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ABSTRACT OF THE DISSERTATION

Hamilton Jacobi Equations and Variational Problems in Wasserstein Space

by

Mohit Bansil
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2024

Professor Christina Kim, Chair

This thesis explores several problems in the calculus of variations especially in the space of
measures. Drawing from mean field games (MFG), Hamilton-Jacobi equations (HJE), opti-
mal transport (OT), and quantum mechanics, we explore challenges in existence, uniqueness,

and well-posedness in both deterministic and stochastic settings.

The first part of this work examines mean field games and the associated master equation,
an infinite-dimensional partial differential equation that links individual decisions with popu-
lation dynamics. We establish new well-posedness results under monotonicity and convexity
conditions, extending previous theories to accommodate broader interaction structures and

types of noise (in particular we obtain results in the absence of idiosyncratic noise).

Next, we investigate Hamilton—Jacobi equations in optimal control and classical me-
chanics, using canonical transformations as a method to achieve global well-posedness in
non-convex settings. This approach expands the range of systems that can be studied, with
implications for stability and optimal trajectory analysis. This method also extends to the
master equation, revealing hidden monotonicity properties that result in new well-posedness

theories.
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Finally, we explore an extension OT to quantum mechanics by formulating a quantum
dynamic transport problem governed by the Schrodinger equation. By establishing a link
with the Pauli problem in quantum state reconstruction, this framework could open new

avenues for attacking this long-standing problem.
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CHAPTER 1

Introduction

1.1 Background and Motivation

In recent years, game theory has witnessed a remarkable evolution with the emergence of
mean field games (MFGs), a framework that addresses the behavior of large populations
of interacting rational agents. Mean field games offer a powerful lens through which to
study complex systems characterized by the interplay between individual decision-making
and collective dynamics. Central to this framework is the master equation, a fundamental
equation that governs the evolution of the system’s distribution of agents over state and

action spaces.

The study of mean field games is motivated by diverse applications ranging from eco-
nomics and finance to biology and engineering, where understanding the strategic interac-
tions of a large number of agents is crucial. Traditional game theory approaches encounter
challenges when applied to large-scale systems due to the complexity of non-linear PDEs that
grow with the number of agents. Mean field games offer a promising avenue to overcome
these limitations by approximating the behavior of individual agents within the population,

thereby enabling the analysis of systems with a large number of interacting components.

Central to the modern framework of mean field games is the master equation, which
governs the evolution of the system’s distribution of agents over time. The master equation
is remarkable in that it enables a single, comprehensive solution to the MFG problem, even

with an arbitrary number of agents. However, its infinite-dimensional nature and non-



linearity present significant challenges for theoretical understanding and solution techniques.
Advancements in the well-posedness theory of the master equation deepen our theoretical
understanding of MFGs and could have practical implications for optimizing and managing

large-scale systems with interacting agents.

A key aspect of mean field games lies in the assumptions made regarding the data. In
current works, monotonicity assumptions play a crucial role in ensuring the existence and
uniqueness of solutions to the master equation. Similarly, noise is often introduced to provide
regularity to the master equation, but understanding the master equation in the absence of

noise remains a significant challenge.

Alongside MFGs, optimal transport (OT) has evolved as a versatile mathematical tool
for problems involving distributional shifts under constraints. OT theory is traditionally
concerned with efficiently moving mass from one distribution to another. We explore an
extension of optimal transport into quantum mechanics. Here the dynamics are governed by
the Schrodinger equation, creating links between classical OT and quantum mechanics. OT
with quantum dynamics involves finding a wave function’s optimal evolution from an initial
to a final distribution, where optimal is with respect to an energy function in momentum

space.

A particularly intriguing connection arises between OT with quantum dynamics and
the Pauli problem, which seeks to determine whether a quantum state can be uniquely
reconstructed from its (marginal) probability distributions in both position and momentum
space. By relating the Pauli problem to a OT problem governed by quantum dynamics, we

offer a novel approach to quantum state reconstruction.

1.2 Outline of the Thesis

This thesis explores these frameworks, presenting new results in mean field games, Hamilton—

Jacobi equations, and optimal transport with quantum dynamics. Each chapter builds on



foundational concepts, extending classical results to address challenges in existence, unique-

ness, and stability.

1.2.1 Mean Field Games and the Master Equation

Mean field games (MFGs), developed in the seminal works of Lasry and Lions, and Huang,
Malhamé, and Caines ([LLO7, [HMCO6]), provide a rigorous way to model strategic decision-
making in populations with a large number of interacting agents. Classical game theory,
although powerful in analyzing small groups of rational agents, becomes theoretically and
computationally intractable as the number of participants increases. MFG theory circum-
vents this limitation by modeling the asymptotic behavior of games with infinitely many
agents. The resulting mathematical framework captures the dynamics of the population

distribution, while also incorporating the strategic interactions among agents.

