/2, and

(o)) = () ()

Thus, we have

Y

1 1— 62

1_|_12_5§2 1467

f(t2) >

and this completes the proof. O

6.3 The proof of Proposition 3

Proof. Recall the definition of A ) x in (6.30). From Proposition 25, Lemma 27 and Lemma
28, for sufficiently large IV, on the event Ay

o s

1=12

ft1> > 1 —4e.
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Thus, from Proposition 2, we have

15
P(A@g)N) = P<A(1)7N N ( ﬂ AZ)) > (1 - 4€) — P(Afy) y) > 1 —2le.
=12
From now on, we will work on the event A(y) . By the definition of the event Ajp
in (6.14), the definition of the function z in (6.11), and Lemma 29, for sufficiently large N,

on the event A9 v,

Xl(tg) < IEl(tQ)N+ (T)N

" 4
(5 (tff};z )N+ (Z)w
(1 + 52) (- )N+ ((S:)N

:(1_54)N,

IN
M

[\
W

and

Xi(t) > x1(t2)N — (T)N

' y
- (X1<tf§1+(t};2<t1>>f N = ()N

52 _ 52 4
() ()= (F)
/1387 25t &
-GS e 1)

()

v

Both the upper and lower bounds for Xs(t2) follow from the same argument.

Now, we prove statement 2. Assume that we are in the recombination dominating
case. By the definition of Zgﬂ(t) in (4.11), the definition of A5 in (6.28), the inequality
(6.20) and Proposition 2, on the event A v,
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Xs(tz) > X5 (1)
— 71 (ty)elix Gl

Ko Nrin(N
> <X3(t1)—\/ 60 . rnz( T)>e_r(t2_t1)

s
o (KiNrin(Nr) \/KOT, NTI(NT) (vt
- s € s2
_ NTIII(N?") . e_(c2+cl).£ K- — K()r . 1
s Lr e Nrln(Nr))
We define
K, =K, /2.

Because 1 < Nr and r < s, for sufficiently large N,

K, Nrin(N
Xy(ty) > e NTINT)
S

By the definitions of A;3, A14 and A;5 in (6.26), (6.27) and (6.28), and by Proposition
2, we have that for sufficiently large IV, on the event Ay) y,

Xa(ts) = X (t2) + X2 (85) + X502 (1)

m

t
= Zi (tg)eli Gat o x(tad gy o () )

< (Xg(t]_)—l—\/K;OT~NTIH(NT)>€2S(t2tl)"'_fi{'w‘f‘%’m

52 s € s

< (K;‘N?”ID(NT') +\/K07" . ]Vrln(]\rr)>€2(C'2-i-01)_|_I(i‘JVM_*_I(é ﬂ
€ €

s s? s € s
Nrin(Nr) Ky 1
e SV K+ ro 2(C2+Ch)
s (( 1T+\/ € NT‘ID(NT))e
K] K]} 1
4 1. _ K 4 2. .
e rin(Nr) e In(Nr)

We define the constant
K = 2K X @20, (6.32)
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Because 1 < N and p < r, for sufficiently large NV

K3 Nrin(Nr)
e

X3(ty) <

Lastly, consider the mutation dominating case, where we will prove statement 3.
The proof is similar to the proof of part 3. First, by using (6.29) instead of (6.28), for
sufficiently large N, on the event A v

Xs(tz) > X{(t2)
=z (t) el a1

We define
Ky, = Ky,,,/2.

Since 1 < Ny, for sufficiently large N, on the event Ay y

Ko N2 112
S

Xs(t) >

By the definitions of A3, Aj4 and Ajs in (6.26), (6.27) and (6.29), and by Proposition 2,
we have that for sufficiently large N, on the event Ay y

+ 2,2 / !
Xaft) < (K0 e M)y o B N KGO
S € S € S € S

N2p? Ky 1 K, 1 K, r
— A KE mo_— ) e2(CetCr) 4 21— T2 .
s (( i+ € Nu)e * € Nu+ e  Np?

We define the constant

Ky, = 2K X020, (6.33)
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Because 1 < Ny and r < Np?, for sufficiently large N,

_ KN

X3(t) 5

This completes the proof. O

Chapter 6, in full, is a part of the paper that has been submitted for publication of
the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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Chapter 7

Phase 3 and proof of Proposition 4

In this phase, we will use martingales and submartingales to approximate the num-
ber of type 0 and type 3 individuals. The ideas of the proof are similar to those used in
phase 1. At the end of this chapter, we will give a proof for Proposition 4.

We define the constant

K+
Cy—3—In < 2T> in the recombination dominating case

K
Cy—3—1In (52m> in the mutation dominating case,

where the constants K and K, are defined in the equations (6.32) and (6.33). We define

the time
1 2 C:
—In s + =2 in the recombination dominating case
s prn(Nr) s
l3 = (7.2)
1 2 C
—In ( 5 3) + =3 in the mutation dominating case.
s Ny S
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Next, we define the following stopping times:

Ty = inf{t > 19 : Xl(t) -+ Xg(t) < (1 — 3(5)N}, (73)
t

T5 = inf {t >tyrs | X3(v)do > 1}, (7.4)
to

Te = inf {t > to : Xo(t) > dNe (130t~ 1 (7.5)

T(3) =Ty NT5 N\ Tg. (76)

In both cases we define

Ag = {T4 > t3 N\ T(3)}, (77)
A7 = {X([)tz](t VAN T(3)) < g . Neis(l*ga)(t/\T(?’)*tQ), for all t > tQ}, (78)
t3/\T(3) _
Aig = {S/ Xg(v)dv < 1}. (79)
to

In the recombination dominating case, we define the following events:

e3+H(C3—C2) N

Ao = { X200 T < IO for it € [, 1]

€ “In(Nr)

(7.10)

52 N
Aoy = 4 X2 Bl AT, R 11
20 { am (13 N T(g)) < GK;; rIn(Nr) (7.11)

2

_ (t2,t3] < o . N

A21 {X.?)T (t VAN T(g)) ~ <€K2t'> h’l(N',") } (712)
24K} Nrin(Nr
Aoy = { sup Z:L)m](t A T(g)) — Xg(tg)’ < \/ . 2( )} (7.13)
tElta,ta] € §
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In contrast, in the mutation dominating case, we define

3+(C3—-C2)
Agg = {Xéf«2’t3](t ATg) < © g e TN =) g all ¢ € [t27t3]}7
€ u
52 1
Agy = 4 X 2Bl AT ) < ( )} 7.14
20 { 3m (t3 AT (3)) &P ) n (7.14)
Ay = {X§t2’t3](t3 NTig) < <52 > : r}, (7.15)
g — EK;_m /1'2
[2e4K5 N
Agg = { sup Z:[gtg](t A\ T(g)) — Xg(tg)‘ < =——2m. 'u}.
te[ta,t3] € §

Lastly, in both cases, we define
22
A(B),N = A(2),N N ( m Az) . (716)
i=16

Note that the constant C'5 does not depend on N, but the time t3, the stopping times, and
the events we had just defined depend on N.
We will first give bounds on the growth rates of type 0 and type 3 populations.

