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by

Shouvik Ganguly

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California San Diego, 2020

Professor Young-Han Kim, Chair

Cloud radio access networks (C-RANSs) have been touted as a viable alternative to current
communication network architectures for handling larger data volumes and higher throughput
requirements, in order to serve a growing number of data-hungry devices. In this dissertation,
we study information theoretic models of uplink and downlink C-RANs and explore questions
on optimal data throughputs and large-network size asymptotics. In addition, as a first step
on the path to achieving these tradeoffs in practice, we demonstrate how one can build codes
for multiuser networks and provide finite-blocklength performance guarantees by starting from

single-user codes.
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Chapter 1

Introduction

With ever-increasing demands for higher data rates, better coverage, and more reliable
connectivity for a large number of devices, new network architectures and protocols are expected
to play an important role in future communication systems. The cloud radio access network
(C-RAN) architecture [42,43] is one of the candidates, being implemented extensive in the
upcoming 5G systems. In this architecture, communication over a group of cells is coordinated
by a cloud-based central processor. Fig. 1.1 depicts uplink and downlink C-RAN systems
schematically.

Base stations in a C-RAN, unlike in conventional cellular networks, do not perform
all network functionalities locally, but instead delegate most of them to a central processor by
communicating with it over wired or wireless fronthaul links. If these links have unbounded
capacities, the base stations act as spatially distributed antennas of a conventional multiple-input
multiple-output (MIMO) system, that use beamforming to coordinate transmission and mitigate
interference among multiple cells. For the more realistic situation of limited fronthaul link
capacities, beamforming in a downlink C-RAN is typically performed at the central processor
assuming no capacity constraints, and the corresponding baseband signals are digitized individu-
ally for each base-station and transmitted through the fronthaul links. For uplink, the received
signal at each base-station is similarly digitized individually according to the corresponding

link capacity, and transmitted to the base-station. These approaches often lead to high fronthaul



capacity requirements.

As an alternative to this greedy beamforming—digitization approach, we investigate near-
optimal coding schemes for the C-RAN architecture and their achievable throughput tradeoffs
by modeling the entire system as a two-hop relay network. In this model, which was studied,
for example, in [43,68, 69], the base stations act as relays that summarize the received signals
from user devices to the central processor (uplink) and transmit the prescribed signals from the
central processor to user devices (downlink). Communication-theoretic results on this model

were presented in a recent volume edited by Quek, Peng, Simeone, and Yu [43].
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Figure 1.1.  (a) Uplink and (b) downlink cloud radio access networks.

Several coding schemes have been proposed in the literature for the uplink C-RAN
with K users (senders) and L relays. Zhou and Yu [69] applied the network compress—forward
relaying scheme [26] to this model and showed, by optimizing over quantizers, that under some
symmetry assumptions, this scheme achieves the optimal sum-rate within L/2 bits per real
dimension uniformly over all K and all channel parameters. Sanderovich, Someskh, Poor, and
Shamai [47] used the same scheme and analyzed the large-user asymptotics (i.e., the scaling
law) of symmetric achievable rates when all fronthaul links have equal capacities. Zhou, Xu,
Yu, and Chen [68] subsequently showed that under a sum-capacity constraint on the fronthaul
links, the coding scheme in [69] and [47] can be simplified through successive cancellation
decoding, generalizing an earlier result for the single-sender multiple relay network [46]. Aguerri
and Zaidi [2] proposed a hybrid coding scheme of network compress—forward and compute—
forward [35], and demonstrated that it outperforms the better of the two in general. Aguerri, Zaidi,

Caire, and Shamai [3] specialized the noisy network coding scheme [29] to the uplink C-RAN,



the achievable rate region of which coincides with that of network compress—forward [47, 69].
Park et al. [38] studied joint decompression and decoding for the uplink.

The most general outer bound on the capacity region of the uplink C-RAN can be obtained
by specializing the cutset bound [18]; see, for example, [69] and the references therein, as well
as Proposition 2.2.2 in this thesis. The cutset bound has been further tightened under additional
assumptions. Aguerri, Zaidi, Caire, and Shamai [3] studied the uplink C-RAN in which the relays
are oblivious of the codebooks of the senders, and demonstrated that network compress—forward
(or noisy network coding) achieves the capacity region. Simeone, Somekh, Erkip, Poor, and
Shamai [52] studied the uplink C-RAN with one sender, L oblivious relays, and unreliable
fronthaul links, and derived an upper bound on the capacity, which was numerically shown to be
close to the network compress—forward lower bound under certain network parameters.

For the downlink C-RAN with L relays and K receivers, a variety of coding schemes have
been proposed. Hong and Caire [23] studied a low-complexity reverse compute—forward scheme
for symmetric rates. Liu and Yu [31] applied network coding and beamforming to the downlink
model with a noiseless multi-hop fronthaul. Motivated by the MAC-BC duality, Liu, Patil, and
Yu [30] proposed compression-based schemes and established a duality between achievable rate
regions for the uplink and downlink C-RANs. El Bakouri and Nazer [14, 15] applied integer-
forcing based joint beamforming and compression strategies and demonstrated a duality between
uplink and downlink C-RANs under this framework. Bidokhti and Kramer [7] studied the 2-
relay, single-user downlink C-RAN and used rate-splitting across relays and Marton coding with
common message to derive capacity lower bounds. Bidokhti, Kramer, and Shamai [8] studied the
L-relay, single-user downlink C-RAN and used Marton coding and rate-splitting across relays,
but this time with no common message (due to the complexity for L > 2). Wang, Wigger, and
Zaidi [59] studied the three-hop, 2-relay, 2-user downlink C-RAN with relay cooperation, where
the relays communicate with each other once, simultaneously, per network use. They applied the
generalized data-sharing (G-DS) and distributed decode—forward (DDF) [28] coding schemes

to this network, numerically showing that G-DS outperforms DDF in the low-power regime



with a Gaussian second hop. More recently, Patil and Yu [41] have shown that under fronthaul
sum-capacity constraints, a successive encoding scheme achieves the same rate region as DDF.
Shamai and Zaidel [48] introduced a combined linear pre-processing and encoding scheme for
the Gaussian downlink C-RAN based on factorizing the channel gain matrix and using writing
on dirty paper [10, 11], which was shown to enhance the performance. Jing et al. [24] studied
base station cooperation for downlink transmission in a multicell model for the soft handoff
scenario [65] and analyzed the performance of linear precoding schemes under this framework.
Simeone et al. [53] studied multicell processing for the downlink and investigated transmission
schemes requiring partial or complete channel knowledge at the base stations. Liu and Kang [32]
developed an achievability scheme for the L = 2 relays and K = 2 users case by combining
Marton coding [17, Section 8.3] with using correlated codewords for the multiple access channel.
In a dual approach to [38], Park et al. [39] studied joint precoding and compression for the
downlink.

The most general outer bound on the capacity region of the downlink C-RAN can be
obtained by specializing the cutset bound [18]; see, for example, [8] and the references therein,
as well as Proposition 2.3.2 in this thesis. The cutset bound has been further tightened for specific
network configurations. Bidokhti and Kramer [7] derived capacity upper bounds for the 2-relay,
single-user downlink C-RAN by tightening the cutset bound through channel enhancement
techniques [25,36]. These bounds are tight for the single-user symmetric Gaussian C-RAN under
certain parameters, establishing the capacity for those cases. These upper bounds were further
generalized to L > 3 relays and a single user by Bidokhti, Kramer, and Shamai [8]. In related
work, Yang et al. [66] developed outer bounds for the downlink multicell processing model with
L =2 relays and K = 2 users.

For a more comprehensive review of both uplink and downlink C-RAN:Ss, the reader is
referred to [40,42,51, 54] and the references therein.

In Chapter 2, we specialize network compress—forward (or equivalently, noisy network

coding) to the uplink C-RAN and approximate the capacity region to within a constant gap per



user, independent of the channel gain matrix and the power constraint. A similar approximation
is achieved for the downlink C-RAN by simplifying the distributed decode—forward coding
scheme [28].

In Chapter 3, we characterize the scaling behavior of the C-RAN sum-capacity for large
network size under various channel models and compare it to the capacities of currently-used
network architectures.

Chapter 4 extends the results of Chapters 2 and 3 to MIMO C-RANS, in which users and
relays have multiple local antennas.

While it is useful to theoretically quantify the best possible throughput tradeoffs across
multiple users in a communication network, the aforementioned coding schemes are often used
more as proof techniques than as a prescription on how to efficiently transmit information over
real networks in practice. The practical problem of coding for point-to-point channels has
seen enormous advances in recent years, with the advent and extensive studies of several low-
complexity coding schemes that approach or achieve the Shannon capacity. Of particular note
among these are the turbo codes [6], low-density parity-check (LDPC) codes [19,27,45], and
polar codes [4]. While a multitude of information-theoretic results on achievable rate tradeoffs
for multi-user channels exist in the literature (see, for example, [17, Chapter 1] and [16] for
comprehensive reviews), we are far from achieving known inner bounds with low complexity
coding schemes due to the high computational complexity in implementing some sophisticated
multi-user coding schemes, such as Marton coding [17, Theorem 8.3 and Proposition 8.1] for
broadcast channels and simultaneous decoding [17, Chapter 4.5.1] for multiple access channels.

At such a juncture, Chapter 5 starts out with the long term goal of turning theoretical
coding schemes into efficient approaches in practice. In this chapter, we start out with Gelfand—
Pinsker (GP) codes [21] for binary-input, binary-state channels and construct codes for binary-
input multiple access channels (MAC) and finite-alphabet broadcast channels (BC). Coding for
these single-hop, multiuser networks are an important first step towards building practical codes

for C-RAN and even more general multihop networks.



Chapter 6 concludes the thesis, along with comments on possible future directions of
investigation.

Throughout the dissertation, we follow the notation in [17]. In addition, we use the

following. In Chapters 2 and 4, we use ||A||r := \/tr(AAT) = /tr(ATA) to denote the Frobenius
norm of a matrix A. For a natural number n, we denote by [n] the set {1,...,n}. We denote
a finite tuple of objects (x;,/ € S) by the shorthand notation x(S), for S C N. For example,
x([n]) = x" = (x1,...,x,). For a tuple of random variables X (S) := (X;,/ € S) and a random

variable Y, we define the total correlation

) p(x(S)[y)
rx@)y):= ) px(S)ylog——"—"—=) IX:X([-1]NS)[Y)
x(;‘,y [lies p(xly) ,;s
as a multivariate generalization of conditional mutual information [62]. For functions f and
g from N to R, we say f ~ g if f(n)/g(n) — 1 as n — oo. Further, log(-) and In(-) denote

logarithms to base 2 and base e, respectively. All information measures are in bits.



Chapter 2

Approximate Capacities of C-RANs

Uplink and downlink cloud radio access networks are modeled as two-hop K-user
L-relay networks, whereby small base-stations act as relays for end-to-end communications
and are connected to a central processor via orthogonal fronthaul links of finite capacities.
Simplified versions of network compress—forward (or noisy network coding) and distributed
decode—forward are presented to establish inner bounds on the capacity region for uplink
and downlink communications, that match the respective cutset bounds to within a finite gap

independent of the channel gains and signal to noise ratios.

2.1 Introduction

In this chapter, we apply network compress—forward (or equivalently, noisy network
coding) to the uplink C-RAN and show that the scheme achieves the capacity region approx-
imately within (1/2)log(eL) bits per user per real dimension, regardless of the channel gain
matrix, power constraint, and the number of users K. When the fronthaul link capacities are
unbounded, the approximation is precise and the network compress—forward inner bound (as
well as the cutset outer bound) coincides with the fronthaul-unlimited uplink capacity region.

Likewise, we specialize and simplify the distributed decode—forward coding scheme [28]
to the downlink C-RAN with capacity-limited single-hop fronthaul. In this scheme, multicoding

at the encoder (as in Marton coding for broadcast channels [17]) is coupled with coding for



fronthaul links, which allows more efficient coordination among the transmitted signals at the
base-stations. We show that our rate region achieves a per-user gap of (1/2)log(eKL) bits per
real dimension from the cutset bound. This result refines the best-known linear gap from capacity

for this model (implicit in [30]).

2.2 Uplink C-RANs
2.2.1 General Model

We model the uplink C-RAN as a two-hop relay network in Fig. 2.1, where the first hop,
namely, the (wireless) channel from the user devices (senders) to the radio heads (relays), is
modeled as a discrete memoryless network p(y©|xX), and the second hop, namely, the channel
from the radio heads to the central processor, consists of orthogonal links of capacities Cy,...,Cr,
bits per real dimension, decoupled from the first hop. To be more precise, the channel output at
the central processor (receiver) is (W, ..., W), where W; € [2"C!] is a reliable estimate of what
relay / communicates to the receiver over n transmissions. We assume without loss of generality

that these communication links are noiseless.

X
! Y1 Cl
ply"|z") “ " Y
. — Y Cr
Figure 2.1.  Uplink network model.
A (Z”R L., 2Rk n) code for this network consists of K message sets
[27R1], ..., [2"Rk]; K encoders, where encoder k € [K] assigns a codeword x{ to each my, € [2"R¥];

L relay encoders, where relay encoder / € [L] assigns an index w; € [2"C!] to each received
sequence y}; and a decoder that assigns message estimates (7, ...,/ix) to each index tuple

wh = (wi,...,wr). We assume that the messages Mj,...,Mg are uniformly distributed and



independent of each other. The average probability of error is defined as Pe(") = P(U,If:1 (M, #
M;}). A rate tuple (Ry,...,Rk) is achievable if there is a sequence of (2"%1 ... 2"R& p) codes
with lim,,_. Pe(n) = 0. The capacity region is defined as the closure of the set of all achievable
rate tuples.

The noisy network coding scheme [29] can be specialized [3] to the uplink C-RAN model
as follows.

Codebook generation. Fix apmf p(q)[IX_, p(xx |q) [T, p($1|y1,¢). Randomly generate
a time-sharing sequence ¢" ~ [T\, po(gi). For each message my € [2"R], generate x (my) ~
[T Px,|0(Xkilg;) conditionally independently. Define auxiliary indices #; € [Q”él], l € [L], for
some auxiliary rates {R;,! € [L]}. For each
(wi,1y) € [27) x [2"%1] and I € [L], generate §7 (wy,1;) ~ [T, Py, (il 4:).

Encoding. For k € [K], to send message my, encoder k transmits x}. (ny).

Relaying. On receiving y}, relay [ finds (wy,#;) such that (¢",y}, 3} (wi,1;)) € Tén) and
transmits w; to the central processor via the noiseless fronthaul. The compression at relay /
succeeds w.h.p. if

Cr+ R > 1(Y:1). 2.1)

Decoding. Let € > ¢'. Upon receiving the index tuple w”, the central processor finds

message estimates 71y, ... ,Hig such that

(q" X (1), ... X () Fr w1y, S (wiotp)) € T

for some 71, ...,7.. The decoding succeeds w.h.p. if

Y Re+ Y R <I(X(8)):Y(S5)|X(S)+ Y 1(v: 1))
keS8 €S, ISY)

= Y (YR Y (1-1]N&),7(85),x") (2.2)
€S



forevery S| C [K], S C [L] such that S| # 0. Combining (2.1) and (2.2) to eliminate the auxiliary
rates R; and introducing a time-sharing random variable Q leads to the following inner bound on

the capacity region of this network. (See Section 2.2.3 for a complete proof.)

Proposition 2.2.1 (Network compress—forward inner bound for the uplink C-RAN). A rate tuple

(R1,...,Rk) is achievable if

Y R <I(X(S1):7(S5)[X(SD), 0+ Y G
keSS, €S

=Y I(h Y ([1-1n82),7(85), X%, 0) (2.3)
€Sy

for all Sy C [K] and S, C [L] for some pmf p(q) T p(xk | @) T~y P51 [ y1,4).
Specializing the cutset bound [18] to the uplink C-RAN model leads to the following.

Proposition 2.2.2 (Cutset outer bound for the uplink C-RAN). If a rate tuple

(Ry,...,Rk) is achievable for the uplink C-RAN, then

Y R <I(X(851):Y(S5)|X(S)).0)+ ). G (2.4)
keSS €Sy

forall S| C [K] and S, C [L] for some pmf p(q) [1X_, p(xx| q)-
For completeness, we provide a proof of Proposition 2.2.2 in Section 2.2.3.