The core equation in mean field game theory is the master equation (introduced in
[Liol2al), a infinite-dimensional partial differential equation (PDE) that links individual
agents’ strategies with the collective behavior of the entire population. This equation, ini-
tially formulated by Lions, governs the evolution of the value function in MFGs and allows
one to connect finite-player games with their mean-field limits. In the absence of noise, the
deterministic master governs MFGs without noise, while stochastic versions contain terms
to account for idiosyncratic noise impacting each agent individually or common noise af-
fecting all agents collectively. The well-posedness of the master equation ensuring existence,
uniqueness, and stability of solutions is fundamental to the successful application of MFG
theory (see [CDLL19, [DLR19, DLR20]), but it requires specific assumptions on the problem
data.

Classical well-posedness results rely on either smallness conditions (such as restrictions
on the time horizon or characteristics of the Hamiltonian) or monotonicity conditions on
the data, with the two most popular of the latter being Lasry—Lions monotonicity and

displacement monotonicity. The former comes from viewing the space of measures as a flat
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linear space, while the latter leverages concepts from optimal transport, viewing the space
of measures as a curved space. In this thesis we are concerned primarily with long time

solutions so we will impose monotonicity conditions.

The master equation that we consider in this thesis writes as follows. As data, we are
given a Hamiltonian H : R? x Z25(R%) x R? — R and a final cost G : R? x Z25(R?) — R.
We emphasize that throughout the text we assume that H and G are smooth enough (we
detail the specific assumptions in each chapter), and in particular they are defined and finite
at any probability measure with finite second moment. Therefore, they will be assumed
to be non-local and regularizing in the measure variable. Furthermore, we are given a
time horizon T > 0 and the intensities of the Brownian idiosyncratic and common noises
B, B0 € R, respectively. Then, the master equation, written for the unknown function V' :

(0,T) x R? x P (R?Y) — R reads as

OV (t,x,p) + H(x,pu, 0, V) — NV (t,z, p) — Ade 2AcomV(t,x,u) =0,
in (0,T) x R% x P, (RY),

V(T7x7u) = G(x7lu’)7

in R x P,5(RY),

where

NV(tz,p)=— | 0V (t,,p,T) - OpH(Z, p, 0,V (t, T, ) dp(T)
R4

AinaV = tr(0V (t, x, p) +/ tr(0z,V (¢, x, 1, T))dp(z)

Rd
and

AcomV - tr<8xq;v(ta T, /“L)) + /

Rd

05,V (1. D) () + 2 [ 5(00, (81, 5) ()

Rd

+/Rd OVt p, &, 2)) dp(7) dp (7).

Here 0,V stands for the so-called Wasserstein gradient whose definition is given later in the

text.



Chapter 2 of this thesis addresses the deterministic master equation (5 = 5y = 0). We
present a new well-posedness result for the deterministic master equation, particularly for
displacement monotone systems, which expand classical solutions to cases lacking regulariz-
ing noise effects. Furthermore, we don’t require a ‘separability’ condition on the Hamiltonian,

which is a significant departure from previous results (such as [GM22al).

Chapter 3 extends these results to the setting where we have common noise but no
idiosyncratic noise. The chapter discusses the role of displacement monotonicity conditions
that are sufficient to guarantee well-posedness, even under degenerate noise conditions. To
the best of our knowledge, these results represent one of the first well-posedness theories
for long time classical solutions of the master equation in MFGs in the presence of common
noise without idiosyncratic noise (some weak solution theory is obtained in [CS22al, [(CS22bl,

CS522)).

1.2.2 Hamilton—Jacobi Equations and Canonical Transformations

Hamilton—Jacobi equations (HJEs) originate in classical mechanics (see [Arn89]), where they
encode the system’s dynamics via the principle of least action. This principle states that the
actual path taken by a system between two states is the one that minimizes (or extremizes)
the action, a scalar quantity that summarizes the effect of the system’s dynamics over time.
HJEs arise naturally in Lagrangian and Hamiltonian mechanics, providing an elegant way

to study mechanical problems.

In optimal control theory, the HJE describes the value function representing the minimal
cost for a system to transition from one state to another. Dynamic programming principles
lead to the Hamilton—Jacobi-Bellman equation, a first-order PDE that governs the evolution
of this value function (see [Eva98]). Solutions to the HJE can often be challenging to obtain
due to non-linearities and the potential for singularities to form over time. Additionally,
the absence of convexity in certain problems can prevent global well-posedness, limiting the

applicability of classical solution techniques.