Lemma 30. The following statements are true.
1. Ift € [ta,Ty), then Go(t) < —s(1 — 39).
2. Ift € [ta, T4), then —s(1 + Xs(t)) —r — 2u < GU25 (1) < —s(1 — 38) + 7.
3. Ift € [to, Tg), then s(1 — X3(t)) —r < G3(t) < s(1+ gems(1=30)(t=t2))
b Ift € [ta, Ts), then s(1 — Xs(t)) —r < GY2P(8) < s(1 4 se=s(1=30(t=12)) 4o

Proof. By the definition of Ty in (7.3), if t € [t2, T4), then X (t) + Xo(t) > 1 — 34, and from
(3.33), we have that Go(t) < —s(X1(t) + Xa(t)) < —s(1 — 38). From (3.34), if t € [t2, Ty),
then G[()i,z’m](t) < —5(1 —36) + r, and by using the fact that X (u) + Xo(u) + X3(u) < 1 for
all u > 0, we also have that Ggf’tg](t) > —s(1+ X3(t)) —r — 2p.

Now, from the definition of Tg in (7.5), if ¢t € [te,Tg), then the equation (3.23)
implies that Gs(t) < s(1 + Xo(t)) < s(1 4 de=s(1=30(=t2)) "and G3(t) > s(1 — X3(t)) — 7.
Part 4 follows directly from part 3 and (3.26). O
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7.1 Results on type 0 individuals

Lemma 31. For sufficiently large N, on the event Ay n, we have P(A{;|F,) < 66.

Proof. First, from part 2 of Proposition 3, on the event A n, we have that Xo(t2) <
N — Xi(t2) — Xa(t2) < 362N. From Proposition 9, the process (Z([)tﬂ (tATiz)),t >t2) is a
martingale. Hence, by Lemma 30 and Doob’s maximal inequality, for sufficiently large IV,

on the event Ay v,

t>to

P(Af7|F,) = P(SUPX (t AT(3)e eS(1=30)(tNT(g)~t2) > 71 oN 'ft2>
<r(

AT(3> (SN
supX t/\T y)e —Jip 7 Golv)dv 2‘}}2)

t>to

= P A0 A Ty) 2 75 | 7)
)
E[Z[tQ] (ts ‘]—}2}

= TN/2

_ Xo(t2)

~ 6N/2

< 64,

which completes the proof. O
Lemma 32. For sufficiently large N, we have P(A$y|Ft,) < €

Proof. We will first prove this result in the recombination dominating case. By Proposition
10, the process (Wé?’td(t AN Ty),t > t2) is a submartingale. Also, note that from the
definitions of t3 and ¢3 in (6.13) and (7.2), we have that

> > LGB0 (7.17)

1
ts —ty = —1
ST T n<rln(N7“) s
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From Proposition 10, Lemma 30 part 2, (3.30), and the definition of 75 in (7.4), we have

[ rtsnI(3) _ e 2431 0y e
E[Wéimta] (t3 A T(3))’-7'—t2} - FE / R(()tg,ts} (w)e S Go 23 (v)d du’}—w]

LJto

r t3/\T( ) ” ~
<FE / Y Nreli 8(1+X3(”))+r+2“dvdu‘ft2]

LJt2

r rtanNT X
<F /3A . Nres(uftz)Jrftzs SXB(U)d“Jr(TJrQM)(tgtQ)du‘]:tz]

LJt2

t
< IO+ Hta—t) N, / P slu-ta) gy,
to

< elt(r+2u)(ts—ta) | os(ts—t2) Nr

S

N
< 1+(T+2/L)(t3—t2) . C3—C9 . ) 1
=€ ¢ In(NT) (7.18)

Because 1 < Nr and r < s, for sufficiently large N,
r s r s
-In|l—— ) <-In|( - 1
s n(rln(Nr)) ~ s n<7“> <h

r(ts —t2) < 1. (7.19)

and it follows that

Also, since p < r, we have

plts — t2) < 1. (7.20)
Hence, from (7.18), for sufficiently large N, we have

N

E[Wé?’tg] (ts A T(3))‘ft2} < 2H(Cs=C2) 7ln(Nr)'

Thus, from (7.19), Lemma 30 part 2 and Doob’s maximal inequality, we have that for
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sufficiently large IV,

P(Afg|F,)

= P Sup X(i27t3] t A T eS(l*S(S)(t/\T(g)ftQ) > )
<te[tz,t31 or (1 Tio) e (V)

S P( sup XO(iQ,tE;] (t A T(g))es(1—35)(t/\T<3)—t2)—7“(t3—t2)
tE[tQ,tg]

>

637T(t37t2)+(03702) N
. Fiy
€ In(Nr)
2+ (Cs—C2) N

(to,ts] 5(1—38) (tAT 3y —t2)—r(t3—ta)
<Pl sup X3 (tATg))e © > .
(te[tg,tg] 0 ®) € In(Nr)

IAT(3) \(to,ts] 2+4+(C3—C2) N
é P( sup X(SZQ,tB] (t A T(g))e* ftz G0r2 3 (v)dv 2 e ) ‘ t2>
t€[ta,ts) € In(Nr)

62+(03*C'2) N
=)

(t2;ts]
=P( sup W,, tANT3y) > .
(tE[tg,tg] 0 ( (3)) € h’l(N’l“)

IN

€.

Now, for the mutation dominating case, we observe that from the definitions of to

and t3 in (6.13) and (7.2), we have

1 Cs —C
t3_t2231H<NSM2>+ 33 2. (7.21)

From the fact that 1 < Ny and g < s, we have

Cy —C
u(tg—t2)§g1n<z>+w<<l.

Also, from r < s and (3.4), we get

r(ts — to) < gln (Z) +W <1,

which show that (7.19) and (7.20) also hold in this case. By following the same argument

as in the recombination dominating case, we obtain that for sufficiently large NV,

BWi ey A Ty)| Fio] < O,

and P(A§q|F,) <e. O
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7.2 Results on type 3 individuals

Lemma 33. For sufficiently large N, we have that for t € [ta,t3],
(t t3] GSNM t—t
E X 2,43 (t/\T(g ‘Ft2i| < . 65( - 2)7
s

and P(Ag|Ft,) > 1 —e.