Remark 2.2.1. As the fronthaul capacities Cy, . ..,Cr, tend to infinity, this uplink C-RAN channel
model becomes identical to the “fronthaul-unlimited” uplink channel from K senders to a single
receiver with L receive antennas, i.e., the multiple access channel p(y"|xX) with K senders
Xi,...,Xk and one receiver YZ. In this regime, both the inner and outer bounds can be shown to

converge to the capacity region of the fronthaul-unlimited uplink channel, characterized by rate
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tuples (Ry,...,Rg) satisfying

Y R <I(X(S1):Y"(X(S)),0)
keSS,

for every S; C [K] for some pmf p(q)[Ixex) P(*k|q)- In contrast, for finite fronthaul link
capacities Cy,...,Cr, no matter how large, we can always find networks for which the capacity
region of the uplink C-RAN is strictly smaller than the fronthaul-unlimited uplink capacity

region, as demonstrated in Chapter 3.3.1.

2.2.2 Gaussian Model

We now assume that the first hop of the network is Gaussian, i.e.,
vt =GxX 475,

where G € RE*K is a (deterministic) channel gain matrix and Z* is a vector of independent

N(0, 1) noise components. We also assume the average power constraint P on each sender, i.e.,
Y xi(m) <nP, my e 2™, ke K]
i=1

The network compress—forward inner bound in Proposition 2.2.1 can be specialized to

this Gaussian network model to show the achievability of all rate tuples (Rj,...,Rg) such that

1
GS SlGSL S —|—1)—|— Z C— | 22|1 og (1 —l—;) =: fin(S1,82) (2.5)

Y R < —log‘

2
keS; o-+1 €S

for all S; C [K] and S, C [L] for some 62 > 0. Here, Gss s, is the submatrix of G formed by the
rows with indices in S5 and the columns with indices in Sj. This follows by considering X K'to be
a vector of i.i.d. N(0, P) random variables, and setting ¥; = ¥; + 7, [ € [L], where Z; ~ N(0, 62).

For convenience, for every 6> > 0, we denote the set of tuples (R, ...,R) satisfying (2.5) and

11



hence, achievable by network compress—forward (NCF), by %%CF(Gz). We also denote the

achievable sum-rate for each 6> > 0 by

Rgl%f( 2) = sup {R1—|—~-~+RK:(R1,...,RK)GQL%CF(GZ)} (2.6)
(R1,-.-.Rk)

= m1n< lo ‘ G~ +I‘—l— ZC | 2|l (l—l—i)> 2.7)

= g\ log G s O LT BT e))

We establish the following useful property of the inner bound (2.5), which will be useful in
developing some insight into the nature of the achievable region, as well as in approximating the

capacity region.

Lemma 2.2.1. Forany S; C [L] and §{ C S; C [K],

fin(81,82) < fin(S1,S2).

Proof. Letting Gs; x denote the column vector consisting of the elements of G with row index in

S5 and column index k, we have

T
GS§781 GSE,Sl Z GSC kGSC k — = Z GSC k/GSC K = GSL S/ GSC S/

keS) KeS;
which implies that
M tog| 1 Gis5,Gl s +1|2 1og) S Gse5 Gl g+
2 Cloz41 % ! F1 5SS
and hence, that fi, (S],S2) < fin(S1,S2), since the other terms remain the same. O
Lemma 2.2.1 immediately implies that
I%iznfin(‘sivSZ) < r%iznﬁn(ShSZ)- (2.3)

12



Remark 2.2.2. We can establish (2.8) directly from Proposition 2.2.1, which implies that it
continues to hold for the general inner bound. Moreover, we can show that the inner bound (2.5)

is a polymatroid for each fixed 62 > 0.

We now specialize the cutset bound in Proposition 2.2.2 to the Gaussian uplink C-RAN

model.

Lemma 2.2.2. The cutset bound (2.4) can be simplified and relaxed for the Gaussian model as

Y R < —1og‘PG3§,31GSCS +1‘ +Y G
keS; €S

= fout(SlaSZ)- (29)

Proof. Continuing from (2.4), we have

Y R <I(X(81):Y(S5)|X(S), 0+ Y, C
keS) €S,
a : : S5
Dy (85)[X(85).0) 2 og2me) + ¥ €)
€S

S5
= 1 (Gog s X(81) + Gy X (8) + 2(55) X (87).0) — 1

1531 log(2me) + Z C
2 =
€S,

log(2me) + Y G
€S

=1 Gy 5, X(S1) +2(S5) X (7). 0) -

|53
—-log(2me) + ) G

lESz
@log(Zﬁe) + Z C
2 =t
€S,

D (G 5,X(S1) +2(85)| Q) —
=Y h(Gss.5,X(S1)+Z(S5)|Q = q)plq) -
q
oyl
q

0g(27re E[X(S)X(S)T |0 = q}GScsl%—ID

l\)l>—‘

_@

5 log(2me) + Z C

€Sy

) 1
= ZE log ’GSC,&K& (Q)Gsc S +1‘ r(q)+ Z G
q eSS,
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—

e

<

D= =

log ‘G3§751K51 G§§7Sl —|—I‘ + Z G
lES)

< 1og‘P(}Si-,glcgw1 +1’+ Yy C.

€S

Here, (a) follows since Y (SY) is an i.i.d. Gaussian vector given XX, (b) follows since X (S;) and
X (SY) are conditionally independent given Q, (c) follows from the (vector) maximum entropy
principle, and in (d), K, (¢) is a diagonal matrix consisting of {EIX? |0 =¢q].k€S}. In (e),
Ks, is a diagonal matrix consisting of {E[X?],k € S1}, and (e) follows from the concavity of the
log—determinant function of a symmetric matrix. Finally, the last inequality follows since each

diagonal entry of K, is upper-bounded by P. 0

Our main goal of this section is to quantify how well network compress—forward performs
for the Gaussian network, by comparing its achievable rates in (2.5) with the cutset bound in (2.9).

In particular, we establish the following result.

Theorem 2.2.1. For every G € RE*K and every P € R, if a rate tuple (Ry,...,Rk) is in the

cutset bound (2.9), then the rate tuple (Ry —A)™",...,(Rx — A)") is achievable, where

1
A < —log(eL) ~ 510gL—|—0.722.

| =

Moreover, the sum-rate gap between the cutset bound and the network compress—forward inner

bound is upper-bounded as

L K
LH(K/L) < Klog(eL/K), L>2K
2 2 ) y
Agum := Rgﬁn — sup Rls\l/lcr;f(cz) <
62>0

Sl

, L < 2K,

irrespective of P and G, where H(-) is the binary entropy function.

Remark 2.2.3. Theorem 2.2.1 tightens the existing sum-rate gap of L/2 bits per real dimension

[69].

14



Proof of Theorem 2.2.1. Let

A= max minSz fout(Sl 732) - min82 ﬁn(S] ,82)

S1C[K] |S1
S17£0

. (2.10)

Suppose that (Ry,...,Rg) lies in the cutset bound, and let A = {k : R, > A}. Then, for every

nonempty S; C [K],

Y Re—)t= Y (Re—4)

keS; keSiNA

= Z R; — |SlﬂA|A
keSiNA

(a)
< min [fout(sl NA, S2>} - (minfout(sl NA, 82) - minfin(Sl NA, SZ))
S S S

=min fjn(S1NA,S,)
S

b)
< min fi,(S1,82),
S

where (a) follows from the cutset bound (2.9) and the fact that

A — max ming, fout(S1,S2) —ming, fin(S1,S52)
Si S1
- ming, fou(S1NA,S2) —ming, fin(S1NA,S)
- |S1N A ’

and (b) follows from (2.8). Hence, A, as defined in (2.10), satisfies the requirements of Theo-

rem 2.2.1. Now, for every o2 >0,

ming, fout(S1,82) — ming, fin (81,82)

A = max
S |Sl|
(%) max fout(SlaS2) — fin(Sl’SZ)
S1,52 |Sl|

15



[ T
:?%ﬁ 2|81]10g P Geo oG I
i o211 75551 85,81"'
r rank(Gs¢ s, )
(¢) 2 PBi+1 < 1 )
= max log——+|Sy|log | 1+ —
51,5 _2|81| g{ gozl)+lﬁi+1 52| log o?
(d) min{L— [, k} a1 1
< =08 Jog(1 4+ 62) 4+ — 1 1—]. 2.11
T, [ ok leell+ )+2k0g( +02) @.11)
le{0,....L}

Here, (a) follows from the fact that for functions f and g defined over a finite set X', such
that ¢ > f everywhere on X', minge y g(x) — minye v f(x) < maxex[g(x) — f(x)], (b) follows
from (2.5) and (2.9), and in (c), B, Pz, ... are the (nonnegative) eigenvalues of Gs; s, G‘%’ S5
Finally, in (d), we take |Si| =k, |Sz| = [, and upper-bound rank(Gs; s,) by min{L —[,k}. The

maximization in (2.11) yields

slog(c?+1)+ 5 log(14+ %), o*>1,

o< 1.

%log(1+§),

Since this holds for every 02> 0, we set 602 =L — 1 for L > 2 to obtain

1 —1 1
A< =logL | 1+ —
< 5log + > 0g< +L—1)
(2)11 LBt ]
_Eog + 7 -L_loge

< %log(eL). (2.12)

Here, (a) follows since from elementary calculus, we know that for x > 0, log(1 +x) < xloge.
For L = 1, we can choose 02 =1 to obtain A < 1. This, together with (2.12), establishes

the first part of Theorem 2.2.1. For the sum-rate gap, we simply consider

Agum < gl%x (fout(SlaSZ) _fin(SlaSZ))

1,92
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min{L — [, k} a1 1
< - - — = . .
< ]1;2?[?] [ 5 log(l1+o )+210g (1—1—62)} (2.13)
1e{0,....L}

Maximization of (2.13) over [ and k yields, for o2 >1

- )

A - %10g(1+62)+L_TK10g(1+é), L>K,
sum =

Llog(1+0?), L<K.

For L < 2K, we can then choose 02 =1 to obtain an upper bound Agym < L/2. For L > 2K, we

can choose 62 = L/K — 1 > 1 to obtain

K L L—K K
Asum < Elog (E) + ) log (1 + ﬁ) (214)
L K1 L e K 1 1
2\ % \k [
L
= SH(K/L),
2
completing the proof. [

2.2.3 Proofs of General Bounds on the Capacity Region

Proof of Proposition 2.2.1. Our analysis of the coding scheme follows that in [29] but is consid-
erably simpler because of the relative simplicity of our network model. We omit the time-sharing
sequence ¢" for simplicity of notation.

Without loss of generality, let m® = (1,..., 1) be the messages sent. Then the error events
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are:

&= { (Yln7?ln(wlatl)) ¢ T;n) for all (wy, 1;,) for some l}.
gl = {<Xln(1)7'~'7X£(1)7Y1H(Wlafl),...,YLn<WL,tL)) ¢ ’7'8(”) for all ZL}.
&= {(Xl"(ml),...,X}é(mK), AF(letl)v---;?f(WL,tL)) € 7'8(n) for some r* and

some mX £ (1,...,1)}.

Here, (Wi, ..., W) represent the indices transmitted by the relays. By the packing lemma and

union of events, P(&y) — 0 as n — oo if
Cr+R > I(Y; 1)) (2.15)

forall [ € [L].

By the Markov lemma [17, Lemma 12.1] and union of events bound (¥; — ¥; — XX form
a Markov chain), P(£1NES) — 0 as n — oo,

To analyze P(&,), let t© = (1,...,1) be the t-indices chosen at the relays. Then, by the

union of events bound,

A

PE)< Y P((XI0m)..... Xgmx),

m L
mK£(1,...,1)

= Z meJL. (2. 16)

mK L.
mK#(l7"'71)

I'(Wh,th),. .. ’?Ln(WL,tL)) c 7—£(n)>

In order to bound each term on the right-hand side of (2.16), we need the following

generalization of the joint typicality Lemma.

Lemma 2.2.3. [29, Lemma 2] Let (XN, YN Z) ~ p(xN,yV,z). Let the n-length random vector
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7 be distributed according to some arbitrary pmf p(2) and let

N n

n
(X7 XN 0 ~ T Ty B - &) TTTT v, Ok 8i)
i=1 k=1i=1

be distributed independently of Z.. Then, there exists §(€) that tends to zero as € — 0, such that

P@A],..RY.I0,. T5) € T} < 2 e e Ei 10 2 -5(e)

For a given & and mX # (1,...,1), let S;(t5) = {l € [L] : t; # 1} and S;(mX) = {k €
[K] : my # 1}. Then, (X"(S;(mX)),7"(S>(¢F))) is independent of (X"(S¢(mK)),¥"(S5(t5))).

Then, using (X"(S{(mX)),¥"(S5(¢L))) as Z" in Lemma 2.2.3, we obtain

PmK L

L [1<x<81 <m'<>);x<8f<mK>>,?<85<rL>>>]

<2 X

" [21652@L>1(?1;X(51 (m’()),f/([l*l]ﬂsz(tL)),X(Sf(mK))Y(SS(lL)))*5(8)]
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The terms in the exponent of the right-hand expression (excluding the factor of —n ) are given by

I(X(S1(m")):X(Sf(m)), ¥ (S5(")))

+ Y ITX(S1(mY), Y ([ = 1]NS (")), X (S5 (m5)), ¥ (S5(:"))) — 8(e)
1€8,(th)
DX (S ()P (S5 1) | X(S{mS)) + Y 14 D)
1€S,(th)

— Y, (IOR) = 1Y (1= 11N S(1M)), ¥ (S5(:4)),X5)) — 8 (e)
1€S, (1)

D1 (81 (mF)): P (S5 [X(SE(mF)) + Y 1% )
1€8, (1)

— Y 1R ([ -1nS "), Y (S5("), x5) - 8(e).
1€8,(t1)

=

Here, (b) follows from the fact that (¥ ([l —1]NS> (%)), ¥ (S5(t5)), XX) — ¥, — ¥, form a
Markov chain and (a) follows from the independence of X (S1(mX)) and X (S¢(mK)).

Defining

J(Sl 5 82)

= 1(X(S1): P (891X (S)) + Y 10 9) - ¥ I(Yl;f/,’f’([l— 1]m82),Y(S§),XK>
€S €S,

and continuing (2.16), we have

P(&) < Z 9=l (S81(m"),Sx ("))~ 5(e)]

K L.
gL

< Z 21l (81:82) ~Eies, Ri—Yies, Ri—8(e)]
Slg[l(}

S:CL]
S0
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Therefore, P(£,) — 0 as n — oo if

Y R+ ) R <J(S,5) (2.17)
keS; €S

for all S; C [K] and S, C [L] such that S} # 0. Combining (2.17) with (2.15) to eliminate the

auxiliary rates (Ry,...,Rr), we obtain the inequalities

Y R <IX(S1):Y(S)IX(S)+ Y G- ), I(YI;?I\?(U— 1]082>,?<8§>,XK) (2.18)
keS, €S, €S,

for all S; C [K] and S; C [L] such that S; # 0. O

Proof of Proposition 2.2.2. For k € [K], let M denote the message communicated by sender
k and let W; denote the index sent by relay [ to the central processor. Also, for S| C [K] and
Sy C [L], denote by X;(Si) the tuple (X;;,k € S1) and by Y;(S>) the tuple (Y;,/ € Sy). Similarly,
X"(Sy) stands for (Xy;,k € S1,i € [n]) and Y"(S;) stands for (¥};,/ € Sp,i € [n]). Then, for every
S) C[K] and S; C [L], X*(S)) is a function of M(S) and W(S;) is a function of Y"(S,). For

every 81 C [K],S81 # 0 and S, C [L], we must have, by Fano’s inequality,
y ) ) y q Y.

