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EXTENSION OF TWO-NUCLEON TRANSFER THEORY TO INCLUDE INELASTIC PROCESSES
"R.-J;_Ascuitto+ and Norman K. Gléndenhing
Lawrence Radiation Léboratory
" University of California

' -Berkeley, California 94720

April 1969 |

~ ABSTRACT
vThg_théérj_of fwoéﬁuéleon transfer reactions iéigxténded to include
highef-ordér ﬁraﬁéitiéns going through intermediate nﬁciear states produced
‘ bylinelasﬁic scattering of the ingbing or outéoing partiéie.'_The reaction, as 1is
‘usual, is treated to firét order, but the inelastic processes, to all orders
among»the.rétaiﬁed cﬁannels. . The theory is formulated so that it is very
easilyvapplied to ény ﬁicroscopic‘structure calculation since the relevant
_ content of such calculafigns‘appéars in the theofy only through the values of
‘thé matri#'éléménts:of the pair creation [d+d+]J and scattering [d+a]J

operators.

‘This work’ performed under the auspices of the U. S. Atomic Energy Commission.

+Now at Physiés Department,'Yale_University, New Haven, Connecticut.
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:l. INTRODUCTION
" The existent treatments of the two-nucleon transfer reaction all
ngglect fhe effect of inelastic processes. There dre two ciréumstances where_
',this.negleét is nétvjustified.' The first concerns a qﬁeétiOn ofvpafentage.

If in'the reactions ‘ v -
t + (A) — p + (a+2)

:the:éonfiguration of the gfoup of (A) nucleons is the same in the residual
.QStatg éf interest as in the targetvground state,ithen the usual_treaﬁmegt may
 Be valid. ‘However, if the state of moﬁion of any of the core nucléoﬁs is
fdiffereht, theﬁ a description of the inelastic processes that pfoduced this
différenée becomes essential, if in fact the staté is excited in the reaction.
| The second circumstance when inelastic‘processes are crucial for a

Eorrécf.description, arises when some inelastic transitions in either the:
 target or residual system; or bofh, are so strong as to produce significant
'déeicitation back into the elastic channel. 'in this circumstahce‘thé usual
:ibné Qhan@el'optiéal potential will not provide a good descriptién of the rela-
tivé motion in the vicinity of the nucleus, just where it is important for ﬁhe
;description of_the tranéfer reaction.

| In.this éaper we present the formalism by which ihelastic prbcéssés-

! can be incéipcrated.into the theory of two-nucleon transfer reactions. The
method'ﬁhat‘we use was described and jUStifiea in an earlier publication,l
héhd may be referred to briefly as the source term method. It is.in a soﬁrCe
:ﬁerms'which appears as an inhomogeneity iﬁ the coupled diffefential equéﬁions

describing-inelastic scattering, that the nature of thé,transfervreaétion'is
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ﬁspecified. We treat the reaction under the usual assumptions made in two-
nucleon transfer theor'y.2 The theory is formulated in such-a’way that the
partlcular structure of. the nuclear states enters the descrlptlon of the reac—'

’tlon onl X through certaln generalized two—partlcle coeff1c1ents of fractional

;parentage. As an example these are calculated for a partlcular nuclear model
naneiy éné in which the ground state is the BCS vacuum, and which has excited
.two qnasi—particle states as well as a "two—phonon" triplet which is built
”from the.operator which describes the‘collectife 21 state.' |

‘VbFor definiteness our notation refers to the (p,t)breaction,vbut the
'resultsvare general, snd'we indicate at sppropriate places how to interpret

“the formalism for other twoAnucleon transfer feactions.

2. THE COUPLED EQUATIONS
ht Our method has been discussed in_detail'for (d,p) reactions in-an
 eaflier publication and the notationvwhich Qe use here for theu(p,t)'reaction
"will'be analogous.l The method consists>of writing down the coupled equations
whlch descrlbe the 1nelast1c scatterlng of the prOJectlle by the target, “and
xa second system of coupled equations which would descrlbe the scatterlng in
the'residual partition, in this case the’triton and_final'nucleus; except that
the.seconaAsystem is coupled to the fitst by a source tern whiCh.describes:the
transfer process. Thus the inelastic processes are carried to ail“orders anong
~the‘retained channels, but the asymmetric way that the source appears means that
‘the reaction itself is.treated as a weak process only in .first ofder. This
' COrresponds tovthe‘fact that (p,t) cross sections are typicelly angorder'of

