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DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain cmrect information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
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Introduction 
When studying elastic wave propagation in the earth, a ·number of assumptions 

are usually made. Among the standard assumptions made in elastic wave theory is 
the linearity of rock material properties at the strain amplitudes of seismic waves. 
Stress and strain are assumed to be linearly related (Hooke's Law) so that elastic 
moduli (e.g. A. and Jl) do not vary with the strains of the waves. If this linearity 
assumption is not true, there could be observable effects of nonlinearity in 
recorded seismic data, both natural source (earthquake) and man-made source. 
The theory of nonlinear elastic wave propagation has been known for over 40 
years, with the original work in underwater acoustics and materials science. 
(Hughes and Kelly, 1953, Jones and Kobett, 1963, Westervelt, 1963, Muir and 
Willette, 1972). This work continues, focused largely on materials more homo­
geneous than the earth and at strain levels generally larger than those of seismic 
waves. 

Attempts to observe nonlinear elasticity in seismic wave propagation have 
been made in recent years (e.g. Beresnev, et. al. 1986, Johnson et. al. 1987, 
Bonner, 1989 Nikolaev, 1989). The sought-after nonlinear effects include har­
monic distortion of a mono-frequency wave and nonlinear superposition of two 
waves of differing frequencies (leading to the generation of sum and difference 
frequencies ). Most recent work has focused on laboratory measurements in rock 
samples, and there has been no definitive publication of nonlinear wave propaga­
tion in situ in rocks of the earth. Because LBL research has involved crustal 
seismic experiments over a wide range of scales (from -10 m to -10 km), there 
exists an excellent data base from which we can draw appropriate. experimental 
data. In mid 1991, after reviewing the work of Johnson and Bonner and Shank~ 
land, we proceeded to use in-house data in a search for effects of nonlinear elasti­
city. The data sets selected include seismic reflection profiles from the Tehachapi 
Mountains area of California and seismic wave monitoring data from the Parkfield 
earthquake prediction experiment. In addition, we conducted one field experiment 
explicitly for detection of nonlinear wave propagation in conjunction with a previ­
ously planned Vertical Seismic Profile (VSP) at the Dept. of Energy's Nevada Test 

~ Site (NTS), and we analyzed a special data set acquired recently by Los Alamos 
National Lab (LANL) in West Texas in an attempt to verify nonlinear wave propa­
gation during a seismic reflection profile. These data sets used Vibroseis energy 
sources which allowed analysis of time-separated frequency-domain data (as 
opposed to explosive energy sources which generate all frequencies simultane­
ously). 
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This report summarizes the results of our analysis of these data sets, which 
cover a range of scales and a variety of crustal materials. The nonlinear effects on 
which we focused our search are the generation of harmonic energy during propa­
gation of a single wave-train, and the generation of difference-frequency energy 
during the interaction of two seismic waves. All experimental results here are 
from a complex system of one or more seismic sources, material along the propa­
gation path, sensors, recording equipment, and data processing algorithms. Each 
part of this system may produce effects similar to nonlinear elastic wave propaga­
tion. Because of this, we seek multiple positive indications of material nonlinear-· 
ity from various sources, receivers and recording equipment, as well as results 
which could be logically confined to the propagation material. Our analyses of the 
various studies are grouped by the two effects we looked for, variation of harmonic 
ratios, and generation of energy at a difference frequency. 

Measurement of Harmonic Ratios 
Introduction 

For a seismic wave of fixed frequency, the changing ratio of harmonic ampli­
tude to fundamental amplitude with distance can indicate nonlinear propagation. 
To determine what to expect of this ratio with distance, we consider two waves, 
A o and A b with differing frequencies, propagating in the x direction with initial 
amplitudes A 00 and A 0,; 

where a is exponential decay constant for a plane wane. The amplitude ratio of the 
two waves is 

-=---

All 
- ~ (a., -u,~~ 
- II e 

A" 

For attenuation independent of frequency, (ao = nb) and 

Ab Abo 

and the amplitude ratio will be constant. Further, since 

CI = nf 
Qv 

where Q is the seismic attenuation quality factor and vis wave velocity, Q is pro-
portional to frequency. If Q is independent of frequency, then · 

. " 
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and 

so that ~: will decrease if fh >fa. For harmonic ratios we use the fundamental fre­

quency for fa and and the first harmonic for fb and we call the ratio B/A. 