Proof. The proof is similar to that of Lemma 14. First, recall that the process (Zs, (t2,ta] (t A
T(3)),t > t2) is a mean-zero martingale by Proposition 7. By (4.1), for all ¢t > t9, we have

tAT (3

tAT, u
Bleha sty n i) 7| = B [/ Y ) e fi Gy,

to

ft2:|7

From (3.18), Lemma 30 part 3, and the definition of 75 in (7.4), we have that for every
t e [tg,tg],

t/\T(3) w
E[ / Mt (e~ S G3(”)d”du‘ﬂ2} (7.22)
to
< E|:/ NN e ftQ S(l—Xs(v))—rdydu :|
to

e N
< Ny E[/M 3) o S(u—t2)+s fz€5 Xs(v)dvtr(ts—ta) g,

to

)

< ettrts—t)  Ni (7.23)
S

t
< 61+T(t3—t2) X N,LL/ e—s(u—tg)du

)

From (7.19), for sufficiently large N and for all ¢ € [to, t3],

E[/ " e g ‘fm} <

to

Also, by Lemma 30 part 3, we have that for all ¢ > to,

tAT (3
E |:€_ ft2 G3(v)de§¢T2L,t3] (t A T(g)) ‘ft2i|

> ¢y s(ise o) (X525t A )| 72

> e—S(t—t2)—1_5W ) [Xgi’t?”d (tA T(3)) ‘J—"@] .
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Therefore, using that § < i, for sufficiently large N, we have that if ¢ € [t9, t3], then

3
E X(tg’tg](t/\T(?) ‘]:ﬁ} 2tits  NH sttotn) < ENE et
- S - S

It follows from this inequality, along with (7.17), (7.21) and the definition of C5 in (7.1)

that in the recombination dominating case, for sufficiently large NV,

3 2
(t2,t3] ) € N/’[’ s(tz—t2) __ 3+(C3—C2) N/’L _ 0 Nlu’
E|X; T —_— = . = .
[ (ts A Tis) }—h} =75 € ° rin(Nr) K. ) rin(Nr)’

while in the mutation dominating, for sufficiently large NV,

e3N 2 1
E[X“W(t AT ‘ftQ] < B gsltata) - <5+ > -
§ K2m H

Thus, by Markov’s inequality, in both cases, we have that P(AS)|F,) < e. O

Lemma 34. For sufficiently large N, we have that for t € [ta, 3],

3
FE X(t2 t3](t A T(g) }.7:152} < Nr . es(t_t2),

and P(A21|J—"t2) 2 1—e.

Proof. The proof is almost exactly the same as that of Lemma 33. Recall from Proposition

7 that the process (Zé?’tg”r] (t NTi3)),t > t2) is a mean-zero martingale. By (4.2), for all

From (3.29), we have that R(tz’ts](u) < Nr for all u > to. Using the same reason as in
(7.23), for every t € [ta,t3,],

t > to, we have

IANT(3) (ta,t3)] ) tAT(3) (t2:13] () gy
[ ft2 G3'r2 3 (U)de§i27td](tAT(g))’.Ft2i| _ El:/ Rgtz,t5 ( ) ft2G 2,13 (v)d Jdu

)

Nr
o

tAT(3) u o(t2,t3]
E[/ R:(gtz,ta](u)e— o G328 (U)dvdu

to

ft2:| S €1+r(t37t2) .
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Also, by Lemma 30 part 4, we have that for all ¢ € [to, t3],

tAT,

(3) A(ta.ts]
E [e— Jis Gg,2? (v)deéiQ’tS} (t A T(3)) ‘]:tz]
S o iy (e 0=300 1) ) ay E[X?E:Q’t3](t A T(g))‘]:tg:|
> e—s(t—t2)_%w_T(t3_t2) - F [Xéiz’tﬂ (t A T(g)) ’.7-",52} .
Therefore, using that § < 1, from (7.19), we have that if ¢ € [t2, 3], then

3
Nt ey o ENT
S S

t—tz)

E[Xéi%ta] (tA T(3))’-7:t2} < el+2r(t37t2)+ﬁ : el .

It follows from this inequality, along with (7.17), (7.21) and the definition of C3 in (7.1)

that in the recombination dominating case, for sufficiently large N,

3 2
(t2;t3] <€ Nr . oS(ta—t2) _ 34+(C3—C2) | N — 0 . N
BX ey A T | P < = e ‘ n(Nr) ~ \K3,) In(Nr)’

while in the mutation dominating case, for sufficiently large IV,

3 2
(to,ts] ‘ < e’Nr L oS(ta—t2) _ 57 T
FE [Xi%r (tg A T(g)) Ft2] == e K;_m ,LL27

Thus, by Markov’s inequality, in both cases, we have that P(A$;|F:,) < e. O

Next, we will bound the probabilities of the events Aig, A1g and Aso, but we will
need an upper bound for the term E[X};Q](t A1) | Ft,) first.

Lemma 35. For sufficiently large N, for allt > to, on the event A N, we have

eK Nrin(Nr) | oslt—t2)
s

in the recombination dominating case
E[Xétﬂ (t/\T(3))‘]:t2] <
K5, N2 12
S

- eS(t=t2) i the mutation dominating case.

Proof. From Proposition 9, we know that (Zgﬂ (tAT)),t > tg) is a martingale. So, from
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(4.11), Lemma 30 part 3, and the fact that § < i, for all t > to,

tAT,

3)
B[ 2t A T)| Fir| = E[X:*[fg](t ATig))e fa  CoO

)

INT(3) —5(1-38) (v—
> E|:X:[,)t2](t/\T(3))€_ft2 8 s(l—i—ée (1-38)( tz))dv ]:t2:|

t —s(1=30)(v=
N s (145e=s(1=30)( tQ))d”E[X?EtQ] (tA T(3))‘-7:t2]

S efs(tftg)flfﬁE [X:[’)tQ] (t A T(g))‘ft2:|

v

e B[ XA Tig) |
Therefore, for all ¢ > to,

E [Xa[fﬂ (t A Tis)) ‘fm] <ettmHp [Z:E,m (t A Tig)) ‘}—tz]
_ es(t7t2)+1Zg2](t2)

_ es(t—tz)-ﬁ-l)(:i (tg),

and from the upper bound of X3(t2) on the event A,y x in Proposition 3, the result follows.
O

Lemma 36. For sufficiently large N, on the event A(g) n, we have P(Aig|Fy,) > 1 — 52.

Proof. In the recombination dominating case, from Lemmas 33, 34 and 35, we have

t3AT(3)y _
E[s/ Xs(v)dv

t2

]
< / 7 (E [X'étﬂ (v A Ti3) )fm} +E [Xéii’tB] (v A T(z)) ’ftz]

t2
+ F [Xé?’tg] (v A T(3)) ‘ftg] ) dv

t3
< / (ng;rln(Nr) cesT) L 3y esv ) By 65(”_t2))dv. (7.24)
to

Because p < r and 1 < Nr, along with the definition of C5 in (7.1), for sufficiently large
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N, on the event A() n, we have

t3/\T(3) 5 ts
E|:S/ X3<'U)d’l) Ft2:| S / egK;;,T h’l(N/r) . eS(’U—tz)dv
to "
< M . 63(t3,t2)
B s
— 3H(C3-C2) e+

2r

=52

Thus, by Markov’s inequality, we have P(ASg) < 62.
For the mutation dominating case, we can follow the same argument. Note that in

this case, instead of getting (7.24), Lemma 35 gives that

t3/\T(3) _
E[s/ X3(v)dv

to

t3
< / (el(';;n]\f,u2 cet0Tt) g3y es(vTt) g g3y es(”’t2)>dfu.

to

)

Because 1 < Nu and r < Np?, for sufficiently large N, on the event Ag),n, we have

t3/\T(3) B
E[s/ X3(v)dv

t3
S/ e?’K;mN/f'eS(”*tQ)dv,
to

to

)

and by following the previous argument, we prove the result. O
Lemma 37. For sufficiently large N, on the event A(9) N, we have P(Az|Fy,) > 1 —e.