1magnitude smaller than the strongest inelastic ones.
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‘We will describe the-scattering in the initial pgrtition_of the system
;éonsisting of proton plus nucleus (A+2) by a system of:N equations which
..includeé fhe sfrdngiy coﬁﬁled,channels'and any‘othefs of interest:"For each
parity m and total angular mémehtﬁm I of the.éystem, they are; 

(T , + U (r) - E.,) up?l(r)j+ ‘§: 'VW? "(r)iupHI(r) = 0 | . (2.1)

b _P pp p"#p! . PP Y v '

: The rationale for use of such a system for a microscopic description'of inelas-
.atiC'scattering has been discusséd in detéil elsewhere.3 ﬁefe U 'sfénds for_a
vébmpieX’optical potehtial; which is a parameterization of the diagdnal métri¥

' elements of the effective interaction which enters the'problem because we
.intEnd to solﬁé if in é highly truncated space of nuclear states, éndv Vb is
-\thé direct interaction betwéen the nuclear ﬁucleons and the exteridr parficle.
‘MépriXVelemenfs are taken with respect to the:phannel wave functions

¢ M(é A+2)=[i;}- e (A+2)]M e

privss =" L0 hsdp™ ™ %y T U S

‘where ¢ is a nuclear wéve function, %{ ié a spin—orbit,fupcfiqn for the
' écattered proton,l and the square bracket denotes vector céupling,_ We use-
b ‘to denote the whole collectionvof:quantum numbers defining a proﬁén Chdﬁhel

=28 s joad
P = pSpdp%pp

. o ’ o (2.3)
When both 'p and p' appear in an equatign, p is understood to refer to

‘an entrance channel, and p' to any channel. The shperscriptr P ‘on u in

' Eq. (2.1) signifies that the system is subject to the boundary condition that

-only channels p, in which the nucleus is in its ground state, have incoming

waves.
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y1/2 g™ g (k,7) (e_.u').

pr \ — 6
(r) P P 'Q'pv

v Ilp (kpr) _"(Vp/v.pl

,,Heré O and I ~are outgoing and incoming spherical wavesl_and k and v
are wave number and velocity fespectively.

The equations describihg.the final partition of the system are

"(Tv‘;c.+Ut’R)—*Et.) PR+ T v TR wp"I(R) Z opiigr (B (2.5)

t' ) t"#t"‘t

whiéh are to be solved subject to the condition that there are only oﬁtgoing

--waves in triton channels.

ot 1/2 _— -
pmI M mI .
P (R) —> - (—RV ) Too BRNCYS

These equations differ in structure frqm the preceding ogés only in the addi-
? ti§n"of,the source fefm P which represeﬁts the appearénce of tritons in ﬁﬁe.
'chaﬁheif t! due to the transfer process in the various channels p;‘ of'fhe'
,finitial partition. The rest of the paper 1s eséentlally devoted to the descrlp—
’fion of how this source is constructed, glyen the detalled_mlcroscoplc structure
~6f thé states in the target and residual nuclei. |

As we4remarked{.the asymmétric way in which the source appears inzqur'
equdtions meané'that the reaction is treated in first order only. >One coﬁid
_.coésidgf introducing a'sourcevfor the inverse reaction into (2.1) b#t if iﬁv
fact the two-nucleon transfer reaction ié not strong, this would be imprudent,

as the additional numerical work involved in solving the system of equations

with the additional coupling is enormous.
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3. THE SOURCE TERM
The source for tritons in theléhannel t' is equal to the sum of
matrix elements describing the transfer proéesseé'leading to it from-thé'

‘various channels p',

pﬂI _ pr

o p' t'
pr : :
(r) '
= RZ <¢t n1~~) % !v|¢ Srng(E5a2) _.P._r__> .G

, All‘coordinatesvin the matrix element are_intégrated except R.. Here v
:represents the stripping interaction. 1In Ref. 1 we showéd that this‘fdrm3for
_ the soﬁrce leéds precisely to the usual DWBA in the evénﬁ fhat in our eQﬁge
:tions, the off-diagonal matrix eleﬁents of V descriﬁing the inelastic“
_ p}ocesSes are dropped, and it leads to the result of Penny and SatChlerh'When '
they are kept.