Chapter 4 of this thesis introduces a novel approach to achieving global well-posedness
in Hamilton—Jacobi equations through the use of canonical transformations. These trans-
formations, which preserve the symplectic structure of Hamiltonian mechanics, enable a
redefinition of the Hamiltonian in a way that can reveal convexity properties. Specifically,
transformations that are linear in the phase space—mapping (z,p) — (z,p — ax), for in-
stance—allow one to convert certain Hamiltonians arising from non-convex Lagrangians into
a convex-concave form. This reformulation facilitates the analysis of global well-posedness
for the system, expanding the set of Hamiltonians that can be studied effectively under this

framework.

Chapter 5 extends these results to the master equation of MFG. We leverage the canon-
ical transformations to reveal hidden monotonicity in non-monotone data. By reformulating
the Hamiltonian through these transformations, we extend the well-posedness theory of the
master equation to cover MFG scenarios that do not satisfy traditional monotonicity as-

sumptions.

1.2.3 Optimal Transport and Quantum Mechanics

Optimal transport theory provides a way to study the efficient movement of distributions
under given cost functions (we refer to [Vil03| [Vil09] for a thorough introduction). Tradition-
ally, optimal transport is governed by deterministic maps; however, Eric Carlin and Wilfrid
Gangbo have extended it to settings where transport follows quantum dynamics, particularly
through the Schrodinger equation. This quantum extension of OT links classical transport
with quantum mechanics, offering a framework to understand probabilistic distributions in

a quantum setting.

Chapter 6 investigates this quantum dynamic extension of optimal transport, connecting
it with the Pauli problem, a classical question in quantum mechanics. The Pauli problem
asks whether a quantum state can be uniquely determined by its magnitude distributions

in both position and momentum space (see [CHT8, [Cor06] for some partial results). In the
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OT with quantum dynamics framework, this translates to minimizing the kinetic energy of

a system subject to constraints on initial and final probability densities.

This chapter establishes an equivalence between the Pauli problem and an OT problem
governed by quantum dynamics. The results provide a new perspective on quantum state

reconstruction, with many potential applications.

1.3 Contributions and Significance

1. New well-posedness results for mean field game master equations: This thesis
extends classical well-posedness results for the master equation in mean field games, incorpo-
rating versions of the well-known displacement monotonicity conditions that ensure stability

and uniqueness for both deterministic and stochastic models.

2. Application of canonical transformations in Hamilton—Jacobi theory: By
applying canonical transformations to the analysis of Hamilton—Jacobi equations, this work
expands the class of systems that admit globally well-posed solutions, opening up new ap-

plications in optimal control.

3. Quantum extension of optimal transport and applications to the Pauli
problem: By exploring optimal transport with quantum dynamics, this thesis offers a novel
approach to studying the Pauli problem, enriching our understanding of quantum state

reconstruction and contributing to the intersection of OT and quantum mechanics.

Together, these results advance the mathematical frameworks for studying complex, high-
dimensional systems across regimes, from deterministic and stochastic dynamics to quantum

mechanical behaviors.



CHAPTER 2

Deterministic Master Equation

2.1 Introduction and Motivation

2.1.1 Motivation for Mean Field Games

In recent decades, the need to model large populations of interacting agents—ranging from
economic agents, such as consumers and firms, to biological populations and self-driving ve-
hicles—has led to the emergence of mean field game (MFG) theory. Classical game theory,
while providing powerful tools for modeling strategic interactions among a small number of
agents, becomes intractable as the number of participants grows. MFG theory addresses
this limitation by studying the asymptotic behavior of games with infinitely many agents,
allowing for a continuum approach to model the population’s overall dynamics. This frame-
work, initiated independently by Lasry and Lions and by Huang, Caines, and Malhamé,
has rapidly developed into a robust mathematical foundation for understanding collective

behavior in complex systems.

At the heart of MFG theory is the idea that, in large populations, individual actions
have a negligible impact on the overall distribution, allowing each agent to interact with
an "average effect” of the population. This leads to a model where each agent optimally
responds to the statistical distribution of all agents rather than to specific interactions,
dramatically reducing the complexity of analyzing such systems. For instance, MFGs provide
insights into traffic flow optimization, where individual drivers’ decisions (such as route

choice) collectively influence congestion patterns, or into financial markets, where the trading



behavior of numerous investors shapes the aggregate demand and price evolution.

MFG theory also enables the quantitative analysis of long-term dynamics and equilibrium
properties of large populations. It bridges the gap between microscopic and macroscopic
descriptions, offering a rigorous framework to derive macroscopic equations that describe
the collective behavior of agents from the underlying microscopic interactions. In economic
applications, MFGs allow for the study of competitive behaviors in large markets, such as
price formation and product diffusion, which have critical implications for policy design and

resource allocation.