Proof. We first consider the recombination dominating case. From Proposition 9, part 3 of

Lemma 30, Lemma 35, and (7.19), for sufficiently large N, on the event Ay y, we have
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that

Var(Z:gtz] (ts NT(3)) ‘ .7:t2>

. -/tsATw) o2 iy Gaw)dv (B:[,f?](u) + Dg”](u))X;)[fQ](u)du ftz]
L Jts
. -/tsATw) 20 (s(1-Xs()—r)dv | QXI[)’tQ](u A Tiz))du ft?}
LJt
B '/ZtS/\T@) 8725(u7t2)+25 I X3 (v)dv+2r(ts—t2) | 2X;£,t2](u A T(S))du ]:'52]
L Jts
< /:3 e~ 2s(u—t2)+2+42r(t3—t2) o [X;)[,m](“ A1) ‘}-t?] du
2
< 9e2Hr(ts—ta) / ® astumty) | K NTINT) ) (7.25)
S
_ 2¢* K3 NrIn(Nr) t2/t3 esut2) gy,
S to

< 2¢* K Nrin(Nr)

= 82 .

It follows from this inequality and the L? maximal inequality that

2e4 K5 ern(Nr)) <
: 5 <e.

P(A3,) = P( sup Zém](tAT(:%)) —X3(t2)‘ > \/

tE(ta,ts3]

€ S

For the mutation dominating case, the argument is exactly the same except at (7.25),

the upper bound from Lemma 35 gives

t + 72,2
Var (Z:)[,m (t3 AN T(3)) ’ ]:t2> < e2t2rlls—ta) . / ’ e 2s(u=t2) . Ko N1 esut2) gy,
to $
- 21Ky N2
— 82 )
and the result follows by applying the L? maximal inequality. O

Lemma 38. For sufficiently large N, on the event A n, we have P(Aj|Fi,) > 1 9.
Proof. First, by the definition of Ty in (7.5), we have that

30N
X()(tg /\T(g)) <ON+1< T
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It follows from this inequality, Markov’s inequality, Lemma 33, and Lemma 34 that for

sufficiently large N, on the event A y, we have

P(T4 =13 A T(3)‘]:t2)
= P(X1(ts AN T(3)) + Xa(ts AN T(z)) < (1= 36)N | F,)
—P(Xo(tg/\T(g))+X3(t3/\T3 ) > 30N | ftQ)

_ 30N 30N
< P<X0(t3 N(g) ‘ ftz> (Xs ts N T(3) = —— ’ ]:t2>

2
30N

N i\ 2
< <E [X?[)tz} (t3 /\T(g)) ‘ ft2:| i e : H eSta=t2) 4 % . 6s(tg—t2)> N (7.26)

+F [X?()?’tiﬂ (ts N 1T(3)) ’ .7-}2}) :

At this point, the calculation splits between the two cases. In the recombination dominating

case, by (7.26), (7.17), Lemma 35, and the definition of C3 in (7.1), we have

P(T4 =13 N\ T(3)|]:t2)

< eKS Nrin(Nr) eslts—ta) eSNpu eslts—t2) | eSNr oslta—ta) ) 2
. S s s 30N

3+(C3—-C 34+(C3-C
- (ekgers-en OO Oy o

rIn(Nr In(Nr) 30N
2¢=2§ 9e3+(C3—C2) < L

)
1
3 * 30 rIn(Nr) + ln(Nr)>'

Because 1 < N7 and u < Np? < rIn(Nr) , when N is sufficiently large, on the event
A(Z),Nv we have that P(A(lz6‘]:t2) = (T4 =13 A T "th) < 4.

The proof for the mutation dominating case is almost the same, except at (7.26),
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where Lemma 35 gives

P(Ty=ts N T(3)|.7:t2)
+ 2,2 3 3
S (eszN H X es(tg—tQ) + € Nlu’ . es(tg—tz) 4 € Nr . 68(t3—t2)> .

s S s 30N
2725  2e3H(Cs—C2) 1 r
T '<NM+NM2>‘
The result follows from the facts that 1 < Ny and » < Np2. O

We have just finished showing that each of the events As to Aa; conditioned on Fy,
occurs with probability close to 1 on the event A, n. In the next step, before we eventually

prove Proposition 4, we are going to show that on the event Az) x, we have that T(3) > 3.
Lemma 39. For sufficiently large N, on the event A3y n, we have that Tiz) > t3.

Proof. In this proof, we are working on the event A3 n. By the definition of event A in
(7.7), we know that Ty > t3 A T(3), and from the ways we define T5 and Aig as in (7.4) and
(7.9), we have that T5 > t3 A T(3). So, by the definition of T{3) in (7.6), it is left to show
that Ty > t3 A T(3)-

In the recombination dominating case, by the definitions of the events A17 and Ajg

in (7.8) and (7.10), if ¢ € [ta, t3], then

Xo(t A T) = X§ (EAT) + X5 (8 A Ty

§  e3t(C3—C2) 1 )
< - . .N —S(l—&é)(t/\T<3)—t2).
- (2 * € ln(Nr)) ‘

Since 1 < Nr, for sufficiently large N, we have that Xg (t A T(3)) < 5Ne_5(1_3‘5)(t/\T(3>_t2),
for all t € (t2,t3]. Therefore, by the way we define T as in (7.5), we have that Ts > t3AT(3).
For the mutation dominating case, by following the same argument, we have that

for all t € [to, t3],

34+(C3—C:
e3+(C3—C2) T > 'N6_8(1_36)(t/\T(3)_t2)7

)
Xﬂ(t/\T(?»)) < (2+ E 'NM2

and the result follows because r < Npu?. O
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7.3 The proof of Proposition 4

Proof. Recall the definition of A(3) x in (7.16). From Lemmas 31, 32, 33, 34, 36, 37, and
38, for sufficiently large IV, on the event A(y) n, we have

(A

1=16

]-"t2> >1—4e— 75— 0°

Thus, by Proposition 3, for sufficiently large N,

22
P(Ag)n) = P(A(Q)JV N ( N Ai)) >1—4e—75 — 6% — P(Afy y) > 1—25e — 75 — §°.
i=16
Next, assume that we are on the event A(z) . It follows from Lemma 39 that T3y > t3
when N is sufficiently large. So, by the definition of Tg as in (7.5), we have Xy(t3) <
dNe5(1-30)(ts=t2) " and by using the definition of 3 in (7.2), we prove the first part of the
proposition.

For the proof of the second part of the proposition, we define

szne(CLS_CQ)_Q

5 in the recombination dominating case

K3

(7.27)
K= o(C3—C2)—2
% in the mutation dominating case.