We will evaluate the matrix elements appearing in the source térm
under the assumptions usually made iﬁ.two—nucleon transfér theory.2 Thus . the
.interaction' v ié taken to be a d—functién in the coordinate p aescribing

the displacément of the proton from the center of mass of the two ﬁeutrons_
v =V + v =g 8(p) . : - (3.2)

We assume that the relative motion between pairs in the triton is S-state and

that the radial part is Gaussian in form. Then the triton radial function, ¢O,

-separates in the coordinates p and the relative coordinate r Dbetween the

o~

‘neutrons, so that_2

¢y = <blo(3r12r2 . ¢10(hn202) I o (3.3)
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Here ¢10 is the oscillator function and h is the triton size paraméter
,aefined in Ref. 2. '

Emplo&ing'the assumpﬁioﬁs leading to’(3.2) and (3.3),it£eve§aluafi0n
 of‘(3.l)‘proceeds élong the li;eS'uséd,in Ref. 1. The result can B% written

in the {form

v o o o
I _ A+2 ~ Dt mI A
oy 4 (R) = ~K—-DO.£§; Apgg(eat) B8R wb (s R)_ S R

This is written more generally than required for the (p,t) reaction
;}(wherg'only S = 0 transfer is allowed) so that we canAcovér other ?Qo—nucléon
. ﬁfénsfef reactions. Heré L, S, J.denoté the orbital, intrinsic, and tbfalv
,angUlar momentum carried by the transferred pair. The gquantity ALSJ is>éf

1geomet£;cal“factor defined by

' ) . Aalaa fo L 2
o 2t+Jp+Jp+I Jtﬁ J L\1/2 |7p t
ALSJ(p,t) = (=) = ——3§~E—
' ‘ \0 0 ©
‘it s g } - (3.5)
Ip 9 P PP ~ '
7T g L s J As(p,t)
t” p) |,

t 5t Jt

,ﬁhere E = 24+1, This factor is general for any particle transfer_reaciidn
when p 1s interpreted to refér tokthe lightér and t to the heaVier'Qf’the
light nucleides.6 D is a constant which collects together two normalization

0

- factors,

213/4 L
Dy =& [élogun2pz)]p =g (3%_) | - (3e
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_‘AS "is the oVerlap'matrix element for spins

. R mt | R N - D
Ay = % (g SZ1512) l [ (° ) XS(Gl‘“Q) ‘ > SR RO
Here ¥ and Y are the spin functions of triton and proton and .

Xs(010) = Xy o) Xy pplo)lg (3.8

t»is the singlet or triplet spin function of the two transferred particles.v
-For other reactions, see the apoendix (For the reaction (d o) - an add1t10nal

.'overlap occurs; Qd’ defined in the appendix of Ref 2. An analogous overlap _

nin.the internal motion of the light nucleides should be inserted whenever -

,ﬁneither the incoming, outgoing, or transferred object is a single nucleon.)

The function U p't(R) in (3. h) is a progected wave function which

_ YLsg .
_deflnes the radlal motion of the center of mass of the transferred pair 1n
:.the state « of the nucleus (A+2) when their correlation corresponds to‘
that in the triton, given that the remaining nucleons are in thevstate at
of nucleus (A) -

To see how it can_be evaluated in terms of known quantities;hconsider
first an example where (A) is in.its'gfound state having zero'spin and (A+2)
1s.1n a state hav1ng a pure parentage based on. (A) with the two neutrons' in
.amweﬁmUJmklsmme W bN'(Wmm a-sﬁfﬁa) H

According to its meaning, the projected wave function is deflned by

the equation
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' Z ﬁfg;(m Yg ®) =< ¢1o.(3”.2r2) Xg(»ql’ge)l abJ Xy sXp) > - (3.9)
& | e

- If we use oscillator radial functions for the shell model states in wabJ’
the right side can be evaluated as in Ref. 2 to yield V
. ~ab _ | - _
| g (R) = Z rss U (V) | ' | (3.10)