Tehachapi data 

The data we analyzed first are from a single shot gather in a Vibroseis 
reflection survey conducted by CALCRUST in the Tehachapi Mountains. We 
investigated the change in harmonic amplitude ratio (B/A)·as a function of distance 
over the frequency range of the Vibroseis sweep (8 to 32Hz) and its harmonics 
(up to the 62.5 Hz anti-alias filter corner frequency limitation). Because the source 
sweeps a range of frequencies over a period of time, the direct wave for each fre­
quency arrives at a unique time. This source generated frequency is hereafter 
called the fundamental. The method used is to perform an FFf (Fast Fourier 
Transform) on the .data in a time window centered at the arrival time of the direct 
wave at a particular frequency. The time is determined by summing the P-wave 
arrival time on the correlated trace, and the time from the beginning of the sweep 
to the time when that particular frequency occurs in the sweep. For the Tehachapi 
data, the sweep length is 32 s and the sweep rate is 1.33 s/Hz (3/4 Hz/s), beginning 
at 8Hz. This means, for example, the 18Hz fundamental is generated 13.33 s after 
the sweep onset, while the 18 Hz first harmonic 6f 9 Hz is generated only 1.33 s 
after sweep onset. The FFT amplitudes of the fundamental and harmonics are 
tabulated at each offset and harmonic ratios are taken up to the fourth harmonic. 
The tabulated data show that the. harmonics attenuate with distance approximately 
the same as the fundamental (eg. Figure 2a). The behavior of the average of all 
fundamental amplitudes also matches that of all harmonics (Figure 3). H these 
harmonics are being generated at'the source or in the earth material, this somewhat 
surprising observation implies that Q is linearly proportional to frequency, so that 
the amplitude ratio Ab!Aa is constant over distance for each frequency (Figures 2a-
2d). · Another possible expl~ation is that the harmonics are generated at the 
receiver or in recording/analysis, but this equipment has harmonic distortion rat-
ings of about -60 db or more. · 

' . 

Amplitude changes that occur. at specific offset sites appear to be receiver 
dependent for each frequency. Figure 4 shows the amplitudes at each offset of the 
20 and 24 Hz fundamentals :ratioed with the 20 and 24 Hz first harmonics of 10 
and 12Hz. The ratios show very similar behavior (Figure 4c). A comparison of 
Figures 4c and 2 shows the amplitude behavior for waves of a particular frequency 
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to be less variable than the behavior of harmonics and their fundamentc;tl. 

The Tehachapi data do not suggest nonlinearity of the material, but rather a Q 
proportional to frequency (spatial attenuation factor independent of frequency). 
Nonlinearity is implicit in the presence of the harmonics, undoubtedly due to the 
inherent nonlinearity of the vibroseis source. If the earth were_ nonlinear, the har­
monics would gain energy with continued propagation at short offsets, as more of 
the energy at the fundamental frequency is converted into harmonics. There is no .~ 
indication of this phenomenon in the data. 

NTS Walk-away 

Data from a walk-away VSP were acquired at NTS. The geometry featured a 
stationary receiver at 400 ft depth in a borehole, recorded vibroseis sweeps from 7 
source locations at offset distances of 400ft, 600ft, 800ft, 1000 ft, 1200 ft, 1400 
ft, and 1600 ft from the borehole. Three drive levels, 15%, 50% and 85% of max­
imum, were used for the vibrator at each source location, giving 3 strain levels of 
source for the same seismic wavefield. An 8-80 Hz, 12 s sweep produced a sweep 
rate of .1666 s/Hz. A variation in B/ A with distance and/or drive level could be 
indicative of nonlinear behavior in the propagation medium. The correlated signals 
show that the waveforms, while quite different from shot points only 200 ft apart, 
are very repeatable when one shotpoint was reoccupied with a change in drive 
level (Figures 5a-5c). 