Furthermore, MFGs have significant mathematical appeal, as they often involve study-
ing systems of coupled partial differential equations (PDEs) with intricate interactions be-
tween the agents’ states and distributions. These systems require innovative approaches in
PDE theory, probability, and optimal control, making MFGs a fertile ground for theoretical
advances. Additionally, MFGs provide a framework for exploring questions of existence,
uniqueness, and stability of equilibria in dynamic systems, as well as foundational proba-
bilistic results, such as large deviation principles and central limit theorems for interacting

particle systems.

In summary, MFG theory is a versatile and powerful tool for analyzing complex, large-
scale systems in which individual decisions collectively shape emergent behaviors. By re-
ducing complex interactions to tractable models that retain essential features of the system,
MFGs open up new possibilities for understanding, predicting, and controlling dynamics in

vast populations across various scientific fields.

2.1.2 Introduction to the Deterministic Master Equation

The deterministic master equation, a fundamental object in mean field game (MFG) theory,
provides a framework for describing the limit behavior of large populations of interacting

agents in the absence of random perturbations. Initially introduced by P.-L. Lions in his



lectures at College de France [Liol2b], this partial differential equation (PDE) governs the
evolution of both individual agent states, typically within a finite-dimensional Euclidean
space, and the overall distribution of agents, often represented by a Borel probability measure
over this space. In a purely deterministic setting, solutions to the master equation play
a critical role in analyzing Nash equilibria, capturing the strategic interactions within a
population as it approaches infinite size, and offering insight into the stability and uniqueness

of these equilibria in the absence of stochastic fluctuations (see [CDLL19]).

The deterministic nature of the master equation poses unique challenges and has thus mo-
tivated several specialized approaches within the literature. Ensuring global well-posedness,
particularly for classical solutions, requires that the model data satisfy specific conditions.
These conditions can be broadly classified into two types: (i) those imposing a smallness
criterion on the time horizon, and (ii) those enforcing monotonicity, such as the Lasry—Lions
monotonicity condition. In many deterministic settings, the Lasry—Lions monotonicity con-
dition has proven essential for establishing uniqueness of Nash equilibria in the underlying
game and, by extension, ensuring well-posedness of the master equation under certain regu-

larity conditions on the data (see [CP20al, [CCD22, [GM22h]).

Unlike the case with non-degenerate idiosyncratic noise, the deterministic setting is less
well understood. To the best of our knowledge the only other long time classical well-
posedness result for the deterministic master equation is [GM22al, which requires a potential

structure and separable Hamiltonian.

Despite significant advances, deterministic master equations continue to present chal-
lenges, particularly in understanding solution behavior when monotonicity conditions are
violated. In such cases, standard well-posedness results no longer hold, and weak solution
concepts may be necessary. Recent efforts, such as those in [CD24] and [GM22b], propose
frameworks to handle these complexities, though the development of robust weak solution

theories remains an active area of research.
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2.1.3 Motivation for Displacement Monotonicity

Displacement monotonicity is an important concept in the study of mean field games (MFGs),
as it provides a robust condition for ensuring the uniqueness and stability of solutions,
particularly in large-scale systems. To understand displacement monotonicity in MFGs, it
helps to first explore displacement convexity, a foundational idea from optimal transport

theory that generalizes classical convexity to probability measures.

2.1.3.1 Displacement Convexity vs. Regular Convexity

Convexity defines a function f(x) as convex if, for all points z and y in its domain and any

A € [0, 1], the function satisfies:

FOn) S Af(2) + (1= A)f(y).

where ; is the geodesic connecting x and y. In the case where the domain of f is a Euclidean

space the geodesics are straight lines and the above becomes

fz+ (1 =Ny) <Af(x)+ (1 =N f(y)

This inequality indicates that f lies below the line segment connecting f(z) and f(y), which is
key in many areas of analysis and optimization. Convex functions have well-known stability

and uniqueness properties, which make them easier to optimize and analyze.

Displacement convexity extends this idea to functionals defined on probability measures.
Specifically, consider a functional F(u), where p is a probability measure over some space
(often R?). A functional F(u) is said to be displacement convez if, for any two probability

measures Lo and pq, we have:
Fpa) < (1= A)F (o) + AF (1),

where the interpolation, uy, between py and p; is defined along the Wasserstein geodesic the

path in probability space that minimizes the transportation cost to move the distribution

11



to py. This notion arises in optimal transport theory, where the Wasserstein space is a metric
space for probability measures, equipped with the Wasserstein distance that quantifies the

“cost” of transporting mass from one distribution to another.

In displacement convexity, the convexity is not along linear paths but rather along
geodesic paths in Wasserstein space, which follow the direction of minimal transport cost.
This provides a generalized notion of convexity suited for spaces of probability measures,
allowing F to retain stability properties similar to those of classically convex functions in

contexts where mass redistributes optimally.