N

;1where Uy, is an oscillator radial function as defined in the apéendix of
 Ref. 2. (The incorrect‘asymptotic behaviqr of these functioﬁs may be cor-
rected. in one of several ways suggested in that appendix.)n The structure
_ampiitudes G- aré'defined in terms of known quantities2 énd have been
:‘tabulated.7

In the general case where fhe spin of (A) is ﬁot zero and the parén-
*_Etége of (A+2) is not pure, the part;cles may be transferred in various ways~
‘consistent With thé structure of the states. NeVerthéless we can write fhe

general result in terms of (3.10) as

o o ' k . :
= aL}SDJJC(R) - Z p(%po0 GESJ | ' 3.1
- 2 | o

WWhére jB(ap,dt) ére_generalized two-particle parentage factors.2
In this way of formulating the problem, the structure of the nuclei (A)
~and (A+2) enters the deséription of the reacfion lei_thrdugh the values of
vthe parentage éoefficients B(ap,at). For a compiicéted structure calculétion,
-ﬁhese would depend upon intiméte details of.the calculation. However for a
siﬁple model.they can be exhibited explicitly as we do below.
- We note as a mattér of'cometatidnal cénVenience, that if the bound

state single-particle wave functions are expressed on a basis of harmonic
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.

(%efl/evr ), then the source term connecting any two

" oscillator functions .

‘channels can be written in the form

'-vR2 ‘I

TRy = VTR T (A R) o (3.12)

“p,t- B p,t7 7 Tp lA+2

'wheré P jis a finite polynomial in R2.‘ Therefore it can bé stored in a
compufer according to the coeffibiehts of the polynomial rathér than as a |
 tab1e in R.
| The'amplitude for outgoing tritons‘can be\ﬁritﬁen in terms of the
,S~ma£rix elémeﬁts obtained by imposing ihe boundary>conditioné (2.6) on the
éblutions to (2.5). We.muﬁt, as in Ref. 1, téke account. of the'norméiization

- f(2.h) used for_the proton_fadial functions in the source term. The result

.can be written-

' 1 ' - R=24  i{o 04
- = p~*t p ot
R(aMp = M) = ohe é{l L g AT e 7Pt
| plp titT
ey e T C Ry spdy Jp gt S R PN '
o ul w Cul M s Z Co. woom Cm oMM +u St,p 2 (k) (3.13)
P P P P P P m,m t e ety t :

‘The cross section for the p,t reaction is

- do 1 2 : ‘ . | R
@ sy &, - B
p M Moy
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4. THE TNVERSE REACTION
The (t,p) reaction can be treated‘ih'an analogous wéy. In this case
the homogenéous system correspondiﬁg to (2.5) is solved for the triton scat—
tering. These solufions are used.to construct fhe proton sources which ndw:
are inserted as an inhomogeneity into‘(2.l). The source term is otherwise

"~ constructed from the same ingredients as the triton source,
- [ . —_— : :

' ~ A+2 Tl [(A+2 : ‘
- . h .
Py p(r) A+2 Dy 2 Apgy(pst) “LSJ ( ap (55 7] (.1)
LSJ | |
where ALSJ and U are as defined previously for the (p,t) reaction. The

'ampiitude fbr outgoing protons can be obtained from (3.13) by interchaﬁging

p and t.

5. TWO-NUCLEON PARENTAGE COEFFICIENTS
' The parentage coefficient given in Ref. 2 (there in L-S coupling)

‘may be expressed in second quantization notation, for equivalent particles,

}as
N - -
| BabJ(ap’at) - Sp(l+5ab) <( ¢apJp(A+2)” [dadb]J“ ?atJt‘A) :> i (sf%?

g _ + o v N | o
Here 4 creates a particle in the state n £ j m . The definition adopted
. am, ' _ ‘a’a‘aa , i

‘for reduced matrix elements is that of Racah.8 Howéver for transfer of a

neutron and proton pair, when the isospin formalism is not used, the Gab

. factor should be omitted and d; and d;. commuted.



