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A STUDY OF OPTICAL MODELS FOR THE ELASTIC SCATTERING 

OF HEAVY IONS AND RELATED TRANSFER REACTIONS* 

W. von Oertzen t · 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

Septeml)er 1973 

ABSTRACT 

LBL-1985 

h 1 t . tt . 160 . 54F 64 . 208 b . T e e as 1c sea er1ng 1ons on e, N1 and P at energ1es 

of ca 20-30 MeV above barrier has been analyzed using the optical model. 

Different physical assumptions are used to define apriori some of the 

relevant parameters and the different choices are studied. using a first 

' order perturbative treatment of the real potential. DWBA calculations for 

the different OM potentials are compared for the (
16o, 15

N) and (
16o, 14c) 

reaction. It is found that the Q-value dependence and reaction angle 

dependence of the cross section are influenced in a systematic way by the 

OM potential parameters. 

* Work supported under the auspices of the u. s .. Atomic Energy Commission. 
t .. 

On leave from MPJ fur Kernphysik, Heidelberg. 
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1. Introduction 

Angular distributions of elastic scattering of heavy ions with two 

different masses (e.g. 16o on medium mass and heavy nuclei A = 40-208) 

exhibit a smooth decrease of the differential cross section as a function 

of angle (for example fig. 1). The deviations from Rutherford scattering 

(crR) can be described in configuration space by essentially two parameters 

i.e. by an angle (or radius R0 ) where the cross section deviates from crR 

1 . 
and a constant for the exponential slope (see ref. ) as funct~on of the 

minimum.distance R, 

R = 

cr 
cr 

R 
= 

= 

.!l 
k 

1 , 

1 
(1 + ) 

sin 6/2 

e 
(R - RQ)/~ R..;;;R 

0 

(1) 

(la) 

This fact would actually suggest (as done in ref. 1) that the scattering could 

be described by Coulomb scattering with absorption alone • 
.--

The amount of information in these angular distributions is very 

limited. However, details at the break point, where the cross sections often 

exceeds crR by 10-30%, are rather sensitive to the relative magnitude of the 

attractive nuclear potential and the absorptive potential
2

' 3). 
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The differential crQss sections have a shape which can be described 

by Fresnel diffraction formulae4), corresponding to the absorption of 

divergent waves. The Coulomb field acts here as a divergent lense and the 

Coulomb barrier as diffractive edge. Actually, as will be shown later, 

the real potential, which in conjunction with the Coulomb potential form 

the diffractive boundary, is very essential for the formation of the Fresnel 

diffraction pattern (because without the real potential no barrier or edge 

is produced). 

Optical Model calculations are usually rather successful in fitting 

these angular distributions using a complex potential of Woods-Saxon shape. 

with 

and 

V(R) = 

f(r) = 

f' (r) = 

Ro . 
,~ 

= 

v0f{r) + iW f' {r) 

(1 + exp 
<r-R0 >rl 

ao 

(1 + exp 
(r - Ri) rl 

a. 
~ 

(A 1/3 + A 1/3) • 
rO,i 1 2 ' 

(2) 

A. nuclear masses. 
~ 

In many calculations due to the redundancy of the parametrization in 

the optical model the restrictions r 0 = ri and a 0 = ai were used to reduce 

the number of parameters in the calculation. A typical parameter set which 

was found to give satisfactory fits to elastic scattering data at energies 
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between 10-30 MeV above the Coulomb barrier and projectiles like 12c and 

16o on nuclei with masses from A2 = 40-208 is parameter set 2 in Table 1. 

16 15 16 14 . 
However, DWBA calculations for ( o, N) and ( 0, C) react~ons 

at a variety of targets (and Q-values) have shown that the position of the 

grazing angle is often not correctly described by this standard choice of 

the optical model, although it gave good fits to the elastic scattering516). 

'It is well known that transfer reactions are in many cases (in particular 

in cases: of bad matching conditions in angular momentum.) more sensitive to 

details_ of the optical ~del7 ). The elastic scattering is usually only 

sensitive to the very surface of the potential, leading to continuous 

ambiguities in the parameters of both the real and imaginary potentials
8

' 9). 