Fourier Transforms of half-second windows incremented by eight-sample 
steps were computed as for the Tehachapi data (Figure 6). The data suffer from 
noise and spurious spectral peaks, particularly near 14 and 33 Hz (these are prob­
ably source or receiver resonances). Spectra for the 20, 40, 45, 50 Hz arrival times 
are shown at each offset and drive level in Figures 7a-71. It is clear that the noise 
levels preclude definitive conclusions based on the harmonic amplitudes. The 
behavior of the harmonics with different drive levels does not suggest an effect 
due to elastic nonlinearity of the material along the propagation path. This experi­
ment could be repeated with better conditions (e.g. reducing resonances and using 
a site with more consistent near-surface conditions) for more conclusive results. 

LANL data - Harmonic generation 

LANL scientists, with Halliburton Geophysical acquired in West Texas a set 
of test data using 6 vibroseis units in various source arrays and a receiver spread 
17600 ft long with 110ft sensor spacing. The vibrators were operated in a number 
of combinations intended to produce difference-frequency wave generation 
through nonlinear interaction of two primary monotonic wavefields. In one experi­
ment with 20-sec mono-frequency sweeps, three of the sources used 13Hz and the 

~' 7'' 
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other three used 23 Hz. The experiment was repeated with 31 and 43 Hz sweeps 
(Figures 8a-8c ). For each offset, the FFT was calculated in a 4 -second window 
starting at the initial energy arrival. Frequency content vs. distance for the spread 
is shown in Figures 9a and 9b for true and· normalized amplitudes. As for the 

.'\. Tehachapi data, the harmonics are strong, indicating nonlinear behavior. in one or 
more ofthe source, the medium, or the acquisition system. Harmonic ratios, deter-

--~ mined up to the fourth harmonic for the 13+ 23 Hz primary frequencies are fairly 
constant over distance for both frequencies (Figures 10 and 11). The ratio 
increases with distance for higher harmonics of 23 Hz, but this behavior is prob­
ably due to the decreasing signal-to-noise ratio with distance for the higher fre­
quencies, causing background noise to dominate the high frequency spectrum. We 
can not see the signal when if falls below the noise floor. The harmonic ratio does 
generally increase at large positive distances, especially for the 13 Hz harmonics, 
but it is following the noise seen in Figure 9 (the red color represents noiser data). 

Similar results were observed with a longer 12-second analysis window (Fig­
ure 12; first'harmonic), and in the 31-43Hz data (Figure 13). The spectral peaks 
in the 31+43 Hz data are clearer, because of their greater separation in frequency. 
The B/A ratio is frurly constant with distance, though noisy (Figure 14). 

These observ,ations are consistent with the Tehachapi data in failing to yield 
unambiguous evidence for nonlinear elastic phenomena in the wave propagation. 

Parkfield Vibroseis 

In a study of shear-wave propagation within the San Andreas fault zone at 
Parkfield, Ca, ahorizontal (S-wave) vibrator is swept from 8 to 24Hz at sites near 

. the fault and recorded with a network of ten borehole 3-component receivers. We 
explored the possibility of monitoring temporal changes in B/A using this data, 
however we found it too noisy and sparse for such purposes. 

Measurement of Difference frequency 
Introduction 

When the signals from two monofrequency sources interact in a nonlinear 
material, secondary waves at the sum and difference frequencies of the two pri­
mary waves can be produced. Our interest is primarily in the difference frequency 
wave which could be produced at very low frequencies (less than 5 Hz), well 
below the frequencies at which Vibroseis sources can produce coherent energy, 
Such a low-frequency source would have great promise in seismic imaging of deep 
crustal and mantle targets. Several data acquisition experiments were conducted in 
.an effort to produce difference-frequency waves. One method used two sets of 
vibrators, each with a constant-frequency sweep, giving a single difference 
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frequency.· In another method the two sets of vibrators had differing source ' 
sweeps, designed so that the difference frequencies represent a distinctive third 
linear sweep. 

IANL 13-23Hz and 31-43Hz data. 