If the structure of the nuclear states is defined_in‘terms_of quasi-

‘. ..-". '..‘ + ‘. : ) . . ] . ) T ) -
particles O  related to particles through9~;*

t

(5.2)
.{?Vhefé U and. V are coefficients of the Bogolybov-Valatin transzrméﬁiQﬁQ
" then

';'f:’[,da_db] | U 9 AT (a b) * ( )J+M VbAJ.M( ’b) v VbNJM(a;b.)v

R 53 )

J+M
- (=) Ry M(a b) + VU J- dab J0

- Where
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. + M
.AJM.(a,b), - [aaqb]

J
(5.1)

.‘ + . ‘_~ . ja-Jb+M
NJ-NI(aSb)_ (")

+ M
Ny y(es2) = - [a o]
. d
5.1: Two Quasi-particle States.
As an example of the calculation of the parentage coefficients we
consider a simple model. If the ground state is described as the BCS vacuum
and excited states as two quasi-particle states, then four types of parentage

coefficients enter the problem, illustrated by Fig. 1.

Fig. 1. Four types of parentage
coefficients occur in a nucleus .
with vacuum ground state and two
quasi-particle excited states. -

p(A+2) t(A)

We write the two quasi-particle wave functions for nucleus (A) as

~ ) ' L ’ y v :
TR NN o .,

- Ja(a)am 5 nab(A) Am(a,b)]wA (5.5)

" Where the sum on a,b is not ordered (i.e., both a,b and b,a occur).lo

Here ]wA ) the BCS vacuum, and similariy for nucleus (A+2). Then the

parentége‘coefficients for the four types of transitions numbered in Fig. 2

11
are

S
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o (3, \1/2 _ : - .
BapJ(l) =z 'vaa(A+2) Ub(A) .4 S0 K -0)
| oo T o\YR g
»BabJ(e)v= ( e Ny (&) Va(A+2) Vb(A+2)>6JJt - (5.7)
g : 1 1/2 ‘ainp ' : | '. 8
Bopg(3) = —(, -(—l::s’“)‘ b (A+2) U, (&) U (8) 6JJP - (5.9)
ab’ - ’ ' ’
818 = (372022 6(a o) v (w2) U (&) 6 5, & .
“abd af SprTel Tatte Tt Pay Pg0 “Jth
| 33t_ e Jt+J-Jp I L -
+ (l+6ab (-) Ua-({‘\)‘vb (A+2) Xab‘c‘p’o‘t_) (2:9)
Jg3ytd |
+ (=) | Up(R) v, (A+2) X (2 ,0,)
" Where
: o J a,J : ' S
Ofar) = 5 ng Pl n St (50
cd ' .
' Jg, J J .
_ » O J oad 17t e R '
- D P t7t Py _
Xpplagsa) = ) nZ P2 n Sty T . (s

Note that © represents the'ovérlap of a two quasi-particle state in (A).
- with one in (A+2). For the lowest collective 21 states-in adjacent nuclei,

“this overlap will usually be close to unity.
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5.2. Two-Phonon States
In analogy with the vibrational model, we may use the collective

operator

Q@) 23 ) () A5 (a) EEC)
' a,b ' ‘ '

+ : : ) :
correspondingrto,the lowest 21 state to generate a triplet of "two~phonon™
. states

M .
P ' . '
lo(a)3 1) = :/—Z_ {Q;(A) Q;(m] o, ) o (513

J
p

‘and similarly for the nucleus (A+2). The quasi-boson commutation relations

are approximately (assuming identical BCS vacuum for (A) and (A+2)),

N

{ . . :
oo sy ) 85 5 & - (5.1h)

o . (ae2), o (A>]'
[QJM o J My 't ot

PPP

: ‘ + 4+ : ' -
The two-particle operator [d 4 ] does not connect the vacuum ground
state to the 2 rhonon states. The additional parentage factors needed are

‘._illustrated-in Fig. 2.

- 2 phonon

Fig. 2. Microscopié two-phonon states
have parentage coefficients -
connecting them to other two
quasi-particle states or to each

2 q.p other.

t(A)
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' They are computed in the quasi—boson épprdximation to be,

IR - (QJ ) 1/2. | o -
’ P
B (6)=VZOB_ (36 6, | (5.16)
. : . £ : . ‘
B (T = O 8BS, S san
: : : ' pt ’ o -

where the'subscripts-”col.ﬁ denoté that tﬁeée qUantities'invoive thé ampli£udes
N of the collective 2] states in (A) and (A+2). ‘In (5.15) and (5.16);fo
'j_is the overlap between the two-quasi-particle stéte‘éhd fhe gg&;ggﬁizg. 21
_ statéifrom which the two—phonon states are tuilt, whereas in (5.17) ifﬂ