The DWBA calculations show a greater sensitivity to these parameters, which 

. . 16 14 . 
is strongest for the, ( 0, .C) reaction due to the steep decay of the bound 

/ 

state wave function. 
. 16 14 . 

The calculations of the ( 0, C) reaction usually also 

show the largest descrepancies between calculated a~d experimental angui~r 

distributions (the experimental grazing angle is often 10°-20° smaller 

compared to the calculated one). 

In the present study different choices of the optical model potentials 

are discussed and their influence of t~e c16o, 14c) cross section as a 

representati~e for transfer reactions. are shown. The elastic scattering 

. 1&0 64 . 60 v 4 16 54 data analyzed are: 60 MeV, on N~; Me, 52 MeV, 8 MeV, _0 on Fe 

(refs; l,lO); 18o on 58Ni at 63.5 MeV (ref. 11) and 16o on 208Pb at 104 MeV 

(ref. 
12

). 
54 ' 16 14 56 . DWBA calculations are only shown for the Fe( 0, C) N~ 

44 16 14 46 . . 
and Ca( o, C) T~ react~ons. 
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2. OM Calculations 

2.1. FIRST ORDER TREATMENT OF THE REAL POTENTIAL 

.For a discussion of the potentials for strongly absorbed particles 

it can be assumed that the real potential acts as a small perturbationo 

The scattering potential is thus split into two parts 

U(R) = (3) 

The total scattering amplitude can thus be considered to consist of two parts 

= 0 (4) 
/ 

The first; term is calculated in the usual wey in the optical model calculation, 

whereas the amplitude fn ( 6) _ is calculated in first order by DWBA 

= ' ( 5) 

The cross sections lrc+W(e)l
2 

and l:tN(e)l
2 

and lr(e)l
2 

(calculated in the 

usual way) then can be discussed separately (shown in fig. 1). If the 

Coulomb + imaginary potential describes the elastic scattering data already 

satisfactorily, a prescription as suggested by the semi-classical model could 

be used to calculate the elastic scattering (or the absorption) and the 

contribution of fN(6) should be rather small. In this description the 

drop-off in the cross section cr;crR is assumed to arise due to absorption of 
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particles {damping of the wave) along the scattering orbit
2

) 

'V exp l- ~ 1 W{R{t)) 
orbit 

This finally leads to the expression {la) for cr;crR o 

{6) 

The imaginary potential of Woods-Saxon shape in this case should have 

a diffuseness of ai ~ 0.7 fm, as determined by Christensen~ al. 1 ) from 

graphs of cr;crR versus R. {using expression {1) and~= 0.55). Therefore, m1.n 

in the calculations, potential parameter sets were tried in which a. was 
1. 

fixed to 0.7 fm. 

2.2. THE IMAGINARY POTENTIAL 

Calculations were performed with a Coulomb potential and an imaginary 

potential alone. It was found that a diffuseness of a. = 0.7 fm was indeed 
1. 

necessary to reproduce the fall off of cr/crR approximately. These calculations 

never gave a rise of cr/crR at the break point larger than 1.06 or 1.07, 

whereas most of the data exhibit the typical Fresnel type oscillations with 

values of cr;crR up to 1.30. As already stated in the introduction the 

oscillatory pattern arises only if an edge {that is the Coulomb barrier) is 

present. Expression {4) suggests that the oscillatory pattern arises from 

the interference of the two amplitudes fc+W{8) and fN{8). 