2.1.3.2 Mean Field Games as Optimization Problems

In certain mean field games, referred to as potential mean field games (MFGs), the data
(the Hamiltonian and boundary condition) can be described by a potential functional J (),
where p is a probability measure representing the distribution of the population over states.
In these settings, the behavior of the system can be characterized as an optimization problem,
where the evolution of the agents’ distribution is driven by minimizing a functional, rather

than by solving a traditional Nash equilibrium.

When the functional J is displacement convex, the data can be shown to satisfy a
property called displacement monotonicity. Displacement convexity in this context implies
that J has a unique minimizer in Wasserstein space, allowing the MFG to reach a stable
equilibrium where the distribution p does not oscillate or create multiple equilibria as agents

adjust their strategies.

As we will see below it is possible to formulate this displacement monotonicity condition
without needing a potential structure (this was realized in [GMMZ22]). This condition can
replace the Lasry—Lions monotonicity condition and in fact is able to give a well-posedness

result for the master equation without needing idiosyncratic noise (as we will see below).
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2.1.4 From Optimal Control to the Master Equation
2.1.4.1 Optimal Control

Optimal control theory addresses problems where a single agent, beginning at some initial
point y € R?, aims to follow a trajectory that minimizes an associated cost over time. This
control trajectory, represented by « : [0, 7] — R¢, is chosen to balance an ongoing movement
cost with a terminal cost upon reaching a destination. The agent’s objective is to control its
velocity, which influences the trajectory, and to minimize the combined running cost L(x, v)
and final cost G(z) at the endpoint. The agent’s optimization problem is given by:

inf /O L(v(s),4(s)) ds + G((T)),

v

where L : R x R* — R quantifies the instantaneous cost based on the position = and velocity

v, and G : R? — R determines the penalty or cost at the terminal state (7).

To solve this, dynamic programming is applied. This method utilizes the fact that any
optimal path v retains optimality over all subintervals within [0, 7. The concept of a value
function V' (¢, x) arises, representing the minimal possible cost from state x at time ¢ onward.
For any subinterval [t, 7], this value function satisfies a partial differential equation called

the Hamilton-Jacobi-Bellman (HJB) equation:
0V +inf (L(z,v) + V,V -v) = 0.
In this equation, the Hamiltonian H : R¢ x R? — R is defined as:

H(z,p) = sup ({p,v) — L(z, —v)),
which recasts the HJB equation as:
oV — H(x,V,V)=0,

with the boundary condition V(T,z) = G(z) at the terminal time 7'
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2.1.4.2 Differential Games

Differential game theory generalizes optimal control by involving multiple agents or players,
each with competing objectives that depend on the actions of others. In a differential game
with N players, each player i starts at an initial position z; € R? and controls their own
velocity to minimize their individual cost, while interacting with the strategies of other

players.

Each player incurs a running cost L; : R? x R x R¥ V=1 _ R based on their own
state, velocity, and the states of the other players. They also face a terminal cost G :
R? x RUN-1) 5 R, depending on their final position relative to the other players. Player i’s

total cost for a path ~; is:

/0Li(’Yz’(S)>%(3)>71(3)>--~7%—1(3),%+1(5)7---aWN(S))dS

+ Gi(vi(T), 71(T);s - s 7ia (1), Yiga (1), ...,y (T)).

In this framework, each player is assumed to be rational and seeks to optimize their
individual cost. This interdependence creates a competitive scenario in which the best re-
sponse of each player depends on the strategies of others. A solution concept called the
Nash equilibrium arises, where no player can unilaterally reduce their cost by changing only
their strategy, given the strategies of the others. Mathematically, a Nash equilibrium is a
collection of paths (71, ...,vn) where each ; is optimal for player i, given the paths of all

other players.

The dynamic programming approach for differential games leads to a coupled system
of PDEs for the players’ value functions V;(z,t,z). Each value function V; describes the
minimal cost for player ¢ from a given state and time, while accounting for the strategies of
others:

OVi(x,t,z) — Hi(z, V. Vi(z,t, 2), 2) — Z V., Vi(z,t,2) - VpHj(25, Vo Vi(25,t, 2),2) = 0,
J#i
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where H; is the Hamiltonian associated with the cost function L; of player i. This equation
illustrates the intricate interdependencies between players’ strategies, creating challenges in
establishing well-posedness and uniqueness of Nash equilibria, particularly when the players’

objectives conflict or align in complex ways.