We will first prove the recombination dominating case. From (4.11), the definition of the

event Ags in (7.13), and Proposition 3, we have

Xs(ts) > X1 (t3)
_ Z[t2( ) ft2 G3 d

X[tQ] 8@4K+ NT ln(NT’) eftt;’ G3(v)dv
€ 52
< K2TN7“ In(Nr) \/ 8eiKy, Nr 1n2(Nr)>e [ Gs(v)dv (7.28)
€ S
K 8etK; ‘ 1 ‘ Nrin(Nr) . eftt23 Gs(v)dv.
2r € Nrln(Nr) s
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Since, 1 < Nr, for sufficiently large N,

_ 8et K 1 K,
K2T_\/ e  Nrin(Nr) i’ >0

Hence, from Lemma 30, the definition of T3 in (7.4), inequality (7.19), and the definition of
K3 in (7.27), for sufficiently large N, we have that

KZ; . Nr IH(NT‘) 'eftt; (8(1—X3(v)dv)—r)dv

X3(t3) > 5 .
— KQ_T’ . Nr ln(N'I’) . 68(t3—t2)—7"(t3—t2)—s ftt;’ Xg(v)dv
2 S
S K, ‘ Nrin(Nr) . oslta—t2) =2
- 2 S
Ky, elCs=C2)=2 v
N 2
= K3N.

For the upper bound for Xs(t3), from (4.11), the definition of the event Ags in (7.13),
Proposition 3, the fact that § < %, and the definitions of Cj in (7.1), we have

X§2ty) = 2t o0

< (X:E)tz] (t2) + \/864[{;; ~Nr In(Nr) > eftt23 5(14_5673(1735)@42))@
- 2

€ S

< (K;;NTIH(NT) n \/8@4K2—’; . NT1n2(NT)>es(t3t2)+1536 (7'29)
S € S

8et K5 1
< ( K+ 2r | (C3—=Ca)+1py
- ( 27+\/ € NTIH(NT))e

8ed K 1
_ —252 (C3—CQ)+1 2r
- § : : N.
(e e \/ e Nr 1n(Nr)>

Since 1 <« Nr, for sufficiently large N, we have X?Etﬂ (t3) < ‘QTN. It follows from the
definitions of the events Agg and Ag; as defined in (7.11) and (7.12), along with the facts that
p < Np? < rln(Nr) and 1 < N7, that for sufficiently large N, we have Xgi’t?’] (t3) < ‘SQTN,

and X?E?’t?’] (t3) < ‘QTN Therefore, for sufficiently large N, we have X3(t3) < §2N.

We will now consider the mutation dominating case. Following the same argument

as in the previous case, due to the differences in the definition of Ay and the lower bound
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of XgQ](tg) from Proposition 3, instead of having inequality (7.28), we will have

- 2,2 +
X3(t3> > <K2mN K — \/@ ]V’u>€ftt; G3(v)dv
S € S
= (sz - \/@ 1) AR sty
€ Ny s

Because 1 < Ny, for sufficiently large IV, we have

[8eAK S 1 K
Ko — gy 22m = 772m
2m € Nu > 2 =Y

and by using the same argument as in the previous case, we have that X3(t3) > K3N. For

the upper bound for X3(t2), due to the differences in the definition of Ags and the lower
bound of X?[f?](tg), instead of having inequality (7.29), we will have

Xl () < (HenV22 (8GN st
3 - s € S
< K+ + % . 1 e(C3—C2)+1 5y
= 2m € NM
+
_ <e_252 + e(C3—C2)+1 | \/87 %. 1)]\7’
€ Nu

and because 1 < Ny, for sufficiently large N, we have X:[,fﬂ(tg) < ‘ﬁTN. Lastly, it follows
from the definitions of the events Aag and Asg; as defined in (7.14) and (7.15), along with the
facts that 1 < Np and r < Np?, that for sufficiently large N, we have Xéﬁi’t‘"’} (t3) < VTN,
and X?EiQ’tB'] (t3) < ‘SQTN. Thus, for sufficiently large N, we have X3(t3) < §°N. O

Chapter 7, in full, is a part of the paper that has been submitted for publication of
the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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Chapter 8

Phase 4 and proof of Proposition 5

The main result in this phase can be proved using Theorem 24 as we did in phase
2. First, we define X(t),q,«,3,b and b as in (6.3), (6.4), (6.1), (6.6), (6.7) and (6.8),
respectively. Next, we define a random variable B* such that on the event that Xg(t?,) > 0,

we have

B =—— —1. (8.1)

The definition of B* when X’g(tg,) = 0 is not of interest, as we will work only on the event

A3),n, on which from Proposition 4, we know that X3(t3) > 0. Next, for t > t3, we define

1

i) = 1+ B*e—s(t—ts)’

(8.2)

and define

One can check that
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and, for all t > t3, we have

o) + 25(t) + 24(t) = 1. (8.5)

By computation, we obtain that

d sB*es(t—ts)
o — — sB* —s(t—t3) [ p* 2
dtf (t) (1—|—B*678(t7t3))2 S € (f (t)) J
and (—ta)
d —s(t—t3) px* se " —s(t—t: *
%(e (=t) f () = (1 + Bre—s(t—t))2 = —se TR (1))%,

which along with (8.3) imply that

d * _ —s(t—ts3 * X X
GO EE: -

From (6.7), (8.2), (8.3) and (8.5), for t > t3,

Lastly, we define

1 1
C’:C’—i—ln(—l —1), 8.6
i=coem((m-1) (5 1) 0
1 2
T —2 + g in the recombination dominating case
s purIn(Nr) s
ty = (8.7)
1 2
—In (S?’) + ﬁ in the mutation dominating case,
S Ny S
K3N
Agg = { sup |X;(t) —z;(t)N| < 32 fori=1, 2,3}, (8.8)
tG[t3,t4] 45
Ay, N = A@),n N Azs, (8.9)
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where K3 is a positive constant that was defined in (7.27).
Lemma 40. For sufficiently large N, on the event A(3) n, we have P(Ags|Fy,) > 1 — €.

Proof. The proof is almost exactly the same as the proof of 25. Recall from chapter 6 that
k is a constant not depending on N such that ks is a Lipschitz constant of the function b.

We define
AF ngfk(Ch*CE)
1242 ’

and L = 48/N. We also define

O = {IX(t3) — 2" (t3)| < A"}

o5 = { [ 150x0) - xeplan < &}

t3

o = {/M a(X(1)dt < L(ts — tg)}.

t3

First, we consider the event €25. From Proposition 4, for sufficiently large N, on the event
As),N» we have X3(t3) > 0, which means z*(t) is well-defined. So, by (8.4), for sufficiently

large N, on the event A(3) y, we have

X (t3) — z*(t3)] < |X1(ts) — 25 (t3)| + [ Xa(ts) — w5(ts)| + | Xs(ts) — 23 (ts)]
Xo(t3).

From the upper bound of Xy(¢3) in Proposition 4, along with the facts that rIn(Nr) < s
in the recombination dominating case and Nu? < s in the mutation dominating case, for
sufficiently large IV, on the event Ay we have |X(t3) — z*(t3)| < A*. So, for sufficiently
large N, we have Q¢ C A‘(33)7N.