For a further discussion we assume that fN(6) can be calculated in a 

semi-classical picture by multiplying the scattering probability with the 

form factor; defining VN{R) > 0 we have 
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= (7) 

VN(R) can be transformed to VN(8) using relation (1). The total amplitude 

becomes 

f(8) = f c+W ( 8) ( 1 - V ( 8) ) (8) 

and the cross section 

(9) 

From expression (9) it becomes clear that: (i) the Fresnel oscillatory 

structure is very likely an effect which can not be described by a real 

potential which acts as a first order perturbation only. (ii) The cross 

section f
2 

W has to be larger than f
2

(8), the total (or experimental) cross 
c+ 

section, if an attraction potential is added to the Coulomb potential (see 

also fig. 1 and Section d). (iii) The semi-classical prescription (la) for 

the calculation of cr;crR is probably incorrect because it puts 

The second possibility for an a priori choice of a parameter is to 

fix the value of a. to a rather small value a. ~ 0.2 fm. Values of a. in 
. l. l. l. 

this range have been widely used in the analysis of a-particle elastic 

. 13 
scattering on medium weight nuclei ). If it is assumed, as has been 

. 14 
suggested by Robson and Coworkers ), that the imaginary potential reflects 

• i 
i 
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the angular momentum matching conditions between the elastic channel and 

any other channel which removes flux from the elastic channel, an .t-dependent 

imaginary potential has to be used. 
15 

As shown by Frahn ), the .Q.-dependence 

of W(R) can be incorporated in the R-dependence, and leads to· a smaller -_ 

C~;iffuseness of the imaginary potential theri usually applied. These facts 

suggest that a small value of a. should be appropriate. 
~ 

2. 3. THE REAL POTENTIAL 

Because of. the ambiguities observed in the parametrization with three 

parameters using the Woods-Saxon shape, the depth of real potential can be 
. . 

chosen nearly arbitrarily, provided the strength of the real potential is the 

same at the sur face. 
16 17 .. 

More precisely it was found ' ) that the position 

I ·; ;~< . 

and the height of the barrier determine primarily the angular distribution. 

However, using methods based on folding techniques and information from the 

1 . . d h 1 t d . . b . 18 ) th nuc eon-nucleus ~nteract~on an t e nuc ear mat er ~str~ ut~ons e 

depth of real potential can be determined in a consistent way with the depth 
I 

\ 
used for example for a-particle scattering. To achieve this we use the approach 

of Eisen18), who derives the following expression for the depth of the real 

potentia~ 

= (10) 
(1+ 

This expression is essentially ·the same used for the elastic scattering 

of light particleso K is here related to the nucleon-nucleon interaction. In 

the pres~nt study it was determined from a-particle potentials and then the 
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same value was used for the heavy ion potentials describing the scattering of 

13 
a-particles from mass 40 to 90. ) •. K ranges from 130 to 151. Subsequently, 

a value of K = 140 was used to derive the depth of the heavy ion potentials 

using the same parameter r 0 = 1.21 fm., The depth of the real potential 

160 + 54Fe, determined using these values were for example: v0 = 310 MeV; 

16o + 208Pb, v0 = 450 MeV. Calculations_ with these values were done keeping 

the depth of the real potential fixed (and also the diffuseness of the imaginary 
\ I 

potential ai) and rather satisfactory fits were usually obtained without much 

adjustment in the parameters r 0 and a0• The deeper real potentials have the 

tendency to-produce a total potential which is negative (V + V < ·o'at small 
· · c n 

distances) inside the nucleus very similar to the situation with light particles .• 

The total potential is thus more ,like a well with a barrier in contrast to 

potentials with values ·of v0 ~ 20 to 40 MeV. 

2. 4. RESULTS OF THE OM CALCULATIONS 

The different potential sets which gave average fits to the scattering 

of 16o on 54Fe, 64Ni at 60 MeV and 52 MeV, 48 MeV (the potentials were chosen 

to fit these 4 data sets) are given in Table 1. Potentials which were adjusted 

t fl.'t 160 t ' SSN. t 63 2 M.V d 160 204Pb. ' ' Tabl 2 o . scat -erJ.ng on . l. a • e -an on are gl.ven l.n e • 

. 16 54 
Figure 1 shows the overall fit achieved to the 60 MeV 0 + Fe 

scattering and the. cross ~ections discussed in Section 2.1. the Coulomb 

2 
and absorptive part, fc+W' and the first order contribution from the real 

potential f; • 

For potentials with a large value of a. ~ o.s- 0.7 fm, rather weak l. 