2.1.4.3 The Master Equation for Deterministic Mean Field Games

In mean field games (MFGs), when the number of agents N becomes large, interactions
between any two individual agents become negligible. Each agent optimally responds to the
distribution of the overall population rather than to specific agents, making MFGs particu-
larly suitable for large-scale systems. In the deterministic setting, we assume the absence of
random perturbations (or noise) affecting individual agents. Consequently, the collective be-
havior is governed by a master equation, which describes the evolution of the value function

V over time and space.

Assume all agents are identical and that both the running cost L and the terminal cost
GG are symmetric with respect to the configuration of agents. For player i, the system can
be represented by a PDE that incorporates the distribution of the remaining N — 1 players.

Defining 1; as the empirical measure that approximates the distribution of other agents:

1
;= —— Oz
Hi N—l ' Tjo
JFi

we can write a deterministic equation as:
@V(:c, t, ,UZ) - H(l’, VCEV<:U> t :ul)a :UZ)

- /aﬂv('rv t? M, j) : VPHC&’ VxV(j?, t7 /1@)7 ,LLJE) d/%<j> = 0.
In this formulation:

o V(x,t,u;) represents the value function that provides the minimal cost starting from

point x at time ¢ under the distribution p; of other agents.
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e The Hamiltonian H (z, p, ut) incorporates the interaction between the agent’s own state

x, momentum p, and the population distribution pu.

e The term 0,V denotes the derivative of V' with respect to the measure j, capturing

how the population distribution influences the optimal cost.

As N approaches infinity, this discrete empirical measure pu; converges to a continuum

distribution p, leading to the mean field limit:
OV (x,t,u) — H(x, V., V(x,t,u), 1) — /@V(x,t, w, ) - VoH(Z,V,V(z,t, 1), 1) du(z) = 0.

This master equation describes the evolution of the value function in a continuum of
agents, where each agent’s optimal strategy depends on both its own state and the population
distribution p. This equation is central to deterministic mean field games, as it encapsulates
the interactions within a large population without requiring detailed tracking of individual

agents.

In this chapter we will show existence of unique classical solutions to the deterministic
master equation under displacement monotonicity conditions and regularity assumptions

(described formally in the next section).

2.2 Notation and Setup

Before proceeding to the master equation we give a brief refesher on the Wasserstein space

and the Wasserstein calculus.

2.2.1 Elements of analysis and calculus on the Wasserstein space

Let Z(R?) be the set of Borel probability measures supported in R¢. For any ¢ > 1 and any
1
measure p € P(RY), we set My(p) := ([pa |2|7dp(z)) 7. Furthermore, let &2,(R?) := {u €
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P(RY) . M,(n) < oo} For any pu,v € P, (RY), the W,~Wasserstein distance is defined as

1
W) =it { [ sy e}
R xRd
where II(p,v) == {y € Zo(R* x RY) : (m1)yy = p, (m2)yy =v}, and 7y, m : RY x R — R?

stand for the canonical projections, i.e. 7 (z,y) = = and m(z,y) = y.

According to the terminology in [AGS08], the Wasserstein gradient of a function U :
P5(RY) — R at p, is an element 9,U(u,-) € VCgO(Rd)L” (the closure of gradients of C'>°
functions in L2 (R% R?)) and so, it is a priori defined p-almost everywhere. The theory de-

veloped in [CP20a, [GT19, Lio12b] shows that 0,U(u, -) can be characterized by the property

U(Lery) = Up) = E[(0,U (11, ), m] +olllnll2), ¥V &n, with Le = p. (2.1)

Let C°(25(R?)) denote the space of Wy—continuous functions U : &5(R%) — R. For k €
{1,2} we next define a subset of C*(Z25(R?)), referred to as functions of full C* regularity
in [CDI8al, Chapter 5)), as follows. By C'(Z,(R?)), we mean the space of functions U €
CO(P3(R?)) such that 9,U exists for all 4 € P25 and it has a unique jointly continuous

extension to &, x R, which we continue to denote by
R? x P5(RY) > (, 1) = 0,U(p, ) € R™.

Similarly, C?(2,(R?)) stands for the space of functions U € C!(Z,(R%)) such that the global
version of 0,U is differentiable in the sense that all the following maps exist and have unique

jointly continuous extensions

R x Py 5 (7, 1) v 03, U (1, %) € R and

R* x Py > (%,7, 1) v 0,,U (1, 7, 7) € R
We define similarly the spaces C!(R? x 22,(R?)) and C?*(R¢ x Z25(R?)). In particular C?(R? x
P5(RY)) is the space of continuous functions U : R? x 22, (R?) — R satisfying the following

(i) 0,U, 0,,U exist and are jointly continuous on R? x Zs;
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(ii) The following maps exist and have unique jointly continuous extensions

R* x Py > (2,7, 1) = 0,U(z, 1, %) € R? and

R* x Py > (z,%, 1) = 0p,U (2, 11, &) € R,

(iii) Finally, the following maps exist and have unique jointly continuous extensions