H(M(81) |M(SF),Y"(S5),WE) < H(M(S1)|W") < ne,
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where &, — 0 as n — oo. Therefore, since H(M(S)|M(Sf)) = nYes, Rk, we have

I’lZRk

keS;

<I(M(81);Y"(85),W" | M(SY)) + e,

—
)
=

= I[(M(51);Y"(53), W (52) [M(S1)) + nén

| |
/\

I(M(81);Y"(83) |M(ST)) +1(M(S51); W (S52) [ M(S7),Y"(S3)) + néx

I(M(S1):Y(S5) | M(SF), Y"1 (S5)) + H(W(S2)) + ne

IN
.M=

N
I
—_

I(M(81):Yi(S5) |M(ST), Xi(SD), Y"1 (S5)) + H(W(S2)) + e

A
IS
.M=

N
I
—_

I(M(81),M(SF), Y"1 (S85):Yi(S5) | Xi(ST)) + H(W (S2)) + e

IA

N
I
—_

I(M(81),M(SF), Xi(81), Y (85):Yi(S5) | Xi(ST)) + H(W(S2)) + e,

S

~
—_

[
1=

[(Xi(S1):Yi(83) | Xi(51)) + H(W(S2)) + ey

—
Q
~—
~.

IN

N
Il
—_

I(Xi(81):Yi(S5)1Xi(ST)) +n Y, i+ néy.
€S

Here, (a) follows since W (S%) is a function of Y"(S5), (b) follows since X;(SY) is a function of
M(SY), (c) follows since X;(S) is a function of M(S;), (d) follows since

(M(81),M(S5),Y1(S85)) = (Xi(S1),Xi(S5)) — (Yi(S5)) form a Markov chain (by the memo-
rylessness of the first hop), and (e) follows since W (S, ) is supported on a set of size [;cg, 2"
Defining a random variable Q ~ Unif([n]) independent of all the other random variables, writing

X(S1) :=Xp(S1) and Y (S) :=Yp(S), and letting n tend to infinity leads to

Y R <I(X(8)):Y(S5)|X(SD).,0)+ ). G (2.19)
keS €S

for all S| C [K],S1 # 0,5, C [L] for some pmf p(q) [Trex) P(xk|q), and thus completes the

proof. ]
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2.3 Downlink C-RANs

2.3.1 General Model

Similar to the uplink case, we model the downlink C-RAN as a two-hop relay network in
Fig. 2.2, where the first hop (central processor to radio heads) consists of orthogonal noiseless
links of capacities Cy,...,Cy, bits per real dimension and the second hop (radio heads to user

devices or receivers) is modeled as a discrete memoryless network p(yX |xF).

4 X Y,
X p(y"|=")
o X, Y
Figure 2.2. Downlink network model.
A (2™ 2Rk ) code for this network consists of K message sets
[27R1] ... [2"R¥]; an encoder wh(my, ..., mk) € [T5_,[2"); relay encoders x(w;), [ € [L]; and

decoders iy (y}) € [2""4], k € [K]. The average probability of error, achievability of a rate tuple,
and the capacity region are defined similar to Section 2.2.1.

The distributed decode—forward coding scheme [28] can be specialized to the downlink
C-RAN model as follows.

Codebook generation. Fix a pmf p(x",uX). For each w; € [2"!],] € [L], generate
xf (wr) ~ [Ti2 | px,(xi). Define auxiliary indices s € [2"R4] k € [K], for some auxiliary rates
(Ri,k € [k]). For each (my, s) € [2R] x [27R] and k € [K], generate ull (my, ) ~ TT7~ | pu, (uki)-

Encoding. To transmit messages mK = (my,...,mg), the encoder transmits wh =

(wi,...,wr), such that

(hw1),... X (wr) i (ma 1), ol (mgs5x)) € T3
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for some sK € [27R1] x .- x [2"RK]. The encoding succeeds w.h.p. if

Y G+ Y Re>I°(X(S5),U(S5)) (2.20)
IS keS5

for every S; C [L] and S; C [K].
Relaying. On receiving the index wy, relay / transmits X' (w;).
Decoding. Let € > €'. Upon receiving y}, receiver k finds a message estimate 7y such

that

(! (g s0), Y1) € T

for some s;. The decoding at receiver k succeeds w.h.p. if
R+ Ry < I(UiYy). (2.21)

Combining (2.20) and (2.21) to eliminate the auxiliary rates R1,...,Rg leads to the following

inner bound on the capacity region of this network. (See Section 2.3.3 for a complete proof.)

Proposition 2.3.1 (Distributed decode—forward inner bound for the downlink C-RAN). A rate

tuple (Ry,...,Rk) is achievable for the downlink C-RAN if

Y R <IX(S1):US5) XS+ Y, 6= Y 1Usx™n)
keSs IS keSS

—I"(U(S5)|X") = I (X(SY)) (2.22)
for all Sy C [L] and S C [K] for some pmf p(xE,uX), such that
rx@s) <y a
€S

forall §; C[L].
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Remark 2.3.1. As the fronthaul capacities Cy,...,Cy, tend to infinity, this downlink C-RAN
channel model becomes identical to the “fronthaul-unlimited” downlink channel from a single
sender with L transmit antennas to K receivers, i.e., the broadcast channel p(y* |xL) with one
sender X and K receivers Y}, ..., Yk. In this regime, the distributed decode—forward inner bound
converges to the Marton coding inner bound with no common messages [17, Theorem 8.3],

characterized by rate tuples (Ry,...,Rg) satisfying

Y Re< Y I(UsY) —T'(U(S2))
keS, keS,

for every S» C [K] for some pmf p(uX) and some function x* (uX).
Specializing the cutset bound [18] to the downlink C-RAN model leads to the following.

Proposition 2.3.2 (Cutset outer bound for the downlink C-RAN). If a rate tuple (Ry,...,Rk) is
achievable for the downlink C-RAN, then

Y R <I(X(8)):Y(S5)X(SH)+ ) G (2.23)
keSs 1€5}

for all Sy C [L] and S> C [K] for some pmf p(x*).
We provide a proof of Proposition 2.3.2 in Section 2.3.3.

2.3.2 Gaussian Model

We now assume that the second hop of the network is Gaussian, i.e., YX = HXL 4 7K,
where H € RX* is a channel gain matrix and ZX is a vector of i.i.d. N(0, 1) noise components.
We also impose the average power constraint P on each relay. For this Gaussian network model,

the distributed decode—forward inner bound in Proposition 2.3.1 can be specialized to establish
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the achievability of all rate tuples (Ry,...,Rk) such that

1 P |S5| 1

Z R, < Elog )EHSE}SIH«%,& —|—I‘ + Z C— Tzlog (1 + g) = En(81782) (2.24)
keSs leS§

for all S; C [L] and S, C [K] for some 62 > 0. This follows by setting X* to be a vector of i.i.d.

N(0, P) random variables and defining UX = GX* + ZX, where ZX ~ N(0, 6°1) is independent

of ZK. For every 6% > 0, we denote the set of rate tuples (Ry,...,Rx) satisfying (2.24) by

ZEPF (62). We also denote the achievable sum-rate for each 6% > 0 by
RO (6%):= sup {Ri+-+Rk:(Ri,....,Rk) € Zioom(07)} (2.25)
(R1,..-,Rk)
1 P K 1
= min (Slog| Hix s, Hiys, +1|+ ¥ C) = Slog(1+ ). (226
3%&1(2 02| 2 HK.si ks T +l§f )72 og( +02) (2.26)

Similar to Section 2.2.2, the cutset bound in Proposition 2.3.2 can be specialized to the

rate region characterized by

1
Z R < Elog ‘HSC,51FSI|81CH§5781 +I‘ + Z ¢
& leSy

=: Fout(S1,82) (2.27)

for all S} C [L] and S, C [K] for some covariance matrix I' = 0 satisfying I';; < P for all [ € [L].

Here, I'g,| S is the conditional covariance matrix given by
— 11
Usjise =Tsy.5 —Ts ¢l se selsg s

For each covariance matrix I', we denote the set of rate tuples (Ry,...,Rk) satisfying (2.27) by

26



#$S (T). We denote the sum-rate upper bound by

down

Rscusm = sup {Ri+--+Rg:(Ry,...,Rk) c #

( ) down (L) for some I'}. (2.28)
Ry,...Rx),

The achievable per-user rate gap A, as well as the sum-rate gap Ay, between the cutset bound
and the distributed decode—forward inner bound (2.24), can be bounded as in the following

result.

Theorem 2.3.1. For every H € RX*L and P € R™, if a rate tuple (Ry,...,Rk) is in the cutset

bound (2.27), then the rate tuple (Ry —A)™,...,(Rg —A)") is achievable, where
1 1
A< Elog(eKL) R~ Elog(KL) +0.722.

Moreover, the sum-rate gap between the cutset bound and the distributed decode—forward inner

bound is upper-bounded as

min{L,K}

Asum = RS )

sum

K
— sup RDDF(GZ) S E+

sum
62>0

logL

irrespective of P and H.

To prove Theorem 2.3.1, we need the following lemma, which is immediate from

elementary calculus.
Lemma 2.3.1. Forx > 1, xlogx— (x—1)log(x — 1) < log(ex).
Proof. Let f(x) = xlogx for x > 0. We then have f’(x) =logx+ (1/In2) = log(ex), which is

increasing in x. Therefore, for x > 1,

fO) = flx=1) < fi(x) (x = (x— 1))

= log(ex).
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O]

Proof of Theorem 2.3.1. Note that unlike (2.8) in Section 2.2.2, F;, is not necessarily monotonic.

We overcome this difficulty by rephrasing the inner bound (2.24) as

R, < min F,(S . 2.29
kéc k_7r§nglgz 1n( 177'2> ( )
2

We observe that the right-hand side of (2.29) is increasing with S5 for a fixed Sy, so we can

apply the technique developed in the proof of Theorem 2.2.1 to compute an upper bound on A.

We thus write

ming, Fou(S1,82)  ming, mingcs, Fin(S1,72)
|53 53]
< max FOth(ShSZ) _En(shﬁ)

~ Sicjr S5
S, C[K]
ThCS,

A = max
S C[K]

T
HsgsilsisiHsg s +1 ‘

Ul
= max lo
sici) 2|S5| &
S, C[K] -
T2CSy

1
5 " +|7§C|log<1+?)]
T s Hye s+ ‘

r T
(a) 1 ’Hsg,sl Ls Hge s, +1 (
< max — | log

sicl) 2|83

S5, C[K] )

T2CS

: (2.30)

1
+ |75 | log (H—;)

P T
o2 tsssi s s 1 ‘

where (a) follows since I's, = I's,|s: and for any matrix A and o > 0, |+ aAAT| increases
when we add more rows to A. Writing I's, = UAU T where U is orthogonal and A is diagonal,

and letting Hgg 5,U = by by - b|51|], where by, ...,bs,| are |S5| x 1 vectors satisfying
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|51| 2
L1161 1? = HHSc 51) we have

|Hss.5,Ts H s, +1] ‘1+ ¥ Aub bT‘

log =log 5
| Hss s HY s, +1] ‘1+ Lyl lb,bT‘

‘1 +PISy| b,bT)

< log
S
1+ Ly b |
O o 1 PISIIk
k=1 1‘1‘%!%

< |85|log (62[S11),

provided ¢ > ﬁ Here, (a) follows since the trace of I's, is upper bounded by P|S;| and in
(b), Wi, .-, Hysg| are the (non-negative) eigenvalues of Z‘ ‘lble Continuing from (2.30), we

thus have

]’Tzcylog(l#—é) 1 )

1\ 1 5
= Zlog (1 + ?> +5 log(a’L). 2.31)

This holds for every c2>1,sowesetc?=K—1 (for K > 2) to obtain

1 1
A§ElogL+§(KlogK—(K—1)log(K—1))
<a)1 oo L+ Tog K +
2 ogL+log +—1 5

1
=3 log(eKL).
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Here, (a) follows from lemma 2.3.1. For K = 1, we can set 6> = 1 in (2.31) to obtain
1 1
A< Elog(ZL) < Elog(eL).

This establishes the first part of the theorem.

For the sum-rate gap, consider

Agum < ‘Is.n%)‘( (Fout(SI;SZ) - Fin(SI;SZ))

1,02

‘HSS,SI FSngg,Sl +I‘

1
< max | —
S1,8 | 2

1
log + frac|S;5|2log (1-1—?)

P T
alsgslsg s +1 ’

‘1+ IS Alb,b,T)

g S
2|+ Ly el

< max [mm{ISz\alSll}l

1
<max | <lo
Si.S | 2

1
’ + frac|S5|2log (1 + E)

S5 1
og(c?[Si]) + %Mg (1 + ?)} (2.32)

T SLS 2
if 62 > 1/|S)| for each S| # 0. Maximization of (2.32) over |S| and |S§| yields, for 62 > 1,

min{L, K K 1
Aqum < %log(LO'Z) + Elog (1 + g) ) (2.33)

We can then choose 62 = 1 in (2.33) to obtain

min{L,K} log L+ K

ASllIIl S 2

completing the proof. [
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2.3.3 Proofs of General Bounds on the Capacity Region

Throughout this section, we use the following additional notation. For a function f : N —

[0,00) and a real number r # 0, we say

f(n)=2"
if
r= lim M.
n—oo n

Proof of Proposition 2.3.1. For analyzing the coding scheme and proving Proposition 2.3.1, we

will need the Markov lemma [17, Lemma 12.1] and the following additional elementary result.

Lemma 2.3.2. Let C, T| and T, be disjoint and finite index sets and fix a pmf p(x(CUT, UT,)).
For each k € CUT; UT,, we independently generate X|' according to the marginals [T/_; px, (Xxi)-

Then, as n — oo,

P(X"(CUTIUT) € T") =27 X(EUTILT), (2.34)

and
p (Xn(c UTH) e T X"(CUTs) € 7—;")) = ol XCUT)HI X () HXCOX (T (2.35)

Our analysis of the coding scheme follows that in [28] but is considerably simpler because
of the relative simplicity of our network model.

Without loss of generality, let m® = (1,..., 1) be the messages sent. Then the error events
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are:

&= {(Xf‘(m),---,XZ(WL),U?(LSO, e ,U,G(l,sx)) ¢ 7;(,n) for all w* and SK}.
& = { (Ui (1,81),77) ¢ Tg(n) for all sy, for some k}.
&= { (UL (my,s1), Y] € 7;('1) for some k, some si, and some ny, # 1}.

By the packing lemma and union of events, P(&; NEFNES) — 0 as n — oo if
R+ R, < (U Yy) (2.36)

for all k € [K]. By the Markov lemma and union of events bound (U — X L 5y, form a Markov
chain), P(E1NES) — 0 as n — oo,

To analyze the error event &), we observe that by the manner in which the codebook is
generated, P(&p) remains the same if we index the Uys only by the indices s; and drop the my. In
the following analysis, we do this to simplify notation.

Let
A= {0 s5) O 01), o XE (00), U (51), UR (k) € T3 .
Then, P(&) = P(|].A| = 0). We can write
A= ¥ Z(whsb),
=

where

L K\._
2w, = 1{(x;f(wl),...,xg(wL),U;f(sl),...,U,'g(sx))egﬁ”)}'
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We have

By (2.34),

py =2 (XEUR), (2.37)

For wk,w'E € [27€1] x - x [27C1] and s, K € [27R1] x ... x [27R¥]  define

Siwhkw'ty = {l € [L]:wy %W;},

So(s¥,s%) i={k € [K] : sp # 5}
Then, using (2.35) with index sets

Ci={w:1eSi(whwh)}u{sp:keSa(s5, ™)},
Tii={w:le Sf(wL,w'L)} U{sc:ke SE(SKaS/K)}’ and

Toi={wj: 1€ S{whwh) U {s; ke S5(s5,5%)},
we have

E[Z(wh, $5)Z (W', 'K)] = 2l (LUK )1 (K(S1).U(82) H(X(S7).U(S5)X(S1).U(82)]

Y

=: p2(S51,52), (2.38)
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where in the definition of p,, we hide the dependence on wk w'L s s’K_We then have

E[]A?]

=) E[Z(wh, %) + ) E[Zz(wk,s5)Z(w't, %))

wk sK wk wL K gK.