Next, by similar arguments to those used to prove that Qf = () and Q5 = 0 in
Proposition 4, for sufficiently large N, we have that Q¢ = () and Q3¢ = 0. Therefore, by
Theorem 24, the definitions of ¢3 and ¢4 in (7.2) and (8.7), along with the fact that 1 < N's,

for sufficiently large N, on the event A3 n, we have

c 4A(t4 — t3) 192(04 — Cg) 1
P(A23’}_t4) < A*2 = A2 Nis <,

which proves the result. O
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Here, we will give a proof for Proposition 5.

Proof of Proposition 5. First, from the definition of Ay y in (8.9), and Propositions 4 and
40, for sufficiently large N, we have

P(A(4),N) = P(A(3)7N ﬁAgg) >1—€— P(A((::;),N) >1—26e— 76 — 52.

From this point, we will work on the event Ay . From the definition of B* in (8.1) and
Proposition (4), we have

1 1
— —-1<B"< — —1. 8.10
52 — st ( )

By the definitions of f*(t),ts,ts4, C3 and Cy in (8.2), (7.2), (8.7), (7.1) and (8.6), respectively,
along with the inequality (8.10), we obtain that

1 1 1

fr(ts) = = — — < — =1—- K3,
1 + B*e—(Ca=Cs) o 1 L/ 1 1 1
() G G
(8.11)
and
1 1
fr(ty) = - =1-46% (8.12)

1 1 > _
1+B*(5%—1> (%3—1) 1+<5%—1)
Note that from Proposition 4, it is clear that K3 < §2. Using this fact, the definitions of
Az in (8.8), the definition of x%(t) in (8.3), along with (8.11) and (8.12) , we have

K2N K2N K2 3K
Xs(ty) <ai(t)N+ =" = it N+ =32 < (1-Ky+ =2 )N < (1- 22N
3(ta) < 23(ta) N + 452 f3(ta)N + 452 —< 3+452 = 4 ’

and

KiN KiN K? 502
.X3(t4) S .133<t4)N - 152 f3 (t4)N - 152 = <1 —0“— 452> N = <1 - 74 )N

Lastly, using that K3 < 6%, the definitions x%(t) and Agg in (8.3) and (8.8), along with (8.5)
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and (8.11), we obtain that

. . K3N
X1 (ta) + Xa(ta) 2 (21(ta) + 25(ta))N = —55
K2N

262
K2N

262

= (1 = a3(ta))N -

= (1= f"(ta))N —

K2
> _ 3
- (ko )
S K3N’
- 2

which completes the proof. O

Chapter 8, in full, is a part of the paper that has been submitted for publication of
the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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Chapter 9

Phase 5 and proof of Theorem 1

The technique used in the proof involves coupling with a branching process, similar

to the proof of Lemma 19. We begin by defining

1
t5+ =14+ 1—72(52 . g 11'1(]\75)7 (91)
1
ts- =t1+ (1= 6)- - In(Ns) (9.2)
Tr =inf{t > t4 : X3(t) = N}, (9.3)

Ty = inf{t > t;: X3(t) < N — |26°N|},

A(5),N = A(4),N N{ts— < T7 < ts+}.

First, we will show that with probability close to 1, T7 < Ts and T7 < t54..
Lemma 41. The following statements hold:
1. For sufficiently large N, on the event Ay n, we have P(T7 < Tg|Fy,) > 1 —e.
2. For sufficiently large N, on the event Ay n, we have P(T7 <t54|F,) > 1—€—0.

Proof. We are going to consider the process (N — X3(t),t > t4). For ¢t > 0, let B(t) and
D(t) be the rates the this process increases and decreases by 1 at time ¢. This process
increases by 1 when a type 3 individual dies and is replaced by an individual that is not
type 3. Type 3 individuals die at total rate of (1 — 2s)X3(t), and the probability that the

replacement is a type 3 individual is

(1 =7)X3(t) + r(Xa(t) + X5()) (X2(t) + X3(1))-
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Hence, this process increases by 1 at rate

B(t) = (1-28)X3(t) (1 — (1 — ) X3(t) — r(X1(t) + X35(t))(X2(t) + X3(t))).

The process decreases by 1 when an individual that is not of type 3 dies and is replaced by

a type 3, or a mutation occurs on a type 1 or 2 individual. This occurs at rate

D(t) = (Xo(t) + (1 — ) X1(t) + (1 — 5)Xa2(t))
(1 =) X (t) + (X1 (1) + Xa(t)(Xa(t) + X3(1)))
+ (X1 (t) + Xa2(2)).

Then, for all ¢ > 3, we have

B(t) = (1 —28)X3(t) (1 — X3(t) + 7(Xo(t) X3(t) — X1 (t)Xa(1)))
< (1-28)X3(t) (1 — X3(t) + rXo(t))

< (1= 29)(1+7)X3(t)(1 — X3(t))
<(

1—2s+7)X3(t)(1 — X3(t)),

and

D(t) > (1 —s)(Xo(t) + X1(t) + Xa(t)) - (1 — r) X3(t)
= (1—s)(1—7)X3(t)(1 — X3(t))
> (1—s—7)X5(t)(1 — X3(2)).

Hence, we can think of the process (N — X3(t),t € [ts,T7]) as a birth-death process in
which each individual gives birth at rate bounded above by (1 — 2s 4 ) X3(t) and dies at
rate bounded below by (1 — s — ) X3(t).

Let (Y (t),t > t4) be a birth-death process in which each individual gives birth at
rate b(t) = (1—2s+7)X3(t), and dies at rate d(t) = (1—s—r)X3(t), and Y (0) = N — X3(t4).
It is possible to couple the process (Y (t),t > t4) with the process (N — X3(t),t > t4) such
that for any time ¢ > t4, we have Y (¢) > N — X3(t). This implies that if the process YV
reaches 0 before |262N |, then the process N — X3 will also reach 0 before [2§2N |, which

means that Tr < Tg.
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Here, since we are only interested in the probability that the process Y reaches
0 before |262N|, we will consider the induced discrete-time jump process of (Y (t),t €
[ta, Ty ANT3)). It is an asymmetric random walk process that jumps up by 1 with probability

b(t)  1—2s+4r
b(t) +d(t)  2-3s

and jumps down by 1 with probability

dt)  1—-s-—r
b(t) +d(t)  2—3s

On the event Ay y, we have from Proposition 5 that N — X3(t4) < 50°N/4. Let ¢ =
(1—s—r)/(1 —2s+r), and note that because r < s, for sufficiently large N, we have

1—-1.1s

>-— 5o
1= 17795

For sufficiently large N, on the event Ay y, conditioning on the event N — X3(t4) = k, the
probability that this asymmetric random walk reaches 0 before [262N | is

ko
T St S R0 N

N 2 AN gz (UL
q —

362Ns/4
(1— 1.1s)l/s>

i

and note that this upper bound is no longer depends on k. Since s < 1, when N — oo, we

have
(1-1.9s)Ys 19 ¢

— g
(1—11s)/s el °©

Also, because Ns > 1, it follows that when N — oo, we have

— 0.