The plots of frequency vs. offset distance (Figure 9) show that if a sum or 
difference frequency exists, it has an amplitude far below that of the harmonics. 
As part of the experiment, independent data sets were also acquired for the vibrator 
sets, first recording data for the 3 sources at 13 Hz, then the other 3 vibrators at 23 
Hz. These two data sets are summed and then compared to the simultaneously 
acquired data by taking a point-by-point ratio of the frequency vs. offset data (Fig­
ure 15). There is no clear evidence of either a sum or difference frequency, 
although the sum frequency (36Hz) may be present in the relatively high energy 
near that frequency. 

This procedure was repeated with 31 and. 43 Hz. The 31-43 Hz data does 
show a significant amplitude peak (smaller than the harmonics) at the 74 Hz.sum 
frequency (Figure 16). However, when the single frequency data are added a peak 
is found at 80 Hz, suggesting that a 7 4 Hz peak may be due to something other 
than material nonlinearity. 

No difference frequency wave can be found in this data set. The low­
frequency peak in Figure 15b is at 9 Hz, not at the expected 12 Hz difference fre­
quency. The possible presence of the 74Hz sum frequency represents some evi­
dence for nonlinearity in the system: 

NTS VSP Dual upsweeps, 25-76Hz and 40-79Hz 

At NTS two vibrators were used to produce simultaneous upsweeps from 25 
to 76Hz and 40 to 79Hz. The signals were recorded with a borehole geophone at 
approximately 700 ft depth. The purpose was to produce a 15-3 Hz difference­
frequency downsweep, from the nonlinearity of the earth. Spectral analysis of the 
vertical receiver component (Figure 17a) shows a small peak at about 15Hz, about 
20 dB and 3 dB, respectively, below the 40Hz and the 25Hz signals which would 
combine to produce it. Figure 17b shows the spectrum for the same trace low-pass 
filtered at 15 Hz. Most of the energy in this band is near 15 Hz. The analysis of 
this data included producing a time-frequency plot by stepping through the 
uncorrelated trace with a 1 second window and calculating an FFT in the window 
at each step. The result fo the entire bandwidth is shown if Figure 17c while the 
band of interest (0 to 20 Hz) is shown in Figure 17d. The result (Figure 17d) 
shows that the difference sweep indeed exists, though very weak and the ampli­
tudes die out at about 8 Hz. The 14 Hz geophones used . in the data acquisition 

.-

..... _..., 
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attenuate energy below 14Hz at 12 dB/octave so we did not expect to see much 
energy below 7 or 8 Hz. During acquisition, we generated each up sweep indivi­
dually and then both together. Figure 18 (a, b, and c) show the 3 data sets (each 
with 3 components) correlated with the two source · sweeps and the difference 

~. sweep. The difference sweep was clear only on one of the horizontal receivers. 
When this component was correlated from 15 'to 3 Hz, energy was seen at the 
expected P-wave arrival time, but with amplitudes just above the noise (Figure 
18c). 

NTS VSP dual crossing sweeps, 40-90 Hi and 90-40 Hz 

Another experiment at NTS employed two vibroseis trucks with crossing 
sweeps from 40 to 90 Hz and 90 to 40 Hz, to produce a 50 to 0 to 50 Hz 
difference-frequency sweep. Processing as above, the time-frequency plots (Fig­
ures 19a and 19b} show difference frequencies visible to about 8 Hz. In this case, 
correlation for the difference sweep did not produce a clear arrival. ·.·~-···,.· 

IANL dual crossing sweeps, 50-90Hz and 90-50Hz 
During the LANL experiment, a· 20-sec sweep shot gather was acquired from 

6 vibrators assembled in a circle, nose to nose, with 3 sources using a 50 to 90Hz 
sweep and the other three using 90 to 50 Hz. Unlike the NTS crossing sweep 

. experiment, in this test the difference frequency (40-0-40 Hz) did not overlap the 
driving frequencies. The receiver spread was split, with 160 receivers on either 

. side of the shot (maximum offset 17 600 ft).' The stacked shot gather was corre­
lated for the difference frequencies of the crossing sweeps ( 40 to -40 Hz). The 
results show surface waves and body waves, including possible reflections consist­
ing entirely of the difference frequencies (Figure 20). Most of the energy is pro­
duced from 25 to 40Hz (Figure 21). The greatest interest would be for lower fre­
quencies, but these results do show that nonlinearity exists somewhere in the sys­
tem of source, propagation path and acquisition hardware. 