WL#WIL or SK#S/K

=pi .zn(zlelclﬂ:kK:lkk)

+ Y <P2(31782) (T G T Re) (2"21631 < _ 1) X

S1C[L),S:C[K],
8175@ or 3275@
(2”):k652 Re _ 1) >

< pi (S G I Re)

+ Z p2(S1,8) - zn(Zlel Yt RitYies, CrtLies, Rk)_

S] Q[L],SZQ[KL
81750 or 827&@

Noting that py([L],[K]) = p?, we then have

Var(| A|) < py -2 (E G R

+ Z D2 (Sl , 82) . zn(ZlL:l Cl"‘Zl[c(:l ﬁk+ZZeSI Ci+Ykes, Rk) ) (2.39)
S1C[LL.SC[K],
S17#0 or S,#0,
S1#£[L] or S, #[K]
We also have
E[|A|] = p on(Xiy G Re) (2.40)

Using (2.37), (2.38), (2.39), and (2.40) and manipulating exponents, we finally have, for some

8 (€’) that goes to zero as € — 0,

Var(JA]) _ y o 1(Eies Crt resg R—1(X(S7).U(85))~8(e)))
EIAI ™ s cufBcix,
SI£IL] or Sr7(K]
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Thus, using the inequality P(|.4| = 0) < Var(|.A|)/E[|.A|%], we conclude that P(&)) — 0 as

n — oo if

Y G+ Y Re>I(X(S),U(S5)) (2.41)

leSy keSs

forall S; C [L] and S; C [K].
Combining this with (2.36) to eliminate the auxiliary rates, the rates R; satisfy, for every

S C [L] and S, C [K],

Y R

ke85
< Y G+ Y, 1UsY) = I"(X(S),U(S3))
leSy keSs

=Y G+ Y, (I{UX"Y) = 1(Us X X)) =T (X(ST),U(S5))
leSy keSs

@ Y o Y 1Usx )+ Y I(UsX") -1 (X(S),U(S5))
leS keSs keSs

=Y G ) IUcX"Y) = ) HUX") = ) HX)+H(X(S),U(S5))
leS§ keS5 keSs leS§

=) G— ) IUcX"Y)— ) H(UX") —I"(X(S))) +H(U(S5)|X(SY))

leSy keSs5 keSs

=Y C— ) IUX"[Yi) = H(U(S5) |X") = I"(U(S5) |X")
IS ke85

—I"(X(S7))+H(U(S5)|X(S)))

= Y G ) HUsX V) +1(X(S1);U(S5)X(ST)) = I"(X(S)) —I"(U(S5)[XH). (2:42)
leSy keSs

Here, (a) follows from the fact that Uy — X~ — ¥; form a Markov chain. In addition, if S, = [K]
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in (2.41), we obtain the additional conditions

Y G >rx(SD)) (2.43)
leSy
for every S; C [L]. This completes the proof. O

Remark 2.3.2. The constraints (2.43) can be shown to be inactive using techniques similar

to [28, Appendix E]J.

Proof of Proposition 2.3.2. We use X;(S1),X"(S1),Yi(S2),Y"(S) to convey similar meanings
as in the proof of Proposition 2.2.2 in Section 2.2.3. For k € [K], let M} denote the message
intended for receiver k and let W; denote the index communicated by the central processor to
relay /. Then, for every S; C [L], X"(S)) is a function of W(S)), which is itself a function of

MX . For every S| C [L],S; C [K], we must have, by Fano’s inequality,
H(M(S83) [ M(S52),Y"(S53)) <H(M(S3)|Y"(53)) < nén,

where &, — 0 as n — oo, Therefore, since H(M(S5) |M(8,)) = n¥es; Ry, we have
nY Ry
keSS
<I(M(853):Y"(53) | M(52)) + ne,
<I(M(853),W(SP):Y"(S53) | M(S52)) + ney
= 1(M(53):Y"(83) [M(52), W(ST)) +1(W(S7):Y"(S53) [M(S2)) + nen
<I(M(S3):Y"(83) [M(52), W(ST)) +H (W (ST)) + ne,

a

T(M(S5). W (81); Y7 (S5) | M(S2),W () + H (W (S()) + e,

Y (M S1):Yi(S5) | M(S2), W(S5), Y™ (85)) + H(W(SF) + e

—

& i S1):Yi(S5) [ M(S2), W(SF), Y™ (85), Xi(ST)) + H (W (SY)) + ey
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I(ME WE Y =1 (85),Yi(S5) | Xi(S)) + H(W(S)) + ne,

IN

I
—_

I(ME WE Y1 (S5),Xi(S1): Yi(S5) | Xi(S5)) + H(W(SS)) + ne,

=

ey

=

Juy

1(X(S1): Yi(S5) | Xi(S5)) + H(W (S5)) + e

—
Q
~

IN

Il
_

I(Xi(81):Yi(S3) |Xi(ST)) +n Y, Ci+nen.
leSy

Here, (a) follows since conditioned on M(S,), W(S;) is a function of M(S5); (b) follows since
X;(S¢) is a function of W (SY); (c) follows since X;(S)) is a function of WZ; (d) follows since
(ME WL Y=1(SS)) = (Xi(S1),Xi(SS)) — (Yi(S5)) form a Markov chain (by the memoryless-
ness of the second hop), and (e) follows since W (SY) is supported on a set of size [];c S¢ 2nC
Defining a random variable Q ~ Unif([n]) independent of all other random variables, writing
X(81) :=Xo(81) and Y (S) := Yp(S,), noting that Q — XX — YX form a Markov chain, and

letting n tend to infinity leads to

Y R <I(X(81):Y(S5)|X(SPH)+ Y, G (2.44)
keS leSy
for all S| C [L], S, < [K] for some pmf p(x[), and thus completes the proof. O
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Chapter 3
Capacity Scaling of C-RANs

The approximate capacity regions of the uplink and downlink C-RAN are compared with
the capacity regions for networks with no capacity limit on the fronthaul. Although it takes
infinite fronthaul link capacities to achieve these “fronthaul-unlimited” capacity regions exactly,
these capacity regions can be approached approximately with finite-capacity fronthaul. The total
fronthaul link capacities required to approach the fronthaul-unlimited sum-rates (for uplink and
downlink) are characterized. Based on these results, the capacity scaling law in the large network
size limit is established under certain uplink and downlink network models, both theoretically

and via simulations.

3.1 Introduction

In this chapter, we quantify the minimum fronthaul capacity required to achieve the
fronthaul-unlimited uplink and downlink capacity regions approximately. We then use these
results to characterize the scaling behavior of the uplink and downlink C-RAN sum-capacities
for large network size under various channel models and demonstrate that the C-RAN sum-rates
exhibit similar large-user asymptotics as the fronthaul-unlimited sum-capacities for a range of

channel models.
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3.2 Fronthaul-unlimited Networks

Large-network asymptotics and other types of scaling behavior for multi-terminal systems
have been explored ever since the introduction of MIMO. Telatar [56] examined single-user
MIMO systems with multiple transmit and receive antennas and quantified the gains over single-
antenna systems in terms of capacities and error exponents. It was also shown that the ergodic
capacity of such systems scales linearly with the number of antennas in the large-antenna limit
under rich scattering (see Section 3.3.2). Under a similar channel model, Tse et al. [57] studied
the tradeoffs between throughput (multiplexing gain) and error performance (diversity gain) for
multiple access networks. Verdu [58] evaluated transmit energy thresholds for multi-antenna
systems in the wideband (low spectral efficiency) regime under Gaussian as well as Laplacian
noise distributions. For a comprehensive review of literature on the asymptotic behavior of

MIMO systems, we refer the reader to [37,56, 58] and the references therein.

3.3 Uplink C-RANs
3.3.1 Comparisons with Fronthaul-Unlimited Uplink

In this section, we examine the effect of the capacities C; of the fronthaul links (in
particular, their sum Cy := Cj +--- + L) on the capacity region of the uplink C-RAN. Recall
from Remark 2.2.1 that as the fronthaul link capacities approach infinity, the uplink C-RAN
capacity region becomes the same as the fronthaul-unlimited uplink capacity region in the limit.
However, as shown by the following example, this limit is in general unattainable when the link

capacities are finite.

Example 3.3.1. Consider the single-sender, 2-relay Gaussian uplink C-RAN with first hop given
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Yl :gX+Zl7

63 :gX+ZQ7

where g € R\ {0} and Z;,Z, are i.i.d. N(0, 1) noise components. Let us denote the fronthaul link
capacities of this network by C; and C,, and let there be an average power constraint P > 0 on the
sender. Then the first hop has conditionally i.i.d. outputs Y7,Y, given X. If C; = o, this network
is equivalent to the relay channel model studied in the Gaussian version of Cover’s problem [12]
and by the results of Wu, Barnes, and Ozgiir [63], the capacity for any finite C; is strictly less
than the capacity for C; = oo. Thus, even for this simple network, the fronthaul-unlimited uplink
capacity R, := (1/2)log(1 +2g”P) is unattainable unless both the fronthaul link capacities

are infinite. On the positive side, it is possible to approximately achieve the fronthaul-unlimited

X— pOuLyx) Y

B /Cz/

Figure 3.1. A single sender 2-relay uplink C-RAN.

uplink sum-rate for finite fronthaul capacities, provided we spend a sufficient amount of extra
capacity on the fronthaul. Suppose that we have a certain amount of total capacity Cy to spend
on the fronthaul links, which we are free to allocate in any way among the two links. The cutset
bound implies that we cannot hope to achieve the capacity (1/2)log(1+2g>P) unless Cy is at
least equal to this amount. However, if we set

11
Ci=Cy = + 7 log(l +2g°P).
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and thus spend the fronthaul sum-capacity of
1 2
Cy = Elog(l +2¢°P)+1,
then it can be shown, by taking 6 = 1 in (2.7), that the uplink C-RAN sum-rate is

1 1 ’p 1
min{ilog(l +g%P), = log (1 -l-g—) +C—=

2 2 2’
5 1+g2P LGt
20g > 2 X 1 2

1 1
:min{zlog(l—I—gzP —10g<1+—) —10g(1+2g2P) Elog(1+2g2P)}

1
= zlog(l +¢°P)

)

1 1
> 510g(1+2g2P)—§, (3.1)

where (b) follows since (1 +2g%P) < 2(1 4+ g*P). Thus, using a total fronthaul link capacity
only 1 bit higher than the fronthaul-unlimited uplink capacity, we can achieve the fronthaul-
unlimited uplink capacity within half a bit, irrespective of P and g. Thus we can achieve the
fronthaul-unlimited uplink sum-capacity within a finite additive gap using a total fronthaul link
capacity which is also finitely larger than the fronthaul-unlimited sum-capacity in the additive
sense. This statement is formalized and generalized in Corollary 3.3.1 to Theorem 3.3.1.

The result (3.1) holds for every P and therefore, with this fronthaul allocation strategy, we
can achieve RNCEF /R approaching 1 as P — oo, with a total fronthaul link capacity Cy satisfying
Cy /Rym — 1 as P — oo In fact, we can go one step further and show, letting P go to infinity
in (3.1), that at high SNR, using a Cy whose ratio to Ry, is 1 within O(1/logP), network
compress—forward can achieve a sum-rate whose ratio to R, is also 1 within O(1/logP).
Thus, in a multiplicative sense as well, only a slightly larger fronthaul capacity is sufficient to

approximate the fronthaul-unlimited capacity for this network. This statement is formalized and
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explored in Corollary 3.3.2.

We first quantify the fronthaul requirement for network compress—forward to approximate
the fronthaul-unlimited uplink sum-capacity in Theorem 3.3.1, from which the additive and

multiplicative gap results follow as corollaries.

Theorem 3.3.1. If

Cy > ~log

L 1
GGT +1|+Zlog( 14+ — | =: C*(c?
o +‘+20g( +62> (07)
for some 62 > 0, then there exist fronthaul link capacities C1,Cs,...,Cr > 0 with ZIE[L] C=Cy
at which network compress—forward can achieve a sum-rate
NCF [ ~2 1
R

sum (G ) = Elog

62+1GGT+I‘.

Conversely, to achieve a sum-rate of (1/2)log|l + PGGT|, we must have a total fronthaul

capacity
1
Cy > 5 log I+ PGGT|.

Proof. The achievable sum-rate can be written as

1 P S| 1
NCF( <2\ _ : . T 2 _ —
Ryum (0 )_srzrlclﬁ}<2log’o2+165 JKJGSAKWI‘JFIE&C’ 2 log(1+ 02)>
— mi S¢S S 32
Srznc_lﬁ}@( 5) +w( z)), (3.2)

where

: 1
¢(S3) == 5 log

T
o7 -1 UsslkIGisg [k +I‘

and

v(S) =), (Cl—%log (1 +%>) :

eSS
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If C; > (1/2)log(1+ 1/02) for all I € [L], the set functions ¢ and y are zero on the null set,
monotonically increasing (with respect to the partial ordering defined by set inclusion), and
are submodular, i.e., we have ¢(0) =0, ¢(S) < ¢(T)If SCT,and ¢(SUT)+¢(SNT) <
¢(S)+¢(T). The sets

P9):={(x1,-.u) CRE: Y 0 < 9(5), S € (1]}

lesS

and Z(y), defined in a similar manner, are referred to as polymatroids [13], which generalize
two-dimensional pentagonal regions to L dimensions. The following celebrated result can rewrite

(3.2) in an alternative form.

Lemma 3.3.1 (Edmonds’s polymatroid intersection theorem [13]). If Z2(9) and Z(y) are two

polymatroids, then
{ Y o (x,u) € @(¢)ﬂa@(w)} —£i£1(¢(8>+w(86>)-
Using Lemma 3.3.1, we can rewrite (3.2) as

Ry (07) = m%x{ Y vy <w({}),l€lL], Y i <9(8),8 C [L]}-

Y Ie[L) €S,
Now, let us fix

1

L 1 P
Cy > o¢([L —1 I+— ) =<1
b > 0(1L) + Soe (14 3 ) = 5108 | 2

2

L 1
—H‘—l——log (1—1——2) 3.3)
o

such that Cy,...,Cp are constrained to satisfy Cy + ...+ Cp = Cy. Choose a point

Y = 07,...,]) € Z(9) such that y +...+y; = ¢([L]). Such a point always exists since
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P () is a polymatroid. The point § = (§1, ...,y ) defined by

) _Cz—%log(l—F#) )

Y= (P([L]) Yis ZE[L],

satisfies §1 + -+ -+ 51 = Cy — (L/2)log(1 + 1/0?). Therefore, choosing C; = 5 + (1/2) log(1 +
1/02) for each I, 22(¢$) becomes the cuboid

{On,yn) iy <9l € L]}

with corner point §. Moreover, this cuboid includes the point y*, since §; > y; for each [ by
(3.3). Thus, the point y* lies in the intersection &2(¢) N Z(y) and therefore, network compress—

forward, with this choice of Cy,...,C, achieves the sum-rate

1
yie i = 0(1L)) = 5 log| = GG +1).
establishing the result. The converse follows immediately from the cutset bound. [

Remark 3.3.1. Given 62, P, and G, coming up with a specific allocation (Cy,...,Cy) satisfying
the sum fronthaul constraint is equivalent to finding a point y*, as seen from the proof. Such a

point can be found, moreover, by solving a linear feasibility problem

find O7,--)1)
subject to Y yi<o(s), SclL,
leS

ZHy?‘ = o([L).
le[L

Thus, the fronthaul allocation problem is equivalent to checking the feasibility of a linear program

with 2L — 2 inequalities and one equality.
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Remark 3.3.2. As an immediate consequence of the polymatroid representation, the best sum-

rate achievable for a given total fronthaul capacity Cy > 0 can be expressed as

P
—GGT+I'}.

. L 1 1
RGm(Cy) = sup mm{CZ— Elog (1 +;> ,ilog o

02>0

2 increases from 0 to

The first term in the minimum increases monotonically from 0 to e as ¢
oo, while for G # 0, the second term decreases monotonically from o to 0. Therefore, there is a
unique o7 (Cy) at which the supremum is attained and the two terms in the minimum are equal
for 6% = 62(Cy ). This also shows that
lim 62(Cy) =0
Cy oo * ( Z)
and hence, that

1
lim RO (Cr) = 5 log |PGG™ +1| =R,

Cz—>°0 sum sum*

Thus, our coding scheme is asymptotically optimal in the limit of large fronthaul sum-capacity.