(1 — 1.95)1/5 (17200
((1 - 1.13)1/8)

Thus, on the event Ay v, for sufficiently large N, the probability that the asymmetric

random walk reaches 0 before |262N | is bounded below by 1 — e. Therefore, through the

coupling, for sufficiently large N, on the event A(4) n, we have P(T7 < Tg|Fy,) > 1 —¢.

We will now prove part 2 of this lemma. It follows from part 1 that, for sufficiently
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large N, on the event Ay y,

P(T7 < ts54|Fyy) = P({T7 < ts} 0 {T7 < Ts}|F,)
= P(T7 < Tg|ft4) — P(t5+ <T7 < Tg‘fm)
>1—€e— P(t5+ <Ts A Tg‘fu).

So, we only need to show that for sufficiently large IV, on the event Ay v,
P(tsy < T7 NTg|Fy,) < 6. (9.4)
Now, for t € [0, (T7 A T3) — t4], we define
t ~
A(t) = / Xa(ta +v)dv,
0

and for t € [0, \((T A Tg) — t4)), we define Y*(t) = Y(A7%(¢)). The process (Y*(t),t €
[0, \((T7 A Tg) — t4)) is a birth-death process satisfying Y*(0) = N — X3(t4), where each

individual gives birth at rate

b*(t) = bATH )N (@) =125+,
and each individual dies at rate

') =d\ )W) =1 —s -7
For sufficiently large N, on the event that t54+ < Tx A Tg, we have

ts+—ta
)\(t5+ — t4) = / X3(t4 + U)dU
0

> (1 _ LQ‘ZNJ)@H 1)

> (1= 26%)(tsy — ta) = éln(Ns).
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It follows that,

P(tsy < Ty NT5|Fyy) = P{Y (ts4 — ta) > 0} N {ts4 < T7 A T3} F,)
= P({Y*(/\(t5+ — t4)) > O} N {t5+ <717 A Tg}’fm)

< P<Y* (i ln(N8)> > 0’@).

By the same reason we obtain (5.63) which gives the probability that the birth and death
process survives until time ¢, if the process starts with one individual, we can generalize to

the process that starts with any finite number of individuals. If & < 562N /4, then

P(Y* (i 1n(Ns)> > O‘Y*(O) _ k)

1 (1 (1-2s+7r)—(1—s—r) F
= (1—2s+7) —(1—s— T)ef((172s+r)—(lfsfr))-é In(Ns)

s—2r

k
. <1_ )
(1—s—r)e s PNINg — (1 —25+7)

s 562N/4
S 1 - <1 - 2r ) )
(1—s—r)e s PNINg — (1 —25+7)

(9.5)

and note that this upper bound does not depend on k. Now, by using the facts that
r < s<1and 1 < Ns along with (3.3), when N is sufficiently large, on the event A4 y,
on which we know from Proposition 5 that Y*(0) = N — X3(t4) < 562N/4, we have

1 s 562N /4 9 562N/4
= <1- — =1- - — . .
P(Y <S ln(Ns)> > 0’]-"154> <1 <1 0.5N3> 1 (1 N> (9.6)

Note that when N — oo, by using that § € (0, %), we have

562N /4 2
1—<1—;> —>1—e_562N/2§%<5.

This fact along with (9.6) prove the inequality (9.4). O
Next, we are going to show that t5_ < T7 A Ty with probability close to 1.
Lemma 42. The following statements hold:

1. For sufficiently large N, on the event Ay n, we have P(ts— < T7 NTg|Fy,) > 1—2¢ .
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2. For sufficiently large N, we have P(A) n) > 1 —29¢ — 85 — 52.

Proof. The proof is similar to the proof of Lemma 41. In this proof, we are going to consider
the process (Xi(t) + Xa(t),t > t4). For t > t4, let B(t) and D(¢) be the rates at which the
process increases or decreases by 1. We will now give a lower bound for B(t) and an upper
bound for D(t). For the increasing rate, one way to increase Xi(t) + X2(t) is by having a
type 0 or type 3 individual die, which occurs at the total rate Xo(t) + (1 — 25)X3(¢), and
the new individual is type 1 or 2 that is created without recombination, which occurs with

probability (1 — r)(X1(t) + Xa(t)). Then,

B(t) > (Xo(t) + (1 — 25)X3(t)) - (1 — r)(X1(t) + Xa(t))
> (1—2s)(1 —r)(Xo(t) + X3(t))(X1(t) + Xa(t))
> (1—2s—r)(Xo(t) + X3(t)) (X1(t) + Xa(t)).

To decrease X1(t) + Xa(t), one way is by having a type 1 or type 2 die, and this occurs
at total rate (1 — s)(X1(¢) + X2(t)), and the new individual cannot be type 1 or 2, which
occurs with probability bounded above by 1 — (1 — r)(Xy(t) + Xa(t)). Another way to
decrease Xi(t) + X2(t) by having a type 1 or 2 mutate to type 3, which occurs at rate
w(X1(t) + Xa(t)). So,

D(t) < (1= s)(X1(t) + Xa(t)) - (1= (L — r)(X1(t) + Xa(t))) + (X1 (L) + Xa(t))
((1 = 8)(Xo(t) + X3(t) + r(X1(t) + Xa2(t))) + 1) - (Xa(t) + Xa(2)).

When ¢t € [tg4, T7 A Tg|, we have

and

Hence, when t € [t4, T7 A Tg],

D(t) < (1= s)(1 47+ 2p)(Xo(t) + X3(6))(X1(t) + Xa(t))
< (1= s+ +20)(Xo(t) + X3()(Xa (1) + Xa(t)).
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Let (Y (t),t > t4) be a birth-death process such that Y (t4) = Xi(t4) + Xa(t4),
in which each individual gives birth at rate b(t) = (1 — 2s — r)(Xo(t) + X3(t)) and each
individual dies at rate d(t) = (1 — s 4 r 4 2u)(Xo(t) + X3(t)). We can couple this process
with (X7 (¢)+Xa(t),t > t4) such that for any ¢ € [ts, T7 AT3], we have Y (t) < X;(t) + Xa(t),
which means that if Y (¢) > 0, the X7 () + X2(t) > 0. Now, we consider the induced discrete
time jump process of (Y (¢t),t € [ts, T7 A Tg]). It is an asymmetric walk that jumps up with

probability
b(t) 1-2s—r

b(t) +d(t)  2—3s+2u

and jumps down with probability

dt)  1—s+r+2p
b(t) +d(t)  2—3s+2u

Next, for t € [0, (T7 A Tg) — t4], we define
t ~ ~
At) = / (Xo(ta +v) + X3(ta +v))do.
0

Since Xo(t4+v)+X3(ty+v) < 1 for all v > 0, it follows that for ¢ € [0, (T7 ATg) —t4], we have
A(t) < t. Now, we define Y*(t) = Y (A\71(¢)). The process (Y*(t),t € [0, \((T7 A Tg) — t4])
is a birth-death process such that Y*(0) = X;(¢4) + X2(t4), in which each individual gives
birth at rate

b (t) = bATH )N @) =125 — 7, (9.7)

and each individual dies at rate
d*(t) =d\HE))NTH#) =1 —s+r+2u. (9.8)

With these birth and death rates, we can extend the process Y* to be the birth-death
process that is defined for all times ¢ € [0,00), where the rates at which each individual
gives birth and dies are given in (9.7) and (9.8), respectively.