R* x P, > (x,%, 1) = 03,U (2, 1, &) € R and

R x Py > (2,%,%, 1) — 0 U(x, 1, 2,2) € R4,

We underline that for notational conventions, we always denote the ‘new spacial vari-
ables” appearing in Wasserstein derivatives with tilde symbols (for first order Wasserstein
derivatives), with “bar” symbols (for second order Wasserstein derivatives) and so on, and
we place them right after the corresponding measures variables. For example, when U :
RY x Py x R? — R is typically evaluated as U(z, p1, p), we use the notations 9,U(z, i, T, p),
0;0,U(z, 1, T,p), 0,0,U(x, u, Z,%,p), and so on. This convention will be carried through to
compositions with random variables too, for example 9,U (z, p, 5 ,D), when é is an R%valued

random variable.

In this chapter we consider the master equation (1.1)) with 5 = 8y = 0. For the conve-

nience of the reader we reproduce it here:

OV (t,x,u) + H(x,pu, 0, V) = NV(t,x,u) =0 (2.2)

V(T, 2, 1) = G(, )
where

NV (t,x,p) = —/%V(t,:t,u,.f:) O H (2, p, 0,V (t, &,y 1)) d ()

We assume that we have a fixed atomless probability space (Q,P). We use L?(Q2) to

denote the L? functions that map €2 into R
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2.2.2 Displacement Monotonicity

Following [GMMZ22], we can recall the followings.

Definition 2.2.1. Let &, € L*(Q) and U : R? x Z5(R?) — R. Assume that U is differen-
tiable in the first variable and 0,U € C}(R? x 2, (R?)). We define
(d.

dyd)eU (1, 7)
- // (Dol (§(), Lo, (@) (@), () + (002U (§(), Le) () n(e)) dP(w) dP(&)

We say that U is displacement monotone if (d,d):U(n(w),n(w)) > 0 for all £, n € L*(Q).

Remark 2.2.2. The condition can also be written directly in terms of measures. U is

displacement monotone if and only if for every A € 5 (R? x RY) we have

/ /R , Rd<8xuU (2, ()N, ) 9, y) + (OnaU (2, (m1)s\) w1, y) dA (2, ) AA(E, §) > 0

where (71)sA stands for the left marginal of .

We recall the following Lemma from [GMMZ22 Lemma 2.6]. For the convenience of the

reader we provide a detailed proof.

Lemma 2.2.3. Suppose that U is displacement monotone and twice differentiable in space.
If 0,,U is continuous (where continuity in the measure variable is respect to Wy) then

OpU(x, 1) >0, i.e. U is convez in space.

Proof. Since absolutely continuous measures with positive and bounded densities are dense

we may assume without loss of generality that y = pdx with p positive and bounded (say

Ip| < M).

Fix some g,z € R? and let € > 0. Let ¢ be distributed according to u and let

07 if |€(UJ) - Qf()| Z €
n(w) =
e 2z, else
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We now have

0 < (dsd)eU(n. )

[ (00 (€0 L6 €@ 1@ 00N) + (00 (), L) 1) 1) PG
://B( ) Q@wU(fc,u,é(@))n(cv),e*d/2z> (000l (2, 1) €22, 22) () dadP(&)
= Ol B ) O () ) )l
= OuuU (m, 11, T) 2, 2) p(2) p(Z ) ddT

[ @)oot

+ed/B( )<amU(x,u) 2, 2)pla)de
—d€2d)

Now we send € — 0. We see that the first term goes to 0 (it is on the order of ¢ where

as the second term goes to C(0,,U (29, 1) 2, 2) where C' is the volume of the unit ball in R<.

Hence we have
<8:C$U (I(b /1“) Z, Z> Z 0
as desired. ]

Definition 2.2.4. Let H : R? x 2,(R?) x R? — R. Assume that H is differentiable in
the z and p variables and 9, H(-,-,p) € C*(R? x P5(R?)) for all p € R? and 9,H (x,-,-) €
CH(P2(R?) x RY) for all x € R% Let p € C'(R%:R?) be a bounded Lipschitz function,
€ Py(RY), and € € L*(). We define

(displ{ H)(n,n)

=[] (e e@). etctmm

+ 0 HIEw) (G 1)) | P @) + QF O,

20



where

QFH (n,n)

::%/Q “(8ppH(£(w),u,so(£(w))))_5/Q[aWH(g(w),u,g(@),go(g(w)))n(a;)]dp(@)

|ape

H is said to be displacement monotone if (dz’spl?H)(n, n) < 0 for all ¢, i, &.

2.3 Assumptions

We will always assume that GG, H are displacement monotone. We also make the following

regularity assumptions.