M

*_ié the overlap between the collective ot states.in the two nuclei. Théré~
: fore the coupling is weak except with another two—éhonqn state ér with the
véollectivé 21' state, in which cases O = lf.
T. COMMENT ONVINELASTIC SCAﬁTERING

Beside the source terms, the_étructure of'the nuclear stéﬁés enters .
the evaluation.of the matrix elements of V in (2fl; 2.5). The point at which_
‘a-knowledge of ﬁuclear struéture enters can be redﬁced finally, as was shown
!in_Ref. 3, to the evaluation of a certain seﬁ of amplitudes which express‘the
~nuclear form factors in terms of those for singlé parﬁicle transitigns. »Thése

amplitudes (see SeétionIB of Ref. 3) can be written as
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ab ’ 1 4
g (#9%) (172 < o3| [daa'b]J” °2J2>
that is to say they are reduced matrix elements of the scattering operators
4 : . : — :
[dadb]J for the various shell model states a,b that enter the nuclear
description. = The evaluation of these amplitudes for the same nuclear model

described in section 5.1 appears in Ref. 3.

8. .SUMMARY
A theory of two-nucleon transfer reactions which includes the effects

'Qf‘inéiastic'pfocessés ﬁas beeniformuléted. .In addition to thé,di?ect>pro_
- duction of the final‘state from the target ground state, these.propessés

v allow for'its production through intermediate states produced by‘the ineléétic
 s¢afteriﬂg of the inqoming or 6utgoing éartitle. The reaction is freated as
the weék procéss it is, only in.first orderd bﬁt the inélastic prdCesses are
,treatéd to all ofders amdﬁg the retaiﬁed channels. The theory can be applied
éasily to microscobic calculations of nuclear stfuéture, because the entife.
'coﬁtent‘of such descriptions can be inserted into our formulation very con-
qiSely through reduced matrix elemeﬁts.of two types of operatofs, nameiy the
 :§ransfer operators v[d;d;]J  and the chttering operétors [d;ab]J’ e?aluéﬁéa_.
 betﬁeen the nuclear states for the various éoﬁfigurations a,b enteriﬁg:the
structure_caiculationv. This obviouslyvmékes all structure‘calcuiations readily
 :accéséible to use in calculations of transfer and scatteringi However for
many?pérticle shell-model calculations'the Job réquires'an intimate knowledge
 of the conventions employed and generally can be done Bést (or énly) by the

structure theorist himself. ' .
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"~ APPENDIX
We_considértthe’spin overlap ASi in a more_genéral_two_nucleon

transfer reaction .

atA>(a-v-m)+ (A+v+m)

where € containo n and p neutrons and protons and .V and T ‘of them -
are transfered (v + 7 = 2).
Although our theory does not contain-exchange proceSses imblied'by

vantlsymmetrlzatlon we do carry the statistical factors that welght ‘the dlrect
12 : . : ' ’

-1ntegrals con51dered
" Thus we define AS to contain those factors correspondlng to the light

- nuclides [as B ‘does for the nuclei (Sectlon 5 and Ref. 2)].

o] (0 [ oo SR

1.

(Resolve any ambiguity in. interpretation by comparisons with (3.7) and (3;8)
" for the (p,t) reaction.)

For various light parficles

g X~(0_ o ) (0 o) , alpha.
07 ny my" 70Dy pz .
Xo(a) = q X, {0 ) x (o o ) , triton
s /2T T0T ey eyt o |
(U o) . » : , deuteron ..

\ np
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Thus we find

r ' GSO (p;t) or (n,He3)
/-3—681 (a,a)
_ 1 3
Ay = J - /2_(6_80 - f3—<SSl) (p,He”)
| —l-"(a +v/36,.) .(n t)
/2-_ S0. T "8l >

‘However there is some evidencé;L3 that the strengfh of  the stripping'intef—
- action is @ifferent for S =0 and 1. This may be taken into -account for

example. for (@,HeB) by rewriting

1
A, ==-—(alb. ~-V3ad.,)
S 6; 0 S50 : 1°S1
where al/ao gives the relative strengths. §
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