imaginary potentials resulted (small W) for a proper fit of the overshoots at 
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the grazing angle, because only these gave sufficiently weak absorption at 

the nuclear surface. These potentials also gave in some cases oscillations 

in the elastic angular distribution at large angles (potential sets 4 and 5) 

and extremely strong oscillations in DWBA calculations (discussed in the 

t t . ) f h 54 (160 14 ) 56 . . . '1 h b . nex sec ~on or t e Fe , C N~ react~on s~~ ar to t ose o ta~ned 

11 by the Brookhaven group ). The corresponding DWBA curves are not shown in 

fig. 2 because they do not seem to corresp~nd to any observed data. 

·Potentials with a small value of a. :=:::~ 0.2 fm usually fit the overshoot 
~ 

of cr/crR at the grazing angle rather well with simultaneously having sufficiently 

deep imaginary potentials at small distancese The surface transparency suggested 

by these choices of parameters seems to be consistent with the observations 

11 made by the Brookhaven group ). 

Although fig. 1 shows that for most potentials the first order 

treatment of VN(R) is not justified for larger angles, the plots of fig. 1 

do show that· f~+W (8) is usually larger than the experimental cross section · 

2 2 
and that fN(8) has to be the larger, the smaller the slope of fc+W(8) as 

function of angle. A small imaginary diffuseness implies a small slope for·· 

2 
fc+W(8) and thus a larger contribution of the real potential. This observa-

tion seems to be consistent with the fact that·fits of.transfer data need a 

5 6 10 stronger real potential than usually assumed ' ' · ) (often either the radius 

parameter ro and ao where increased giving a larger value of VN(R) at the 

nuclear surface to achieve a better fit to the data). 
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3. DWBA Calculations 

For a test of. the different potentials, calculations of. the (16o,14c) 
54 

reaction on Fe at 60 MeV were made because the two proton transfer reactions 

has a rather steep bound state. h . f. k th {16o 14c) ' ' T 1s act rna es e , more sens1t1ve 

to changes of. the OM potentials. . 16 14 
Also 1n the ( 0, C) reactions the largest 

discrepancies with experimental data are observed. 

Figure 2 shows the calculations f.or the different potential sets given 

in Table 1, and f.or different Q-values for a fixed bound state. The calculations 

were performed using the code DWUCK and the Buttle-Goldf.arb expansion (no recoil). 

In the calculations the Hankel function in the form factor and the corresponding 

normalization constant were replaced by the real bound state in the final 

channel (EB = 12.5 MeV, r 0 = 1.4 f.m, a= 0.65 fm). The absolute cross sections 

and the shape of. the angular distributions show systematic variations with 

changes in the potential parameters (these variations are much smaller f.or 

16 15 . ( o, N) react1ons). It can easily be found that the potential set 4a which 

has a strong contribution from the real potential (fig. 1) has the smallest 

grazing angle - rather close to the experimental data. 

Another important feature is the dependence of. the angular distribution 

on changes in the bound state (i.e. mainly its steepness). Potentials with 

weak contributions from the real nuclear potential generally give a shift 

(sometimes no shift) of the grazing angle to larger angles f.or steeper bound 

states. This behaviour is expected from a dominance of. the COulomb field, 

because steeper bound states favour contributions from smaller impact parameters 

and iead to larger scattering angles (potential sets· 1,2). The opposite is 
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true for potentials like set 4a (in Table 1) which give a shift to smaller 

angles (5° 10°) for an increase of the binding energy of the twq protons 

in 
56

Ni by 6 MeV. 

The corresponding effect is observed in a comparison of c
16o, 15N) and 

c16o, 14c} reactionsa In the first reaction a bound state with a smaller 

steepness leads to a larger grazing angle if potentials like 4a are used, 

whereas standard potentials give roughly the same grazing angle for the two 

reactions. 
16 14 

As an i~l:ustration, fig. 3 shows calculations for_the ( o, C) 

16 15 . 44 . 6 
and ( o,- N) react~ons on Ca with data ) which scan the calcium isotopes 

40
ca to 48ca and thus a span of Q-values of approximately -10.0 to 0 MeV. 