All the experiments with dual sweeps involved 2 or more vibrators in close 
physical proximity. Vibrator interaction through the electronic-hydraulic feedback 
circuit is a known problem in reflection profiling (Okaya et al., 1992). It is quite 
possible that the difference frequencies are being created in the sources by com­
plex interactions of the vibrators and their feedback systems. A definitive experi­
ment for nonlinear elastic wave propagation must account for source and acquisi­
tion system nonlinearities. 

t•·•·""''" ..... ·{, ... ,,r., 

"'j.'"':.i.,., .. !" 
(l ..... ~ . i ... 
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Conclusions 

We conducted the analyses described in this report because we had various 
data sets which we felt might show evidence of nonlinear elasticity. Our hope was 
to find results which could be logically tied to wave-propagation in the earth rather 
than data-acquisition equipment. In particular, we were (and still are) excited by 
the prospect of generating controlled-source, very low frequency (less than 5 Hz) 
seismic sources for use in deep crustal imaging. However, these initial searches 
for evidence of nonlinear elastic wave propagation yielded mixed results, results 
which warrant further experimentation, but do not provide conclusive evidence of 
nonlinear elasticity at strain amplitudes used in seismic exploration. 

The B/A studies described here find- large harmonic distortion, but the ratios 
do not increase with distance as they would in a nonlinear media. We conclude that 
the harmonics are produced at the source and propagate linearly in the subsurface 
material or that the harmonics are generated by the receiver or recording system 
after propagation. The extreme signal variation seen with receiver site raises 
strong ~oubts about any similar study using a limited number of receiver locations 
(e.g. Beresnev, et. al., 1986). If the harmonics are generated by the source, we find 
evidence for Q increasing linearly with frequency in the 8-80 Hz range. If this 
observation for seismic Q is true, it would contradict standard theory. 

The studies searching for generation of a difference frequency give the most 
promising results, yet they are still inconclusive. Difference frequencies are 
clearly seen on the dual source crossing-sweep data from two separate experi­
ments, but not at all on the constant-frequency data. The generation of difference­
frequency sweeps is exactly the observation we would hope for since it gives us a 
controllable low frequency source. However the lack of difference-frequency 
energy from mono-frequency sources suggests that the effect may be caused by the 
vibrator feedback mechanism, since this feedback circuitry would be fairly passive 
when operating in a mono-frequency mode. These studies searching for genera­
tion of a difference frequency give the most promising results, yet they are still· 
inconclusive since source effects may explain the difference frequency results. 
Practically speaking, this could be immaterial, since the results still yield a low­
frequency energy source. Whatever the cause of the difference-frequency sweeps, 
further studies, will require use of sensors which have better response· in the 0.1 to 
10Hz band. / 