We will first show that for sufficiently large IV, on the event Ay v,

P(ve((1-6) tmne) >o0lF,)>1-- (9.9)
(v (0= jmvn) > ol)
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Similar to the way we get (9.5), if & > Kg’N, then

1
P<Y* ((1 —9)- sln(NS)) > 0|Y*(0) = k‘>
:1_<1_ (1—=2s—7r)—(1—s+r+2pu) >k
(1—-2s—7r)—(1—s+7r+ 2,u)ef((1*28*’")*(1*3”+2“))'lTﬂs In(Ns)

(e s+2r+2u ’
= B 20207 1y (N s)+ 2A=9D8 15y (N's) 1-6 _ (1 = —
(1—s+r+2u)e s 5 (Ns) (1-2s—1)

S a2
>1—-11- ;
= < (1—s+r+ 2M)62(1;5)r 1n(NS)+2(1;5)I& In(N's) (Ns)lﬂ; —(1—2s— 1")>

and note that this lower bound does not depend on k. Note that from Proposition 5, we
know that on the event Ay n, we have Y*(0) = Y (1) = X1(t4) + Xa(t4) > K3N/2. Using
the facts that u < s, r < s, s < 1 and using (3.3), when N is sufficiently large, on the

event A(4),N7

(9.10)

Note that because 1 < Ns, when N — oo,

(<N>>ﬁ

This fact along with (9.10) proves (9.9).
Lastly, by using the couplings and from part 1, the fact that \(¢) < ¢, part 1 of
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Lemma 41, and the definition of 77 in (9.3), for sufficiently large N, on the event A4 x

p(r(a-s9.!
= P(Y*(ts— — t1) > 0| F%,)
= P({Y*(t5_ — tq) > 0} N {ts_ < Tr A Tx}| Fs,)

+ P({Y*(t5— — t4) > 0} N {T%x A Ts < t5_}| F2,)

1ln(Ns)> > O’]—"t4>

< P(ts— < Ty NT3|F,) + P{Y*(T7 — t4) > 0} N{T7 < T} Fe,) + P(Tr > Tg| F,)
< P(ts— < Ty NT3|F,) + P{Y*(MTr — t4)) > 0} N {T7 < T3} Fe,) + €
= P(ts— < Ty NT3|F,) + P{Y (Tr — t4) > 0} N{T7 < Ts}|F1,) + €
< P(ts— < T7y NT3|F,) + P{X1(T7) + Xo(T7) > 0} N {T7 < T} F,) +
= P(ts— < T7 NT3|F,) +

Therefore, for sufficiently large N, on the event A4y n, we have P(t5— < T7ATg|Ft,) > 1-2e.

Lastly, to prove part 2, by using part 2 of Lemma 41 and part 1 of this lemma, for
sufficiently large IV, on the event A4 n, we have that P(t5— < T7 < t5¢|Fy,) > 1 —3e — 0.
With this fact and Proposition 5, for sufficiently large N, we have P(A(5) n) = P(A@),n N
{ts— < Tr <ts}) >1—29 — 85 — 42 O

Proof of Theorem 1. First, for every subsequence (Nj)32,, there is a further subsequence
that satisfies (2.1), or there is a further subsequence that satisfies (2.2). By a subsequence
argument, it is enough to prove Theorem 1 in the recombination dominating case and the
mutation dominating case. Now, recall that the stopping time 7" defined in Theorem 1 is
the first time that type 3 individuals have fixated in the population. We will show that if
6 € (0,1), then for sufficiently large N, we have

P((1=0)th(ry) <T < (14 60)ty(ry)) =1 — 38e.

We choose 4 to be small enough so that 1) § < ¢, 2) (1—-6%)"t <1+60and3)1-25 > 1—6.
From part 2 of Lemma 42, for sufficiently large IV, we have P(A5) x) > 1— 29 — 85 — 52 >
1 — 38¢. Note that from the definition of 7% in (9.3), we have 77 = T V t4. Also, by the
definition of t5_ and the fact that 1 < Ny < N's, for sufficiently large N, we have t5_ > 4.
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Thus, for sufficiently large N, we have
P(t5_ <T< t5+) = P(t5_ <T7 < t5+) > P(A(E)),N) > 1 — 38e.

It is enough to show that (1 — 8)t} (rn) < ts5— and t54 < (14 0)th(rn).
Recall the definition of ¢}, in (1.5). Because of (2.1), in the recombination dominat-

ing case, for sufficiently large N,

. 1 Ns3;

Next, in the mutation dominating case,

1 Ns3
th(ry) < —1In N), 9.12
W) < oo (S (9.2
and because of (2.2), we have
1 Ns3 1 Ns3 In(1
tyv(rN)zln< °N 2):111( 3N2>— nlve) (9.13)
sy \un-(LVO)Npy ) sy \unv - Npy SN

From the definitions of ¢4 and ¢54 in (8.7) and (9.1), we have that

1 1
tsy =ty + ———  — In(N
=l o, mlVsw)
1 1 Ns3 C
—— - —1n °N + % in the recombination dominating case
1—-282 sy un -y In(Nry) SN
<
1 1 Ns3 C
—— - —1n % + 2 in the mutation dominating case.
1-26% sy pn - Npusy SN
From (9.11) and (9.13), we have
1 1/In(1vC)
tsy < ——th |\ ———=+C4. 9.14
5+—1—252N(TN)+3<1—252 + 4> (9:14)

Because 1 < Nuy < Nsy and uy < N,u?\, < sy, along with ryIng (Nry) < sy, we

have

* 1 SN SN ) 1
ty(ry) = —1In| Nsy - — - > —. 9.15
() SN < N pn  max{Np%,ryIng (Nry)} SN (9.15)
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From (9.14) and the way we choose 0, for sufficiently large N,

1 * *
ts+ < 752t (rv) < (1+0)ty(rw).

By a similar argument, from the definitions of ¢4 and ¢5_ in (8.7) and (9.2), we have

v

1 Ns3
(1—5)-1H<SN2>+C4
SN pN - Ny

in the recombination dominating case

in the mutation dominating case.

From (9.11), (9.12), and (9.15), for sufficiently large N, we have

ts— > (1= 0)in(rn) + Gy (1 =20)tn(ry) = (1 = 0)tx(rn),

SN

which completes the proof.

O]

Chapter 9, in full, is a part of the paper that has been submitted for publication of

the material as it may appear in Electronic Journal of Probability, 2019. The dissertation

author was the author of this paper. The paper is also available at arXiv:1904.09922.
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