For the overall features of the angular distributions the charge product and. 

the Q-value have the biggest influence, therefore, calculations for 
44

ca are 

compared with data for all isotopes. 

The_data are not yet reproduced properly, however, the calculations 

are closer to the data, than those with potential sets 1 or 2, for examplea 

In this respect it is interesting to note that a change of Ef (or Q-value) 
. ' ' 

by a certain amount would ·bring the theoretical curves into agreement with 

experiment (Qth ~ Q' + 2 MeV}. Thus, a proper choice of the OM eory exp 

potentials does not seem to remove the discrepancy between theoretical.and 

. ' . 16 14 16 15 
calculated graz~ng angles observed ~n ( o, -C) and ( 0, N) reactions. 

In the following a possible explanation is proposed. The effective 

interaction in the DWBA matrix element is in post fo~ 

v A A (r) +-VA c (r 2> - u~P~A + c) (rf); ·which is the differenc~ between the 
1 2 2 ' 1 2 

' ' 

interactions between the cores A
1 

,_ A2 and core A2 and transferred parti,cle 

c, minus the optical potential in the final channel Uopt(rf). We consider 
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only the Coulomb interactiong Usually the assumption is made that uopt (r f) 

cancels completely the interaction V A (r). In charged particle transfer 
Al 2 

this cancellation is usually not achieved for the Coulomb .interaction if 

the "proper" Coulomb interaction in the final channel is used. ·aecause 

of the importance of the Coulomb field in heavy ion reactions with large 

values of z, it is very likely that the failure of the usual DWBA calculation. 

' is ·connected with the fact that the Coulomb field in the final channel does 

c 
Z •Z e2 Z (Z +Z )e2 

The difference 1 2 1 2 c not cancel the interaction VA A (r)g 
1 2 r 

(Z. - charges of the cores) is ·the larger the more charge is transferred in a 
.1 

reaction• Instead of using a charge product of z1z 2 in the final channel 

(and obtaining a lower Coulomb barrier) one .. could rise the final channel 

energy by the corresponding amount to achieve the necessary energy above 

the Coulomb barrier. The following relations will give the effective final 

energy Eeff to be used in DWBA calculations (Ec stands for Coulomb barrier)/ 
f 

Ec ~ Eeff c 
(1·1) E - - E + c) -f AlA2 f Al (A2 

zcz1e 
2 z 

Eeff ~E ~ 
c c (12) + Ef + • E 

f f Ro (Z2 + z ) f 
c 

The effective final energy thus has to be larger than the final energy deter-

mined by the Q-valueg It is larger by the percentage change in the charge 

of final nucleus times the Coulomb barrier in the final channel (in post 

representation of matrix element). 



~13- LBL-1985 

Several simple predictions can. be made. The difference between 

standard DWBA calculations and the experiment are the larger, the more 

charge is transferred in a reaction, the closer the final energy is to the 

Coulomb barrier (this effect is f?r example observed in c16o, 15N) 

. 19 20 12 11 . 20 
react1.ons ' ) and ( c, B) react1.ons )o At high energies above the 

barrier the discrepancy should disappear (see for example 140 MeV data of 

208 b(l60 15 ) f 20) P , N re • • b . 2 f (16 14 ) . . As can e seen from f1.g. or o, C react1.ons, 

often at more positive Q-values no shift of the grazing angle as function 

of the Q-value is observed. The same effect is observed experimentally, 

however, at slightly more negative Q-valueso The effective Q-values for the 

16 14 . ( o, C) react1.on on the Ca-isotopes for example should be taken 2-3 MeV 

more positive. The calculations in these cases would agre~ with the experimental 

data. 