Future investigations of nonlinear elastic wave propagation will be based more 
on the theoretical expectations of nonlinear elastic effects. However, the probable 
large nonlinear component at the source must -be either eliminated or quantified 
before the nonlinearity in wave propagation can be extracted. We are currently 
exploring a range of experiments that have promise of more precise definition of 
elastic nonlinearity in the earth. 
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Figure 1. Correlated data traces from the Tehachapi Mountains seismic reflection profile. 
Each trace is plotted such that its maximum amplitude is one trace spacing. The relative 
maximum amplitude is printed at the end of each trace. The first 5 traces are not data. 
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Figure 2a. Tehachapi vibroseis data. Offset distance in meters. Ratio of harmonic amplitude 
to 14 Hz fundamental amplitude for the first four harmonics as a function of offset distance. 
There does not appear to be any increase in the ratio with distance. This means that no 
energy is being converted from the fundamental to the harmonics as the wave propagates. 
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Figure 2b. Tehachapi vibroseis data. Offset distance in meters. Ratio of harmonic amplitude 
to 20 Hz fundamental amplitude for the first three harmonics. There does not appear to be 
any increase in the ratio with distance. This means that no energy is being converted from 
the fundamental to the harrrionics as the wave propagates. 
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Figure 2c. Tehachapi vibroseis data. Offset distance in meters. Ratio of harmonic amplitude 
to 25 Hz fundamental amplitude for the first two harmonics. There dpes not appear to be any 
increase in the ratio with distance. This means that no energy is being converted from the 
fundamental to the harmonics as the. wave propagates. 
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increase in the ratio with positive distance, however we interpret this to be a result of back­
ground noise rather than non-linear propagation (see text). 
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sistent spectral character as a function of distance for each curve. There does not appear to 
be any increase in the ratio with distance. This means that no energy is being converted from 
the fundamental to the harmonics as the wave propagates. 
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Figure 4a. Tehachapi vibroseis data. Offset distance in meters. Amplitude versus distance for 
the 20 Hz fundamental (20 Hz generated by the vibrator) and for the 20 Hz harmonic of the 
10 Hz fundamental (10 Hz generated by the vibrator). These two 20 Hz signals show nearly 
identical curves, indicating that the receiver site response is the dominant effect. 
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the 24 Hz fundamental (24 Hz generated by the vibrator) and for the 24 Hz harmonic of the 
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identical curves, indicating that the receiver site response is the dominant effect. 
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Figure 5a. Correlated data traces from the NTS walk-away VSP experiment. The vibrator 
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each trace. The relative amplitudes are written at the end of each trace. The receiver was at 
400 ft depth. Note the variation in waveform with increasing offset. 
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Figure 7d. NTS VSP data. Ploto;; of spectral amplitude for the 40 Hz direct an·ival at three 
drive levels (15%, 50% and 85%). The left side plot is for a 400 ft source offset and the 
right side plot is for a 600 ft source offset. 
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Figure 7f. NTS VSP data. Plots of spectral amplitude for the 40 Hz direct arrival at three 
drive levels (15%, 50% and 85%). The left side plot is for a 1200 ft source offset and the 
right side plot is for a 1400 ft source offset. 
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Figure 17c. Frequency vs time decomposition of hmizontal component for the NTS dual 
upsweep data. Amplitude in db. The two upsweeps, 25 to 76 Hz and 40 to 79 Hz, can be 
seen. 
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Figure 17d. Frequency vs time decomposition of the NTS dual upsweep data. The 
downsweeping energy (15 to 3 hz in 12 s) is seen strongest in the 15 to 8 Hz band. Ampli­
tudes· in ·db. 
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Figure 18a. Dual sweep NTS data correlated with a 25 to 75 Hz sweep. The three sets of 
three-component data had, left to right, a source with 25 to 75 Hz ,sweep, a source with 40 to 
79 Hz sweep, and both sources simultaneously. 
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Figure 18b. Dual sweep NTS data correlated with a 40 to 79 Hz sweep. The three sets of 
three-component data had, left to right, a source with 25 to 75 Hz sweep, a source with 40 to 
79 Hz sweep, and both sources simultaneously. 
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Figure 18c. Dual sweep NTS data correlated with a 15 to 3 Hz sweep. The three sets of 
three-component data are, left to right, 25 to 75 Hz, 40 to 79 Hz, and both simultaneously. 
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Figure 19a. Frequency vs time decomposition of a horizontal component for the NTS crossing 
sweep data 0 to 100 Hz. Amplitudes in db. · 
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Figure 19b. Frequency vs time decomposition of the data in Figure 19a for 0 to 30 Hz. 
Amplitudes in db. The subharmonics below the crossing sweeps are evident in this 
bandwidth. 
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Figure 20. Crossing sweep LANL data correlated with the difference sweep, 40 to 0 to 40 Hz 
( actual sweep was -40 to 40 Hz). The first P-wave arrival can be clearly seen, and possible 
reflections are at later times. 
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Figure 21. Time series (top) and spectra (bottom) for one trace from the data in Figure 20. 
The main energy is from 25 to 40 Hz, although there is measurable energy below 10Hz. 
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