Theorem 3.3.1 leads to a formalization of the achievable additive and multiplicative gaps

from the fronthaul-unlimited uplink sum-capacity, that were briefly explored in Example 3.3.1.

o
sum

Corollary 3.3.1 (Additive gap from fronthaul-unlimited uplink sum-capacity). Denote by R
the fronthaul-unlimited uplink sum-capacity, which is given by (1/2)log|I + PGG"|. Then,
for every P and G for some 6* > 0, if Cy = Ry + A4 (0?), then there exist Cy,...,CL with
Yiei C1 = Cy, at which RNCF(62) > R — Ay(0?), where

sum sum

L 1
AI(O'Z) = Elog (1 + g)

and
_ min{K,L}

Az(Gz) >

log (1 + 62) .
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Proof. We have, from Theorem 3.3.1, that if

C 11 GGT+I+L1 1+1
LT3 50 2 %% o2 )
then
P T
Cy —R° = -1 Zlog 14+ — ) <Zloe( 14+ — 3.5
L Ram=gloepeargr thlee(Itm ) sqleellt ). 69
and

1 PGGT +1
Riom— RXSF(0) = Tlog - 200
T
GG +1]
(a) rank
<M (©) log(1+0?)
in{K,L
< MK LY o1+ 62), (3.6)

2

where (a) follows from the inequality (1 +a)/(1+ o/x) <xforx > 1,0 > 0. Equations (3.5)

and (3.6) establish the result. ]

As a concrete illustration of the gaps established by Corollary 3.3.1, taking 6> = L in
(3.5) and (3.6) yields

L 1
A(6?)=Zlog (14—
((0%) = Fiog (141 )
(i)é.loge
=2 L
_ loge
2
and
in{K,L
Ar(c?) = m1n{2 ’ }log(1+L)
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Here, (a) follows since log(1+x) < xloge, x > 0. Similarly, setting ol = 1/Lin (3.5) and (3.6)
yields

L
A(c?) = Slog(141)

and

min{K, L 1 min{K,L} loge _loge
A2(62)2%10g<1+z>§ {2 } f < §

Various choices of 62, as well as the corresponding tradeoffs between A; and A,, are summarized

in Table 3.1. As noted before, Corollary 3.3.1, being a channel- and SNR-independent result,

Table 3.1.  Additive gap from fronthaul-unlimited uplink sum-capacity.

o’ A1(c?) Ay (o?)
1 in{K,L

L % WIOg(H—L)
1 L min{K,L}

2 2
1 L loge
— —log(1+L —_—
I 5 log(1+L) >

implies that both RNCF /R® and C* /R, approach 1 at high SNR. The next result is a further

refinement of this statement.
Corollary 3.3.2 (Multiplicative gap from fronthaul-unlimited uplink sum-capacity at high SNR).

For a fixed channel gain matrix G, let P — o and let 6> be chosen as 6> = 62(P) such that

lim Po?(P) = oo

P—yoo
and

lim 62(P)/P = 0.

P—oo

47



Then,
RYGr log(1+0%(P))

1 sum
Rg;m log P
and i
( Lloge
o2(P) rank(G)log(o ( ) O'Z(P) Poe
rank(G)log P ’ ’
C* Llog(1 oo
1~ og( /G( ))’ GZ(P) P— 0,
R rank(G) logP
rank(G) ) + Llog (1 += ) )
01 d,
\ rank(G) log P w00 > Ois fixe

where RNCF R and C* depend on P and G (as well as 6% (-) for C* and RNCF).

Proof. Let By,... 7ﬁrank(G) be the non-zero eigenvalues of GG’ . Then, we have

rank(G) P
RS (P) _ L tog (14 )

1 sum

R

sum(P) Z;ili( (@) log(l +Pﬁ1)
k(G 1+PB;
222
_ 1+l+62(P)
Zf‘“}‘ log(1+ PB)

rank(G 2
£V log <1+ S )

1+02(P)

r @ log(1+ PB))
rank(G)log(1+ o2(P))
~ rank(G)log P
_ log(1+ Gz(P))
N log P

(3.7

and

ran 1+ Pﬁl
. Zl:f(G)10g< 114:13[3 >+Llog <1+ o2(P ))
e 1=
Roo

Zam (P) Y 10g(1 4 PB))

(3.8)
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If 62(P) — o0 as P — oo, (3.8) leads to

Rz (P) rank(G)log P log P ’

- rank(G) log (1/0%(P)) + £3&¢ _log(1/0*(P)) (3.9)

and if 62(P) — 0 as P — oo, (3.8) leads to

ran 2
P Lt @ log (1= ottt gy +Log (14 gt
RS (P) Y og (14 PBy)
rank(G)o?(P) + Llog(1/0?(P))
- rank(G)logP
Llog(1/5%(P))
"~ “rank(G)logP

(3.10)

Similarly, if o2 > 0is fixed, (3.8) leads to

c(p) rank(G)log (rﬂ,z) + Llog (1 -+ #)
R (P) rank(G) log P '

(3.11)

]

For various choices of 6> (P), (3.7), (3.9), (3.10), and (3.11) enable us to make several
statements about the behaviors of the ratios RN /R, and C*/RZ,,, at high SNR. These are
summarized in Table 3.2. As another result that demonstrates the asymptotically optimal

fronthaul link capacity, we examine how RNCF R

sum » Reum» and C* scale with network size for specific

network models, in the next section.

3.3.2 Capacity Scaling

In this section, as opposed to keeping the network size fixed and varying the SNR and
the channel coefficients, we let the network size grow and examine how the sum-rates and the
fronthaul capacity requirement behave under certain network models. In Section 3.3.2, we

consider a channel model, referred to as the rich scattering model, where the entries of the
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Table 3.2.  Multiplicative gap from fronthaul-unlimited uplink sum-capacity.

C*(P RN (P
Rsum (P) Rsum (P)
1 ) ! ) !
logP logP
loglog P loglogP
log P 0(&) 0(&)
log P log P
_ loglog P 1
logP)~¢ 0,1 O — O\ ——
ogh)5, & € (0.1 ( logP ) ((logP)”s)

channel gain matrix G are i.i.d. N(0, 1) random variables. In Section 3.3.2, we study a stochastic
geometry model through simulations, where users and relays are physically distributed over a
two-dimensional area at random, and the channel coefficient between a particular user—relay pair
is determined by the Euclidean distance between the two.

In contrast to the current treatment, large network size asymptotics for achievable sym-
metric rates was considered in [47] for L = K and equal fronthaul link capacities, under various
localized interference models such as the Wyner model [65] and the soft-handoff model [55].
Specifically, under these models, the limit of the symmetric achievable rate was computed as the
network size grows to infinity. The high- and low-SNR behaviors of this limit were then studied.
Fading was incorporated into the same localized interference model and similar studies were

made on the limit of the ergodic capacity.
Rich scattering

We consider a rich scattering network model with slow fading, where the entries of the
channel gain matrix G are i.i.d. random variables with variance 1 and are assumed fixed for the
duration of transmission. Moreover, the average power constraint P is kept fixed. We recall the

following.

Lemma 3.3.2 (Telatar [56], Silverstein [50]). Let W be an m X n random matrix with i.i.d. entries
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Wij, each of which has unit variance. Then, as n — oo such that n/m — p € [1,00), the limiting

density of the empirical distribution of the eigenvalues of WWT /m is given, almost surely, by

A— -2
faia) = A “(g’,i),fﬁ(”) )l[a(p)ﬁ(m]’
where o(p) := (\/p —1)? and B(p) := (\/p + 1)*. On the other hand, if n/m — o, all the

eigenvalues of WWT /n approach 1 a.s.

Using Lemma 3.3.2, we can establish the following result on the large network size

behavior of RNCF(62), C*(6?), and R,

Theorem 3.3.2. Let the entries of the L x K channel gain matrix G be distributed as i.i.d. random
variables with unit variance, and let 6> = 6*(L,K) > 0. If L — oo such that L/K — p € (1, 0]
and L/ 6% — oo, then

K
—logL

(e}
sum " 2

R

and
. L 1 K

a.s. in G. Similarly, if K — oo such that L/K — p € [0,1) and K /6% — oo, then

L
~ —logK

()
sum 2

R

and

. L 1\ L

as. inG.

Theorem 3.3.2 acts as a powerful tool to examine the large network size asymptotics for

RNCF R®

sum » Reum» and the fronthaul link capacity requirement C*. We consider various scaling regimes

of L and K, namely, K fixed and L growing, L = YK with y ¢ {0, 1}, and L = K¥ with y ¢ {0,1}.
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For each case, we choose 6> = 62(L,K) appropriately and use Theorem 3.3.2 to establish the

scaling laws for this rich scattering model. The results are summarized in Table 3.3.

Table 3.3.

Yy#1,0<o0<y—1,0<e<1.

Sum-rate scaling for fronthaul-limited and fronthaul-unlimited uplink C-RAN; v > 0,

Lvs. K c? C* RNCF R,
K K K
(y>1) 1 ElogL ElogL ElogL
L=7vK
L L L
1 1 —logK —logK —logK
(r<1) 5 log 5 log 5 log
K K
K1 —logK —logK
(y>1) 2 2 Kl L
4 s K K 2 %
L=KY K 3 loge (1+5)510gK
L L L
(y<1) 1 ElogK zlogK zlogK
1—-¢ K K
K fixed L 7 loge (1 —e)ElogL ElogL
L L L
L fixed 1 3 logK 5 logK 5 logK

Derivation of Table 3.3. First note that for all cases considered,

pMivo | Min{K, L}

sum

2

log (Pmax{K,L}) ~

52

min{K,L}
2

log (max{K,L}).



For L = yK with ¥ > 1, we can choose 02 = 1 to obtain, from Theorem 3.3.1 and Lemma 3.3.2,

K L K
C*(6?) ~ 510g(L/2) +o o~ ElogL7

and

K K
RNCF(52) ~ E1og(L/2) ~ E1ogL. (3.12)

For L = yK with y € (0, 1), we can similarly choose 62 = 1 to obtain, from Theorem 3.3.1 and
Lemma 3.3.2,

L L L
* 2
~ —log(K/2)+ =~ =logK
and
NCF, 2y L L
Ry (07) ~ Elog(K/Z) ~ ElogK. (3.13)

For L = K" with ¥ > 1, we can choose 62 = K?~! to obtain

Lloge Klo %
K17 0BR

K
C*(6?) ~ Elog(L/K”*l) +

and

K _ K
RNCF(62)) ~ Elog(L/Ky hy ~ ElogK.

sum

Alternatively, for the same scaling regime, we can choose 6% = K719 for some § € 0,y—1)

to obtain
Lloge  K't9
2KY-1-8 2

K
C*(6?) ~ E1og(L/1<Y*1*5) + loge,

and

K K
RYCF(62) ~ Elog(L/KV’I"S) ~ (1 +5)ElogK.

For L = K" with y € (0, 1), we can choose 62 = 1 to obtain

L L L
C*(0?) ~ Elog(K/Z) + 5~ ElogK,
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and

L L
RNCF(62) ~ 7 log(K/2) ~ S logK.

sum

For fixed K with L growing, we can choose 6> = L£ for some & € (0, 1) to obtain

Lloge L!'"¢
¢ ~—2 loge,

C*(0%) ~ & log(L/L°) +

and

K K
RYSF(62) ~ Elog(L/Lg) ~ (1 —¢&)=logL.

sum 2

Finally, for fixed L with K growing, we can choose 6> = 1 to obtain

L L L
C*(0?) ~ Elog(K/Z) + 5~ ElogK,

and

L L
RNCF(62) ~ 7 log(K/2) ~ S logK.

sum

]

Remark 3.3.3. When L is fixed and K is growing, or L = KV with y < 1, the sum-rates scale

sublinearly in K and therefore, the per-user rate is asymptotically zero if one attempts to serve

all users fairly.

Remark 3.3.4. We note that most of the classical scaling results in the literature, as reviewed in

Section 3.2, consider ergodic capacities and their limits. In contrast, our results focus on global

interference network models with certain known statistical properties of the channel and make

high-probability predictions on achievable rate regions.

Remark 3.3.5. The theory developed here does not lead to the same a.s. statements for the case

L = K — o. As a workaround, for every € > 0, however small, one can choose to only serve
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(1 — €)K of the users, thereby leading to a sum-rate scaling of

(1—¢€)KlogK/2

for this case, in accordance with Table 3.3.

Proof of Theorem 3.3.2. We will prove the first part, i.e., the case when L — oo. The second part

will follow from this by exchanging the roles of K and L. Note that

log |1+ GGT| =log|I + G'G

o241 cZ+1

In the regime considered, L > K eventually, therefore we can use G’ in place of W in

Lemma 3.3.2. Assume first that p < co. We can conclude from Lemma 3.3.2 that w.p. 1, for every
8 > 0, there exists L*(8) such that for all L > L*(§), all eigenvlaues A, ...,Ax of GT G/K lie
in

(VP12 =8,(vp+1)*+35].

Therefore, w.p. 1, for every L > L*(§), we have

P

T
log1+62+1GG
X PK
:];llog<1+62+lAk>
PK 2 PK )
E{Klog(l—kcz_’_l((\/ﬁ 1) 5)>,K10g(1+62+1((\/ﬁ+1) +5)>]. (3.14)

55



Further, we have

ng(L+§§g@ﬁ&tn2i60

lim
Lreo Klog (%)
((v/P+1)*+8)
. log (1 + 57 L/K )
:ngrgo 1 ( PL )
08 5711
o <1+ PL .((\/ﬁil)zié)) o <1+ PL .((\/ﬁil)zﬂ))
i [ g o2+1 /K y g o2+1 p
oo 1248 1)2+6
L= | oo (Hcﬁl . (Wﬁip) + )> 1°g<a§i1 . (Wﬁip) ))
+1)248
1°g<c§i1 (/P p) )>]
X
log (g—%)
=1,

since each factor approaches 1. Therefore, from (3.14), we obtain the limiting behavior

P T
I+—5—GG
(o)

1
og 1

PL
~ Klog <g> ~Klog(L/c?) wp. 1.
For the case L/K — oo, since all K eigenvalues of G’ G/L approach 1, we have

I+ GGT

log

PL
o ~ Klog (;) ~ Klog(L/o?) w.p. 1.

A similar line of reasoning with P/(c? + 1) replaced by P yields the result for R O

sum-*

Stochastic geometry

We now consider an alternative network model based on stochastic geometry [5]. In
this model, users and relays are distributed over a 100m x 100m area according to independent
Poisson point processes with intensities A, and A, (per 10* square meters) respectively. All
channel gains are assumed to be real and unchanged for the duration of transmission.

As an initial simple model, the gain Gy from sender k to relay /, separated by Euclidean
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distance ry, is modeled by max{ro,r;x} B, where B is the path loss exponent and rq (set to 1
meter) is a minimum link distance to prohibit the singularity of the path loss for r;; — 0. In
contrast to the rich scattering model, the channel randomness now comes exclusively from the
placement of user and relay nodes, and once the nodes are fixed, the channel coefficients become
deterministic. Therefore, this simple model approximates line-of-sight (LOS) propagation with
no multipath component.

Following [33], we also study a more practical channel model based on stochastic
geometry, where multipath effects such as blockage, shadowing, and fast fading are considered.

More specifically, the multipath channel gain is given by

LOS)

Gl(k w.p. pros (") ,
Gy =
NLOS
Gl(k ) w.p. I — pros (i) ,
where (LOS) o (LOS)
LOS) (LOS
G(LOS) _ A O
K =
x (max{ro, i )P
and
NLOS) . (NLOS
(NLOS) _ A et

le -

(NLOS) *
K (max{ro, i })P

Here, NLOS stands for non-LOS. The random variable A;; represents the fast fading component

for modeling small-scale fluctuations in the envelope of the links in LOS and in NLOS. Al(,I;OS) and
AI(II:ILOS) follow a Nakagami-m distribution with m = 2 and scale parameter Q2 = 1, and a Rayleigh

distribution with scale parameter €2 = 1, respectively. The factor ®;; models the shadowing effect
due to changes in the surrounding environment. We consider a typical log-normal shadowing and
set G)I(IEOS) and @SjLOS) as log-normal random variables with means and standard deviations as
specified in [33]. We also assume that A;; and @y are independently distributed. The parameter

K is the free-space path loss at a distance of 1 meter from the sender at the center frequency f.