A similar treatment can be given in the prio+ form of the DWBA matrix 

element with similar results. 
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4. conclusions 

The treatment of the nuclear real potential as a first order pertur-

bation of the Coulomb scattering process, gives a simple method to assess 

the role of the real and imaginary parts of the optical potential. It is 

suggested that the real potential is usually rather strong at the nuclear 

surface and can not be treated as a first order perturbationo This fact 

also implies that the imaginary potential should not describe the main 

features of the angular distribution as suggested by the semi-classical 

1 2 
models ' ). In order to achieve a strong contribution of the real potential 

at the nuclear surface (a necessity to describe a variety of transfer data 

properly) the cross section f
2 

w(8) should be much larger than the experimental 
c+ 

cross section. This can be achieved by chosing a small diffuseness of the 

imaginary potential. Otherwise simultaneously weakly absorbing potentials 

at small internuclear distances result, which will cause problems in DWBA 

calculationso 

Using these suggestions a certain improvement in DWBA calculations 

has been obtained. However, the remaining discrepancies between the DWBA 

curves and experimental data can probably not be removed by choices of OM 

potentiais alone (always assuming that fits to the elastic scattering are 
I 

obtained simultaneously). It is proposed that these discrepancies are 

connected to insufficient cancellations of Coulomb terms in the effective 

interaction of the DWBA matrix element. A simple prescription using an 

equivalent energy above the Coulomb barrier in the final channel explains 

qualitatively all discrepancies between DWBA calculations and data. A calcu-

lation of the corresponding "indirect contributions" to the transfer cross 

section as for example discussed in ref. 21 ) would be of interest. 
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30 

40 

100 

310 

310 

30 

310 

* 
Fits 

w 

1.30 Oo45 10 

1.31 0.45 20 

1.21 0.57 27 

1.11 0.47 13 

1.20 0.42 32 

1.32 0.44 . 2.5 

1.20 0.42 55 

identical to 4 and 4a. 
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Table 1 

r. 
~ 

1.25 

1.3r 

1.35 

1.05 

1.32 

1.31 

1.15 

a. 
~ 

0.7 

0.45 

0.25 

0.7 

0.23 

0.7 

0.20 

2 
X 

'V 2.0 

'V 2.0 

'V 2.0 

'V 2o0 

'V 3.0 

'V 1.5 

'V 

LBL-1985 

1 

2 

3*' 

4 

4a 

5 
Similar to 4 

6* 
Sim~lar to 4 
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Table 2 

2 I 

vo ro ao w r. a. X Data 
~ ~ 

450 1.21 Do455 43 1.40 Oo22 'V2 208 
Pb, 104 MeV 

450 1.28 Oo33 7.0 
\ 

1.4 0.22 'V2 
208 . 

104 * Pb, MeV 

' 208Pb, 450 1.20 Oa42 50 1.15 0.20 'VI 104 MeV 

305 la21. Da435 7.6 1.40 Oa29 'V2 saN. 
~, 63 MeV 

310 1.20 Do42 28 lol6 0.20 < 1 
58 . 

N~, 63 MeV 

306 1.21 0.415 7.5 la32 Oa40 < 1 ·58N. 
~, 63 MeV 

100 1.20 0.51 27 lo33 0.25 'VI 
58 ... 

N~, 63 MeV 

* Oscillations at large anglesa 
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Figure Captions 

Fig. 1. Elastic scattering cross sections for 16o + 54Fe at 60 MeV. 

Top: /alaR _• Middle: Coulomb and imagainary potential alone. 

Bottom: First order contribution of the· nuclear potential. 'The different 

parameter sets for the optical potentials are given in Table 1. 

Fig. 2. DWBA calculations for 54Fe( 16o,14c) reactions at 6_o MeV and different 

Q-values using the optical model potentials· of Table 1 (see also fig. 1) • 

. Fig. 3. Comparison of
1 

DWBA calculat~ons for the 44ca(16o/4c) reaction with 

data, using the optical model potential set 4a (Table 1). 
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Data 
Q -v.alue [MeV1 • _ 0.53 48Ca 

8 c.m. 

80 

• -5.1 44Ca 
• -8.6 42Ca 

DWBA 
Q =0.0 MeV 

100 120 

XBL 738-3861 



P------------------LEGALNOTICE---------------------. 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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