(which is set to 2.1 GHz here), and [)’(LOS) and B(NLOS) denote the path loss exponent for LOS
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and NLOS scenarios, respectively. We take f(-05) = 2.5 and B(NLOS) = 3.5 Finally, pros (r)
represents the probability that the link is in LOS and is modeled according to the 3GPP urban

micro (UMi) channel model [1] as
PLOS (rlk) = min{lS/rlk, 1} <1 - €_rlk/36> —Jre_rlk/%,

where ry; is measured in meters.

For simulating the large network asymptotics for all the aforementioned channel models,
we examine the cases A, =24, A, = 13, and A, fixed. The corresponding median sum-rates
for fronthaul-limited and fronthaul-unlimited C-RAN uplink, as well as the corresponding C*
required, are plotted as functions of A, in Fig. 3.2 for different values of 3. The median values
are taken over 1000 runs of the simulations. For each simulation run, 62 is chosen so as to

(numerically) minimize

sum? = sum sum

max {C*(GZ) R R —RNCF(GZ)} .

NCF gcales in a similar fashion as R

From the plots, we observe that Ry sum>

remaining only slightly
lower, provided we have a slightly larger amount to spend on the fronthaul. Moreover, for
Ar = 22, as well as for A, = A2, the sum-rates show an approximately linear scaling with A,
(and hence with L), unlike the KlogL scaling observed for the rich scattering case. This loss

seems to be caused by the dependence among the channel coefficients, which are still identically

distributed but not independent of each other.

3.4 Downlink C-RANs
3.4.1 Comparisons with Fronthaul-Unlimited Downlink

Similar to Section 3.3.1, we can use Edmonds’s polymatroid intersection theorem to

quantify the total fronthaul Cy := C; + - - - + Cp, required to approximate the fronthaul-unlimited
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Median rates
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Figure 3.2.  Uplink capacity scaling under stochastic geometry.

downlink sum-capacity.

Theorem 3.4.1. If

1 P T Vacs 2

for some 6* > 0, then there exist Cy,Cs,...,Cr > 0 with Y.iciy)Ci = Cy at which distributed

decode—forward can achieve a sum-rate
1 P K 1
RPDF(52) — 5 log ‘?HHT +1‘ — 7 log (1 + g) .
Conversely, to achieve a sum-rate of (1/2)log|I + PHHT|, we must have a total fronthaul
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capacity
1
Cy > 5 log |I+PHHT|.

Proof. We assume that

1
3 log

P K 1
—HH +I'Zzlog (Hg)’ (3.15)

since a negative sum-rate has no physical meaning. Define r; := Ry + (1/2)log(1 +1/5?),

k € [K]. We will work with the tuple (r1,...,rk) instead of (Ry,...,Rk). The maximum sum
ri+ -+ rg corresponding to ZpPF (62) can be written as

i (11 ’PH Hlgs +1]+ ¥ )
Fmax = min (= log|—
T s \2 o2 K kLS 1€5¢ l

= min (6(s)+w(sD), (3.16)

where
1 P T
¢(81) = ElOg‘;H[KLSlH[KLSI ‘|‘I‘
and
w(sH =Y G
leS§

are such that Z(¢) and & (y) are both polymatroids. Therefore, by Edmonds’s polymatroid

intersection theorem,

Fmax :mzzx{ Z iy < W({l})al S [L]7 Z i < (P(Sl)asl - [L]}

Y I€[L] IS,

Now, let us fix

Cx > ([L)) = ylog

P
gHHTjLI‘ (3.17)

such that Cy,...,Cy are constrained to satisfy Cy + - -- +Cp = Cy. Choose a point

60



Y =0, ,y)) € P() such that y} +...+y; = ¢([L]) and y; > (1/2)1og(1+1/0?) for each

I. Such a point always exists since Z?(¢) is a polymatroid and since (3.15) holds. The point

y = (§1,...,91) defined by
Cy
)71 = y*a l e [L]a
o([L])™"

satisfies y1 +--- + 31 = Cy. Therefore, choosing C; = y; for each I/, & (¢) becomes the cuboid
with corner point §. Moreover, this cuboid includes the point y*, since §; > y; for each [ by

(3.17). Thus, the point y* lies in the intersection &?(¢) N Z?(y) and therefore,

* * 1
Tmax = Y1+ -ty = ‘P([L]) = Elog

P T
—HH" +1],
(e}

which implies that distributed decode—forward with the same fronthaul link capacities

(Cy,...,Cr) can achieve

K 1 1
DDF __ — J—
Rsum _(P([L])_Elog (1+ 62> - Elog o2

P . K 1
establishing the result. The converse follows immediately from the cutset bound. [

Remark 3.4.1. The best sum-rate achievable by our coding scheme for a given total fronthaul

capacity Cy > 0 can be expressed as

1
RO (Cy) = sup (min{CZ,ilog

62>0

PHHT+I K1 1+ !
— ——lo — |-
o2 7 8 o2

Remark 3.4.2. As demonstrated in [67], one can write the sum-capacity of the fronthaul-

RKXL

unlimited downlink with channel gain matrix H € as the solution of the optimization
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problem

|HTYH + Q|
0l

subject to Y >0 diagonal, tr(X)<I,

minmax — lo
o x 2 £

Q=0 diagonal, tr(Q)<1/P.
Taking Q = (1/PL)I and X = [ therefore yields an upper bound

00
Rsum

1 T
< Elog |PLHH" +1|.

3.4.2 Capacity Scaling

Similar to Section 3.3.2, we first consider a rich scattering model. We can use
Lemma 3.3.2 to establish the following theorem on the large network size behavior of RPPF(52),

C*(0?), and RZ,.,. The proof is similar to that of Theorem 3.3.2 and is omitted.

sum*
Theorem 3.4.2. Let the entries of the K X L channel gain matrix H be distributed as i.i.d. random

variables with variance 1, and let 6> = 6*(L,K) > 0. If L — oo such that L/K — p € (1, and

L/6? — oo, then

1 [ee] (o]
— <liminf "™ <limsup —"" <
2 KlogL KlogL

and
. K 1\ K K 1
a.s. in H. Similarly, if K — oo such that L/K — p € [0,1) and K/6?* — o, then

00 00

1 R
— < liminf —" < limsup —"" <
2 LlogK LlogK

and

. K 1\ L K |
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a.s. in H.

Using Theorem 3.4.2 and choosing 62 = ¢2(L,K) appropriately, we summarize the

scaling laws for ROPF R* and the fronthaul link capacity requirement C* in Table 3.4.

Remark 3.4.3. Unlike Table 3.3, Table 3.4 does not have an exact coefficient in the scaling law
for RS, for downlink. The upper bound in Remark 3.4.2 scales as LlogK or KlogL, while

RPDF serves as a lower bound on R ..

For a stochastic geometry model similar to that in Section 3.3.2, Fig. 3.3 plots the median
sum-rates obtained experimentally over 1000 simulation runs each, for different scaling regimes

and different path loss exponents. The power constraint P at each relay is kept fixed. For each

Table 3.4. Sum-rate scaling for fronthaul-limited and fronthaul-unlimited downlink C-RAN;
ac(1/2,1],y>0,7y#1,0<d<y—1,0<e< 1.

Lvs. K o2 c* R RGm
K K
(r>1) ! ElogL ElogL aKlogL
L=1vK
L L
(<1 ! 5 10gK 7 logk aLlogK
L L
LY/r-1 ElogL ElogL
(r<1 aLlogK
4 L/v—1+6 (1—8)LlogL (1—-0)LlogL
L=K 5 :
K K
(r>1) ! > logL > logL aKlogL
K K
K fixed 1 ElogL ElogL aKlogL
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DDF

sum » and then

realization of the channel gain matrix H, 6 is chosen to (numerically) maximize R
C* is calculated using this value of o2. As before, the C-RAN downlink sum-rate closely tracks
the fronthaul-unlimited downlink sum-capacity using a similar amount of fronthaul capacity. We
note here that the plots show an upper bound on R, ,, corresponding to choosing randomized
values of the entries of the matrix Q in the dual characterization mentioned in Remark 3.4.2 and

maximizing over the input covariance matrix X using the singular value decomposition of the

channel gain matrix and water-filling power allocation (see, for example, [17, Section 9.1]).
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[
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r r
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Figure 3.3. Downlink capacity scaling under stochastic geometry.
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Chapter 4
MIMO C-RANs

4.1 Introduction

In this chapter, we extend the results of Chapters 2 and 3 to the situation in which
each user has N, local antennas and each relay has N, local antennas. The apparently more
general situation in which users and/or relays have different numbers of antennas can be handled
by setting the channel gain matrix appropriately. We assume a total average transmit power
constraint P at each node and consider channel matrices G € RVL*NeK and H € RNEKXNL for
uplink and downlink C-RANSs, respectively. The objects %’S{DCF, RNCF ¢S RES | ggPPF - RDDE

sum > up 7 “tsum? down’ “‘sum »

and Z$3  are defined as in Chapter 2.

down
4.2 Approximate Capacity

Similar to (2.5) in Section 2.2.2, the network compress—forward inner bound %SLCF for

the uplink Gaussian MIMO C-RAN is characterized by the rate tuples (Ry,...,Rk) satisfying

1 Ekes, Oss il kGl NS 1
Zng—log) = 2”‘+1‘+ch—ﬂlog<1+—2>
keSS, 2 o +1 €S, 2 o
= fin(Sl,Sz,Fl,...,rK) (4.1)
for all S; C [K] and S, C [L] for some 6% > 0 and for some covariance matrices I'y,...,I'x =0

such that tr(I'y) = P, k € [K]. Here, for S; C [L] and k € [K], Gs;x denotes the NS5[ X N,
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channel gain matrix between user k and the relays in §5. For each fixed o2, T,.... Tk, we
denote this region by Z,F(62,T'1,...,Ix). The cutset bound Zg is characterized by rate

tuples (Ry,...,Rg) satisfying

Z GS;,kaG?S:;,k‘{‘I) -+ Z (o]

1
Y Ry < -log
2 keS €Sy

keSS

= four(S1,82,T1,...,Tk). (4.2)

Similar to (2.24) in Section 2.3.2, the distributed decode—forward inner bound %ggvi for the

downlink Gaussian MIMO C-RAN is characterized by rate tuples (Ry,...,Rg) satisfying

1 Yies Hse TiHE N, |SS 1
Zng—log‘ i 2’l+1‘+ZC,_Mlog 14
keSS 2 o’ eSS 2 o’
2 1
=t Fin(S1,82, 1, IL) (4.3)
for all S; C [L] and S, C [K] for some 6 > 0 and for some covariance matrices I'y, ...,z = 0

satisfying tr(I';) = P, [ € [L]. For each fixed 62,T",...,I', we denote this region by
HPPF (62,T,...,IL). The cutset bound %<3 is characterized by rate tuples (Ry,...,Rk)

down down

satisfying

1 ~
Y Re < S log|Hsgs, Ty i 5, +1]+ L G
& leSy

= Fout(SI;SZaf)a (44)

where I is a general N,L x N,L input covariance matrix satisfying the block trace constraints.
Here, Hsg ; denotes the N, |S5| x N, channel gain matrix between relay / and the users in S5, and
Hg; s, denotes the N, |S5| x N;|S1| channel gain matrix between the relays in Sy and the users in
S5.

We have the following result on the achievable per-user gaps from the capacity of the
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MIMO C-RAN.

Proposition 4.2.1. For every G € RVNK and every P € RY, if a rate tuple (R, ...,Rx) is in

RES, then the rate tuple ((Ry —A") ", ..., (Rx — A") ") is achievable, where

up’
N, eN,L
AP < 21 iy
2 Og( Ny )

Moreover,

u cs CF( 2 NéLH (]1\\I’LJL<> o NiL 2 2NuK,
AP =R sup  RNCF(G2Ty,....Tg) < "

sum sum

2
o-Iy,...I'k NEL’ N, L < 2NMK

Similarly, for every H € RNeKXNiL gqnd P ¢ RY | if a rate tuple (R, ... ,Rg) is in Z$5. , then the

down’

rate tuple ((Ry — AYY™)* ... (Rg — AY"™)T) is achievable, where

Melog(eN, LK), N, <N,L,

d
A own S %log(eNuK), Nu 2 NrL; NuK 2 2NFL7

B+ %log(N,L), K=1, NL<N,<2NL.
\
Moreover,

Adown . pCS N,K n min{N,L,N,K }1

sum  * sum

sup RDDF(szrlv"'aFL> <

sum

og(N,L).
627F1,...7FL 2 2

Remark 4.2.1. Proposition 4.2.1 recovers the results of Theorems 2.2.1 and 2.3.1 when we set
N, = N, = 1. From the expressions for A"’ and A%"" we observe that the capacity gaps are
the same as if there were N, x L single-antenna relays. The sum-rate gaps are the same as if
there were N,, x K single-antenna users, while A" and AY%"" are in general larger than the gaps

obtained with N, x K single-antenna users.
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Proof sketch of Proposition 4.2.1. The proof is an extension of the proofs of Theorems 2.2.1
and 2.3.1. Let us focus on the uplink first. Similar to Lemma 2.2.1, fi,(S1,8,T1,...,Tk)
satisfies the monotonicity property for each fixed S>,17,...,['kx. Therefore, similar to the line of

argument in Section 2.2.2, the per-user rate gap from the cutset bound can be upper-bounded as

= SiCIK] S

AP < max [maxrl,...,FK minSZ fOut(Sla‘SZ?Fl?"wr‘K)
S1#0

o maXF] ,...I‘K min82 fin (Sl ) 827F1 P arK>
|51

< max max ma
S]C[K]Fh 7FK 52 2|Sll

)zkeslGSCkrngck+1] NiS| (1
ZkGS] GSL kaGsc + &2

S170 62+1 +I‘

(a) min{N,(L—1),N,k} o Nyl 1

< ’ log(1 —1 1+—

< max % og(l+0%)+— 0g< +62>],
1€{0,...,1}

where in (a), we set |S}| = k, |S2| = [, and upper-bound rank (Zke S Gggkungs k> by

min{N,(L—1[),N,k}. The maximization yields

Belog(1+02) + M ulog(1+ L), 6> > LN,L>N,,

AP < 0 Mljog(1 4 62), 62> 1,N,L < N,,

¥log(l+$), o2 < 1.

Since this holds for every 62 > 0, we set
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for L > 2N, /N, to obtain

N, N.L N.L—-N, N,
Angéllog — 4L ”10g(1+—")

N, 2 N,L—N,

@N,  eN,L

<" . 4.5
< 5 log N, 4.5)

Here, (a) follows since from elementary calculus, we know that for x > 0, log(1 +x) < xloge.

For L < 2N, /N,, we can choose 62 = 1 to obtain

(a)
AP < NéL < Ny log ¢LN,

where (a) follows from the inequality x < log(ex) for x < 1/2. This, together with (4.5), estab-

lishes the per-user rate gap for the uplink MIMO C-RAN. For the sum-rate gap, we consider

AlSllrl)mg max (fout(31,32;F17~~-,rK>—fin(SI,SZ;Flauer))

S1,8.,...Tk
min{N,(L—1),N, k} Nl 1
< . .
< max [ : og(1+0%) + 21g(1—|— )} (4.6)
le{0,....L}

Maximization of (4.6) over [ and k yields, for o> 1,

NEK log(1+ ¢2) + MLk N“K log(1+ L), N,.L>N,K,
Asim <
N.L

sElog(1+4 02), N,L <N,K.

For N.L < 2N,K, we can then choose 62 =1 to obtain an upper bound AP < N,L/2. For

N,L > 2N,K, we can choose 6> = N,L/N,K —1 > 1 to obtain

N,K N,.L\ N,L—N,K N,K
AP < E . . “log| 14+ —""—— 4.7
sum = 108 (NMK> T U NI oNK (4.7)
N,L
= ; H(N,K/N,L).
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For the downlink MIMO C-RAN with channel gain matrix H € RM&*N:L the per-user

rate gap from the cutset bound can be upper-bounded, similar to Section 2.3.2, as

82C

1
AdOWIl< max [| ’<maX1’1}1nF0ut<8];827 )
2

— max min min F,(Sy, 7>, T r
pmax. min_min in(S1,T2,T1,....IL)

< . Fout(Slvszaf)_F}n(8177—27F17~~-7FL)
S max max min .
Sl 75277—2g82 f Flw"al—‘L |8§|

‘Hsg,sl U Hg s, +1 ‘

< max max min
51,5, 1CS T T, 7L2|SC‘

Hgc T HT
‘ZZESI sl Sgﬁl—i-l‘

o2

1
+ N, |75 | log (1+;)]. (4.8)

Writing s, = UAUT where U is orthogonal and A is diagonal, letting

HSC s U =: [Bl By - B‘S”], where Bl,...,B|51‘ are N,,|S5| x N, matrices satisfying
2
Z'S' | tr(B! B HHSEvSI HF , and taking I'; = (P/N,)I for each [, we have
= S
’H3§731F31H§5781 +1‘ (1+z‘ 1‘BABT‘
Yies, Hge T HL, = log IS1| p T
1€5) 822”1 ! S5 —FI‘ ‘I+WZZZIBZBZ ‘
(o)

‘I+P|81]Z|S'|BZBI ’

< og
S
1+ 2 2 BBl

< min{N,|S5|,N+|S1|}1og (Ger]Sl ),

1

NS Here, (a) follows since the trace of fgl is upper bounded by P|S;|.

provided o2 >
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Continuing from (4.8), we thus have

log (Ger‘Sl ‘)

1

o NulT5l1og (14 5)  min{N,l5], M, 1511}

A <  max
81,5, T2CS) 2|85 2|85

N,K ( 1> min{N,,N,L}
5 log 4+ ——

2
I+ : log(G2N,L). (4.9)

This holds for every 02> 1,s0weset 02 =K —1 for K >2 and N,L > N, to obtain

N, N,

N
< 7”1og(eN,LK). (4.10)
For K = 1 and N,L > N,,, we can set 62 = 1 in (4.9) to obtain
N, N,
AdOV < 7"10g(2N,L) < 7”1og(eNrL). (4.11)

For N,L < N, and N,K > 2N, L, set

"~ N,L
to obtain

r

N.K—N,L L
Sl (e 5~ log(eNuK), (4.12)

log(N,K —N,L) <

N.K
A%V < %log(NuK) —

and for N,L < N, < 2N,L and K = 1, set o2 =1 to obtain

N, N.L
7”4— 5 log(N,L)

Adown <

< %log(eN,L). (4.13)

72



The results (4.10)—(4.13) establish the per-user gap results for the downlink MIMO C-RAN.

For the sum-rate gap, we similarly obtain

Aggg“ < maxmax min (Fout(Sl,Sz,f)—En(Sl,Sz,Fl,...,FL))
S8 T Il

1 C
< max min{N,|S5|,N;|S1} i
81,8 2

C

NS 1
og(Ger|S1|)+%log (1—1—;)] (4.14)

if 02 > 1/N,|S1] for each Sy # 0. Maximization of (4.14) over |S; | and |S§| yields, for 62 > 1,

in{N,L,N,K N.K 1
adown  mind - Hog(NLo?) + = log (1 + ?> . (4.15)

We can then choose 62 = 1 in (4.15) to obtain

Adown min{N,L,N,K } i

sum  — 2

N, K
2 Y

og(N:L) +

completing the proof. [

4.3 Fronthaul Requirement and Capacity Scaling

In this section, we quantify the fronthaul requirements for the uplink and downlink
MIMO C-RAN sum-capacities to approximate the fronthaul-unlimited capacities. To this end,

we first note that similar to Sections 2.2.2 and 2.3.2, one can characterize the achievable sum-rates
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RNCF(62 T,...,T'x) and RPPF (62, Ty, ... . Tp) as

sum

RNSF(62.Ty,...,Tk)

N,|S> 1

1
— min [ =1 ’
srzm?]<2 ozt

ke[K] leS,
N, 1
= L{Zyl yl<C1—710g(1+ ),IE[L],
Y lelL)
Y < log‘ s ¥ GesuliGhy o +1.82 € [L ]}
1S, o+ 1K

and

2

— min ( log‘ ZH[K TiH ,+1(+ Zc,)

N, K 1
R]SDUBIF( 27F17"'7FL)+ . log (1—’—;)

SIQ[L} eS¢

= max {Zyz i <G, lell], Zw<—10g‘ QZHK]ZFIH 1+I’ S1C ]},
Y lelL) IS IS

leading to the following extension of Theorems 3.3.1 and 3.4.1.

Proposition 4.3.1. If

1
Cy > Slog|— Y GuuluGlpy +1

o2 +1 ke[K]

N,L 1 .
+710g <1+?> =C (GZ,Fl,...,FK)

for some 6%.T'y,..., Tk, then there exist fronthaul link capacities Cy,Cs,...,Cr > 0 with

Yicir) G = Cy, at which network compress—forward can achieve a sum-rate

1
RNCF (o ,rl,...,rK)zzlog

kaG[L] k + I

ke[K}
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If
1 X
? Z H[K“FIH[TI;-]J—FI =C (GZ,Fl,...,FL)

1
le[L]

for some 6>,T'1,...,T'1, then there exist Cy,Cs,...,Cr > 0 with Yiciy) G = Gy, at which dis-

tributed decode—forward can achieve a sum-rate

1
RPPF(62 Ty,....T1) = =log

sum 2

1
—3 L Hix Uil +1
le[L]

N, K 1

Remark 4.3.1. Following a similar line of reasoning as in [67, Section IV-B], one can write

the sum-capacity of the fronthaul-unlimited MIMO downlink with channel gain matrix H €
RNuKXN:L a5 the solution of the optimization problem

: 1. |HTZH+Q|
minmax ~ log ————
o r 2

[
subject to Q non-negative diagonal,
z
X
Y= ,
Xk

submatrix Q([(I — 1)Ny+ 1 : IN,],[(I— 1)N,+ 1 : IN,])
having equal diagonals for [=1,...,L,
tr(Q) < N,/P,
tr(X) < 1.
Here, X; > 0 is of size N, x N, for every k € [K].

Remark 4.3.2. Generalizing Remarks 3.3.2 and 3.4.1, the best sum-rates achievable for a total
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fronthaul capacity Cy > 0 can be expressed as

N,L 1

Ram (Cy) = sup min{Cz— log <1+—2>,
02>0 2 c

1

max —lo
Iy, Tk 2 &

1
o2+1

) G[L],kaG[TLLk +1
ke[K]

}

NK 1
- log <1+?>>

for the uplink, and

6250 1ol

‘ 1 1
RI(Cy) = sup (mm {CZ,Fmax Elog EIEZ[;}H[KUDH&]J%—I

for the downlink.
We have the following result on the large-network asymptotics of the MIMO C-RAN.

Proposition 4.3.2. Let the entries of the N.L x N,K channel gain matrix G be distributed as
i.i.d. N(0,1), and let 6*> = 62(N,,L,N,,K) > 0. If N,L — o such that N.L/N,K — p € (1,

and N,L/ 6% — oo, and if N, is kept fixed, then

. NK
Rsum ~ ; log (NrL)

and for every choice of I'1,...,I'k,

. NL 1\ NK
RNCF — ¢+ — > log (1+;)~ g log(N,L/c?),

a.s. in G. Similarly, let the entries of the N,K X N,L channel gain matrix H be distributed as

ii.d. N(0,1), and let 6> = 6*(N,,L,N,,K) > 0. If L — oo such that N,L/N,K — p € (1,0] and
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L/(N,6?%) = oo, and if N, is kept fixed, then for every choice of T'y,..., T,

« NuK 1 N.K N, K 1
RGN =C —%10g<1+;)~ ; log(L/crz)—%log(leg)7

a.s. in H.

Remark 4.3.3. Comparing Proposition 4.3.2 with Theorems 3.3.2 and 3.4.2 shows that under
the rich scattering model, the large network asymptotics of the MIMO C-RAN is the same as if
there were N, K users and N,L relays. Thus, Tables 3.3 and 3.4 can be easily generalized to the

MIMO case through appropriate choices of 62(N,,L,N,,K).

Remark 4.3.4. In Proposition 4.3.2, N, and N, are held fixed for uplink and downlink, respec-
tively, so that the scaling results remain invariant to the power allocation across the local antennas

at each user and at each relay, respectively.

Similar to Sections 3.3.2 and 3.4.2, Figs. 4.1 and 4.2 plot RNCF RDDF " "and RS
under a stochastic geometry model. Both N, and N, are kept fixed (N, = N,, = 4) for these
simulations. For the downlink, as before, we plot an upper bound on Ry, obtained by a grid
search over eligible values of Q in Remark 4.3.1. At each node (user or relay), the shadowing
effect is considered to be the same across all local antennas, while the small-scale fading is taken
as i.i.d.

To quantify the advantages of having multiple local antennas at each user and each relay
(i.e., the advantage of “using MIMQO”), Figs. 4.3 and 4.4 plot the best sum-rates achievable for a
given Cy as the number of local antennas grows, in accordance with Remark 4.3.2. For these
simulations, we take K users and L relays distributed uniformly over a 100m x 100m area, where
K =4 and L = 6. We consider the cases Cy = 20, 40, 60, and 80 bits per transmission. We take
N, = N, in all these simulations, for simplicity. The gains from MIMO are more significant at

higher Cy and under multipath models. Intuitively, a larger fronthaul provides a pipeline for the

flow of the extra information available through the use of a larger number of antennas in the
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Figure 4.1.

wireless hop of the network, while a smaller fronthaul is a bottleneck to achieving the full MIMO
gains. In addition, for multipath models, i.i.d. small-scale fading across different antennas at the
local nodes leads to MIMO gains at higher Cy, while for the simple LOS models, the channel

gains across different antennas at each node are almost identical and provide little diversity gain.
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Chapter 5

Towards Practical Codes: Lego-brick Ap-
proach

In this chapter, codes are developed for two-user multiple access and broadcast channels
starting from Gelfand—Pinsker codes with known block lengths, rates, and error performances.
Guarantees are provided on the block error rates of the MAC and BC codes in terms of the
parameters of the constituent Gelfand—Pinsker codes. These guarantees hold as long as the
constituent codes satisfy the assumed properties on rate, codeword weights, and performances,

irrespective of the basic structure and other properties.

5.1 Introduction

The channel coding problem has been studied extensively ever since Shannon, in his
seminal 1948 paper [49], modeled a point-to-point communication channel as a collection of
conditional probability distributions. The point-to-point channel coding theorem was established,
among others, by Shannon [49] and Gallager [20]. In a parallel direction of research, the practical
problem of coding for point-to-point channels has seen enormous advances in recent years, as
alluded to in Chapter 1.

This chapter attempts to answer the following question: what happens when a code,
whose performance is known in some setting through simulations or theoretical studies, is used

for a different problem? More specifically, given point-to-point channel codes with certain known
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parameters such as block length n, rate R, and block error probability €, we attempt to come
up with coding schemes for multi-user channels whose performance can be directly obtained
as a simple function of parameters of the original code, without redoing extensive studies in
the new setting. In essence, we treat encoders and decoders of known codes as “black boxes”
(or “Lego-bricks”) satisfying some primitive properties and assemble them (potentially with
other simple “bricks” such as interleavers or dithers) to build a bigger “box” for a different, and
potentially more complicated, scenario, with performance guarantees. Such a theory enables one
to leverage commercial off-the-shelf codes (such as those studied in [4, 6, 19,27, 45]) for single
user channels, or even hypothetical codes to be invented in future, to build codes for multi-user
communication.

What are the minimum primitive properties these “Lego-bricks” should satisfy while
being versatile in building various network communication codes? Given such “Lego-bricks”,
how do we assemble them in different network communication scenarios? How does the
performance guarantee translate between different communication settings? These questions
were studied between channel coding and Slepian—Wolf coding first by Wyner for binary
symmetric channels and doubly symmetric binary source [64] and later for general binary-input
channels and general Slepian—Wolf problems [60, 61]. In this chapter, we propose another
“Lego-brick”, which can build Gelfand—Pinsker codes for channels with state, channel codes for
(asymmetric) point-to-point channels, and Marton coding for broadcast channels, among others.
The focus of the chapter is on how the performance of one code in a certain communication
setting can be translated into the performance of another code in a different setting.

We start out with primitive Gelfand-Pinsker (GP) codes [21] for binary-input, binary-state
channels and construct codes for binary-input multiple access channels (MAC) and finite-alphabet
broadcast channels (BC). In addition to primitive GP codes, we use a random interleaver that
applies to a length-n sequence, a permutation chosen uniformly at random from the n! possible
permutations, as well as shared random bits between transmitters and receivers.

The rest of the chapter is organized as follows. Section 5.2.1 introduces the primitive GP
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encoding and decoding blocks we use throughout the paper and establishes the performance of
this code when a random interleaver is used on the output of the encoder and additional random
bits are shared between the encoder and the decoder. Section 5.2.2 shows how to construct
an ordinary point-to-point channel code from the primitive GP code. Section 5.3 develops a
coding scheme for the 2-user binary-input MAC using two channel codes (ultimately derived
from primitive GP codes). Section 5.4 develops a coding scheme for the 2-user BC using a
primitive GP code and a channel code. Throughout the chapter, we follow the notation in [17],
with the exception that for a natural number n, we use [n] to denote the set {1,...,n}. In addition,
|x"| := |{i € [n] : x; = 1}| denotes the Hamming weight of a binary sequence x" € {0,1}" and
for two binary sequences x",y", we denote by x" @ y" := {z" : z; = x; D y;,i € [n]} the bitwise

XOR operation or equivalently, binary addition without carry.
5.2 Gelfand-Pinsker codes to channel codes

5.2.1 Gelfand-Pinsker coding

A Gelfand-Pinsker problem p(y|u,s)p(s) consists of finite alphabets U =S = {0,1}
and ), a collection of conditional probability mass functions p(y,s|u) on Y x S for u € U
(referred to as the “channel” with input « and state s), and a probability mass function p(s) on S.
A (R,n,o,€,8) code (g,y) depicted in Fig. 5.1 for the Gelfand—Pinsker problem

p(y|u,s)p(s) consists of

e anencoder g : [2"%] x 8" — U" that maps each message m and each state sequence s” to a

codeword u" = g(m,s") such that |g(m,s") ®s"| = na for every m € [2"K], s" € S,

e adecoder y : V" — [2"K] that assigns a message estimate /2 = y()") to each received

sequence y”".
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The average probability of error of the code with a perturbed input is defined as

m "

n
GCOED WY (2‘”RHps<sz-> P #m|U" = g(m, ") &', 5" = m)
i=1
for 7" € {0,1}". The maximal average probability of error under sublinear perturbation is

max P"() =e. (5.1)
2e{0,1):
|Zn|§nl/2+5

The condition (5.1) states that the message is decoded correctly w.h.p. as long as the Hamming
weight of the perturbation z* is not larger than n'/2+9_ This condition is motivated by the
existence of practical codes with low decoding complexity and large block lengths n, such as
Reed—Muller codes [34,44] and BCH codes [9], for which the minimum distance can be made

1/2+6

to grow as n or faster by choosing code parameters appropriately.

Remark 5.2.1. For the rest of this chapter, we assume that such a code satisfying (5.1) exists for
every channel p(y|u,s), every a € (0, 1), and every € > 0, however small, for some large-enough

block length n and some § € (0,1/2).

S

u" Y" N
m—p{ g @ p(y|u,s) —» Yy —M

Zl’l
Figure 5.1.  Primitive GP code.

We now adapt the primitive Gelfand—Pinsker code to a form that is more useful in coding
for multi-user channels. Specifically, we add a random dither W" ~ i.i.d. Bern(1/2) to the

codeword as well as to the observed state sequence, and apply a uniform interleaver I';, (i.e., a
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permutation of n objects chosen uniformly at random) to both of them. To compensate for the
interleaver, we apply the operation I"; ! to the channel output Y” and try to decode the message
M assuming W" is also available at the decoder. This arrangement is shown in Fig. 5.2. The
following result connects the probability of error of this scheme to that of a slightly different

Gelfand—Pinsker problem.

Lemma 5.2.1. Consider a Gelfand—Pinsker problem q(y,w|u,s)p(s), where the channel q is
obtained by adding a random dither W" ~ i.i.d. Bern(1/2) to the input U" as well as the state
S" of the channel p(y|u,s), and taking (Y",W") as the output, as shown in Fig. 5.2. Suppose

that we have a (R,n, o, €,0) code (g, y) for the problem q(y,w|u,s)p(s). Then,

) (Iﬁlpsui)z"R-P(wrnl(Y"),W") #m|v” :rn<g<m,s">>,s"=rn<s">)> <e.
m,s" \ i=1

Lemma 5.2.1 illustrates that the arrangement in Fig. 5.2 can achieve the same rate
and probability of error as a usual primitive Gelfand-Pinsker code adapted to the channel
q(y,wlu,s) = p(w)pyjus(y|ud@w,sdw).

W}’l

s | "
' v

m—» g I, U, p(¥|i,s) Yy 1";1 v —»M

Wl’l
Figure 5.2.  GP code with interleavers and dithers.

Y

5.2.2 Point-to-point channel coding

The Gelfand—Pinsker code described in Section 5.2.1 can be easily converted into a
point-to-point channel code, as described in this section. Similar to [61], we define a binary-input

discrete memoryless channel p(y|u) as consisting of an input alphabet &/ = {0, 1}, a finite output
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alphabet ), and a collection of conditional probability mass functions p(y|u) on ) foru € U. A

(R,n,€) code (f,@) for the channel p(y|u) consists of
e an encoder f : [2"R] — /" that maps each message m to a codeword u”" = f(m),

e a decoder ¢ : " — [2"F] that assigns a message estimate /i1 = ¢ (y") to each received

sequence y”".

The average probability of error of this code is

Y 27" P(o(Y") #m|U" = f(m)) =e.

Now, suppose we have a (R,n, @, €,0) code (g, y) for the Gelfand—Pinsker problem

p(y|u,s)p(s), where p(y|u,s) = p(y|u) (i.e., the channel output is independent of the state
given the channel input) and ps(0) = 1. Define f : [2"8] — U" by f(m) = g(m,0), where 0 is
the all-zero sequence. Then, (f, y) forms a code for the channel p(y|u) with length n and rate

R, and has average probability of error

Y 27 P(y(Y") #£m|U" = f(m)) = Y 27" P(y(Y") # m|U" = g(m,0)).
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We write

P(y(Y") #m|U" = g(m,0))

= P(y(") #m]U" =g, 0).5" =0)[ [ p5(0)

+ ), P(y(Y") #m|U" = g(m,0),8" = S")ﬁl’s(si)
sS40 i=1

@ Py(Y") #m|U" = g(m,0),5" =0)

(b -

=Py (") #m|U" = g(m.0).5" = O[T ps(0)

~

n

+ Y P(w(Y") #m|U" =g(m,s"),8" = s") [ [ ps(si)

s"#0 i=1

where (a) and (b) follow since [}, ps(si) = 0 for s” # 0, and the last step follows from
condition (5.1). Thus, we have obtained a (R,n,&’) channel code from a (R,n, a, €,0) Gelfand—
Pinsker code, where €' < €. Similar to Lemma 5.2.1, the following result adapts the Gelfand—

Pinsker code to a channel with dithered and permuted input.

Lemma 5.2.2. Consider a Gelfand—Pinsker problem q(y,w |u,s)p(s), where ps(0) = 1 and the
channel q(y,w|u,s) = q(y,w|u) is obtained by adding a random dither W" ~ i.i.d. Bern(1/2) to
the input U™ to the channel p(y|u) and taking (Y",W") as the output, as shown in Fig. Consider

a (R,n,a,&,8) code (g,y) for the problem q(y,w|u,s)p(s). Then,

)} (2—'1R P (W (), W) £ m|U” = rn<g<m,o>>)) <e.

m

Remark 5.2.2. While this approach of coding for a point-to-point channel by using a Gelfand—
Pinsker code may seem redundant since a multitude of good codes already exist for several
different classes of channels, this enables us to code for multi-user channels by using only

Gelfand—Pinsker blocks, rather than adding separate channel coding blocks as and when we need
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Figure 5.3. Coding for MAC using primitive GP codes.

it. This aligns with the spirit of this work, which aims to eventually code for complex channels,

starting out with a minimal number of elementary blocks.

5.3 Coding for two-user MAC

In this section, we put together two channel codes, derived, as described in Section 5.2.2,
from Gelfand—Pinsker codes, to build a code for a binary-input discrete memoryless multiple-
access channel (DM-MAC) p(y|u;,u;), defined as consisting of input alphabets U = U, =
{0,1}, a finite output alphabet ), and a collection of conditional probability mass functions
p(y|ur,up) on Y for (uy,up) € Uy x Us. A (R1,R2,n,€) code (f1, f2,¢) for the channel

p(y|ui,up) consists of

e encoders f;: [2"Ri] — U" for j = 1,2, that map each message m; € [2"%1] to a codeword
J Jj p g

u! = f1(m1) and each message m; € [2"%2] to a codeword u3 = f>(mz),

e adecoder ¢ : " — [2"R1] x [2"R2] that assigns message estimates (71, 712) = ¢ (y") to

each received sequence y".

The average probability of error of this code is

pnlRitRY) Y <P<¢(Yﬂ) # (m1,m)|(UT,U3) = (fi (ml),fz(mz))>> =¢.

my,my
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Now, let us add independent dithering sequences W{', W' ~ i.i.d. Bern(1/2) to the codewords
Ut and U} and make W', W, available at the decoder. We will construct a code for this modified

MAC

q(,wi, w2 |uy,uz) := p(w1) p(w2) pyju, v, (V| w1 ® wi,u2 Sws)

using codes for the point-to-point channels

qy,wilw) =Y qwi|ur,uz)p(ua)
uyely

= ¥ (pOr)pw2)p(u) x pyjo o5 (v |11 w1, & w2)
uyEUy
wrEW,

and

q(y,u1 @wi,wa|uz) = p(w2) p(ur ©w1) pyjy, v, v [ 41 ©wi,u2 ©wy).

Suppose that we have a (Ry,n, o, €1,0) code (g1, ;) for the Gelfand—Pinsker problem

g(y,wi |u1,s1)p(s1) = q(y, w1 |u1)p(s1),

where pg, (0) = 1. Similarly, let us consider a (Ry,n, ¢, €,8) code (g2, y») for the Gelfand—

Pinsker problem

q(y,ur ®wi,wa|uz,52)p(s2) = q(y,u1 Swi, w2 |u2)p(s2),

where pg,(0) = 1. The following result demonstrates that combining these two codes in the
manner shown in Fig. 5.3 yields a (Ry,R,n,€") code for the MAC p(y,wy,ws |uy,uz), where

g <e+e.

Proposition 5.3.1. Define f1(m) := g1(m1,0), fo(my) := g2(my,0), and

OO Wi ws) = (Wi (" wh), w2 (5", g1 (Wi (O, wh))) © wi, wh)),
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i.e., the decoding function ¢ yields message estimates rivy = W1 (y", w}) and iy = o (", f1 (i) @

wi,wh). Then, the average probability of error is bounded as

g = P((My,M>) # (My,M>))

=27 RRe) 3P (@Y W WE) # (m1,ma) |[UF = fi(m1),Uf = fa(m2) )

my,my

<€+ 6.

Proof sketch. One can show that addition of the dithering sequences ensures that the channel
Ul — (Y",W") obtained by averaging over Ma ~ Unif([2"%2]) and W is discrete memoryless

and charaterized by the conditional probability distribution

n

HPW1 (Wli)PY\Ul (i |ur; @ wr;). (5.2)
i=1

This implies that the probability of incorrectly decoding the first message is bounded as

P(yn (Y",W') # M) < g (5.3)

by our assumption on the (Ry,n, ¢, €, 8) Gelfand—-Pinsker code. Similarly, the channel U} —
(Y", Uy ®Wj',Wy') is discrete memoryless and therefore, if the first message is decoded correctly,

the probability of incorrectly decoding the second message is bounded as
P(l[/z(Yn,UInGBWF,Wzn)#Mz) <é&. 5.4

We can now combine (5.3) and (5.4) to bound the average probability of error €' = I5((M 1, M) #
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Figure 5.4. Coding for BC using primitive GP codes.

(M,M;)). We write

P ({M # M} U{M, # M>})

=P ({M1 # M} U{M, = M, M> # M })

< P(M; # M) +P(M; = My, M, # M)

= Pyn (Y", W) # M)+ P(yn (V" W) = My, v (Y7, f1(My) @ WY, WY') # My)
<Py (Y", W) # My) + P(vo (Y™, Ul © W', W) 7 M)

<g+&.

Remark 5.3.1. The coding scheme used here corresponds to the well-known successive can-

cellation decoding [17, Chapter 4.5.1], where the message of user 1 is decoded first and the

corresponding message estimate is used to decode the message of user 2. One can also implement

the decoding order 2 — 1 to achieve a different rate pair for the same MAC.

5.4 Coding for two-user BC

In this section, we put together a Gelfand—Pinsker code and another channel code derived

from a Gelfand—Pinsker code, to build a code for a discrete memoryless broadcast channel

(DM-BC) p(y1,y2|x), defined as consisting of a finite input alphabet X', finite output alphabets

V1, Vs, and a collection of conditional probability mass functions p(y;,y2|x) on Y x ), for
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x € X. A (Ry,Ry,n,¢) code (f,&;,&) for the channel p(yi,y> | x) consists of

e an encoder f: [2"R1] x [2"R2] — X’ that maps each message pair (m,m;) to a codeword

X" = f(my,m),

e decoders &; : Vi— [27Rj] for j = 1,2, that assign message estimates 77y = & (y) and

iy = & (y3) to received sequences y| and yj, respectively.

The average probability of error of this code is

2R Y P ({8 (0] £ mi}U{Ea(YF) # mo})[X" = flom,ma) ) =e.

my,myp

Now, let us implement the Marton coding scheme for the broadcast channel using primitive
GP codes. Take U; = Up = {0,1} and fix a mapping i : Uy x Up — X. We will use u € U}
and uj € U3 to carry the messages m; and my, respectively. We will use a (R, n, &) channel
code (f, ¢ ) for carrying the message m; and a (Ry,n, o, €;,0) Gelfand—Pinsker code (g1, y)
for carrying the message m1, using the codeword carrying m, as the state sequence known to
the encoder, as in Marton coding [17, Chapter 8.3]. Analogous to Remark 5.3.1, we could also
have flipped the encoding order and used a Gelfand—Pinsker code for m, and a channel code
for my. In this section, we will finally add a perturbative noise Z" to the codeword u} and make
use of condition (5.1). Z" is generated as follows. Let Zy C [n] and Z; C [n] be the indices of
the positions where 0 and 1, respectively, occur in u} @ uj, i.e., Iy = {i € [n] : u1; B up; = 0}
and Z) = {i € [n] : u;; @ up; = 1}. Denote the (sorted) indices in Zy by ji, jo,... s Jn(1—a)> and
the sorted indices in Z; by [y,...,l,. Let Q be a Binom(n, ) random variable. If Q =k
for na < k < n, we choose Z" to have 1s at the positions ji,..., jr_ne, and Os everywhere
else. If Q =k for 0 < k < na, we choose Z" to have 1s at the positions [i,...,l,q_, and Os
everywhere else. Finally, if Q = na, we take Z" = 0. It can be shown that with this choice
of Z" |Z" ®u"(m,§") ® §"| is distributed as Binom(n, ). The perturbative noise Z" is crucial

to introducing correlation among the codewords carrying the two messages. We will also add

92



the same dithering sequence W" ~ i.i.d. Bern(1/2) to each of (u| ®Z") and u/, and make W"
available to both decoders as common randomness. We will then apply a random permutation
I's(-) on the sequences (1| ©Z" ©@W") and uj & W", similar to Lemma 5.2.1, and finally, generate

the transmitted codeword X" as

Xi=hTh(u ®ZieW;),Th(u2i ®W;)), i€ n].

The arrangement is put together as shown in Fig. 5.4. We note here that the Gelfand—Pinsker
code used is for the effective channel g (y;,w|u;,u;), obtained by adding a random dither
W ~ Bern(1/2) to the input U; and state U, of the channel p(y;|u;,u;) defined using the
BC p(y1,y2|x) and the map x = h(uy,up). Similarly, the channel code used is for the channel

q2(y2,w|uy) obtained by adding W to the input U, of the channel p(y; | uz).

Lemma 5.4.1. For the arrangement shown in Fig. 5.4,

(Fn(gl (ml,fz(mz)) oZ" @W"),Fn(fz(mz) EBW”)) ~ i.i.d.DSBS(OC)

for every (my,my) € [2'R1] x [2"R2].

The following result demonstrates that combining the Gelfand—Pinsker code and the point-

to-point channel code as shown in Fig. 5.4 yields a (Ry,R,n, €’) code for the BC p(y,ys,w|x),

25
where €/ < &+ & +2e 27",

Proposition 5.4.1. For the coding scheme depicted in Fig. 5.4, the average probability of error
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is bounded as

' = P((My, M) # (M,M>))

=2 R Y P ({y (I, (). W) £ m U 0T, (). W) £ o)

Ul =g1(m1, fo(my)), Uy = fz(lm))

28
<e e +2e .

Proof sketch. We first note that similar to Section 5.3, the channel U} — (Y;',W") obtained by
averaging over M, ~ Unif([2"1]) and Z", as well as the channel U}' — (Y, W") obtained by

averaging over Z", is discrete memoryless. Therefore, we have

Py (T, (Y]"), W") # My)

= Y p@P(w o wn |z =)
\z”|§nl/2+5

+ ) pEHP (%(F;l(YF),W") # M, |Z" = z")
|Zn|>nl/2+8

(%)81 P <|Zn’ < n1/2+5> 4p (,Zn| > n1/z+5>

<& +P(|Q—na| >n-n"1/?79)

(b)

—~1/246
2e +2€_2n,(n 1/2+8)2

=g —1—28_2"25,

where in (a), we use the error probability bound (5.1) for the (Ry,n, a, €;,6) Gelfand—Pinsker
code and in (b), we use the Hoeffding bound [22] P(|Q — na| > nB) < 2exp(—2nB?) for
O ~ Binom(n, ). Similarly, by the memorylessness of Uy — (Y5, W") and the assumed property
of the (Rz,n, &) channel code, we conclude that P(¢, (I, 1(Y3!), W") # M;) < &,. The result is

then established by the union bound. [
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5.5 Discussions

In this chapter, we have looked at how the performance of a code in a point-to-point setting
translates to other scenarios, and how multiple point-to-point codes with certain performance
guarantees can be combined to code for multi-user problems. The main focus and guiding
principle of this chapter has been the abstraction of complex coding problems into a small
number of basic blocks which can be easily realized and in fact, already exist in coding theory and
communication theory literature. Combining these practical blocks according to our prescriptions
would enable one to code for more complex networks with finite-blocklength performance
guarantees.

The next step in this line of work is to generalize these results to multi-hop scenarios
including C-RANs. The C-RAN model studied in Chapters 2—4 is one of the simplest 2-hop
network models, where the main additional step is compressing the received signals (for uplink)
and conveying the precoded signals to the relays (for downlink). One way to handle this is
by mapping a K-user L-relay C-RAN problem into a (K + L)-user single-hop (MAC or BC)

problem. We are currently exploring this line of research.
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Chapter 6

Concluding Remarks

We conclude this dissertation with comments for future research directions.

In Chapter 2, we developed coding schemes as well as outer bounds for C-RANs and
thereby approximated the capacities of uplink and downlink C-RANSs. Chapter 3 looks at C-RAN
capacities from a slightly different direction and examines the large-network asymptotics under
sum-fronthaul constraints, comparing the scaling laws with those of the infinite-fronthaul case.
While these results are interesting in that they address the fundamental limits of information
flow in C-RANSs, a more relevant question for practicing engineers is how these limits can be
approached in a real-world communication scenario. To this end, Chapter 5 studies approaches
to combine point-to-point channel codes with other basic blocks and develop finite-blocklength,
low complexity codes for multiuser networks. This is an ongoing process; I wish to take this
forward and come up with tractable codes for C-RANs as well as more complex networks, with

performance guarantees approaching those predicted by information theory.
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