Assumption 1. We assume that

1. G is smooth.

2. 0G|, |0:2G|, |0,.G| are uniformly bounded by L.

Assumption 2. We assume that

1. H is smooth.

2. All of the derivatives of H (not including H itself) are uniformly bounded in z, u and
locally in p.

4. OppH > col for some ¢y > 0.

We remark that 4 in the above tells us that H is convex in the p variable.

Definition 2.3.1. A constant C' is said to be universal if it depends only on the above

quantities (L§ and the bounds on H) and 7.
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We now translate these assumptions onto L.

Proposition 2.3.2. Under the assumptions in [ we have that

1. L is smooth.

2. 9yl < '

3. 0. Lz, p,v)| < C(1 + |0, L(x, p,v)]).
4. |0u L, p,0)| < C(1 4 [v]).

5. |0 L(x, p,v)| < C(1+|v]).

Proof. 1,2 are well known.

3 comes from the formula
O L(z, p,v) = =0, H(x, p, 0, L(x, p,v)).
Now to prove 4 note that Assumption 2 on H implies that

|0pH (2, 1, 0)] < C

and so
|OpH (2, 11, p)| = colpl = |0pH (x, 1, 0)] = co |p| = C
Hence
0] = [0pH (, 1, Oy L, 1, 0))| = o |0u L, 1, v)| = C
as desired.

5 now follows from 3 and 4.
Assumption 3. There is a superlinear function € so that
L(z, p,v) = L(, 1, 0) + 0(|v]).
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Lemma 2.3.3. Let C(R) = supm%p:'pKRH&ppH(x, i, p)l-

The above assumption holds if [~ C(R)™" diverges.

Proof. We have
1
L(z, p,v) = L(x, i, 0) +/ Oy L(x, 1, v8) - vds
0
1 s
= L(x, 11,0) +/ (&L,L(x,u,O) +/ 8WL(ac,u,w)vd7’) -vds
0 0
1 s
—L(I,/L,O)+avL(.T,M,O>U+/ / aUUL(x7:u7UT>U'UdeS
R
= Lo 0)+ 0L 0) o [ [ BuL(pur)o-vdsds
0 r
1
= L(x,p1,0) + 0, L(z, 11, 0) - v + / (1 = 7)0p L(z, p, vr)v - vdr
0
ol [

ZL<I7M70)+8UL(x7M70)U+7 8WUL($JNJT@)ﬁ'@dT
0

Lol
= L(z,1,0) + 0, L(x, 1,0) - v+ %/ : Ay H (1, Oy L(, 1, 70)) "0 - D
0
> L(x, p1,0) + 0, L(x, 11,0) - v + u/ : C'_U1 () AT
0

> L(x,11,0) + 0, L(x, 1,0) - v + |?2J—|/ Coldr
0

= L(x,1,0) + 0, L(x, 11,0) - v + — ’ Ctdr

and so defining

Clv|
o) = 2 [ orar — .6, 0) o
2C J, " Y
we see that L(x,p,v) > L(z, 1, 0) 4+ 0(]v|) and 6 is superlinear. O

2.4 Propagation of Displacement Monotonicity

In this section we show that the conditions on H propagate the displacement monotonicity of

G to V for all times. The proofs of this section are very similar to the proofs in [GMMZ22]
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however since the formal statements in that work require individual noise and the proofs
are written in the notation of stochastic analysis we rewrite the proofs here in simplified

notation.
Lemma 2.4.1. Let Y,Y : M — R? where M = R or M = Q depending on context. Then
W (Y, V) < Y =Yl
Proof. We have
W (Yyp, Yyp) = Sl;p/d)(x)d(y#u — Yyn)
= sup [ 9(Y (@) = (¥ ()
<sup [ [o(¥(w) - o(V ()|

< / ¥ ()~ ¥ ()| du

where the supremums are taken over ¢ that are 1-Lipschitz. O]

Lemma 2.4.2. Let V be a classical solution of the master equation (2.2) with Vi, Vyg, Vay,
uniformly bounded. Fiz some &,m € L?(Q). Then the following system of ODE’s has a

unique solution

Xy(w) =€~ / Hy(Xorpins 0,V (5, KXo p))ds, o 1= Xo(w) #P
0Xi(w) =n— / $)0 X + ; /[HW(Xt(w),Xt(cb))éXt(cD)]dIP’(cD) + H,,(X;)Nyds
Q
where

N, = /Q 00,V (X1 (w), Xu(0))0X(@)dP(&) + OuaV (X, ()X, ()

+ 3 Hl Xl / X (@))0X (@) dP(@).
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Proof. Note that the first equation is decoupled from the second. Hence we first show that

the first equation has a unique solution.

We prove this with the contraction mapping principle. Let B be the space of all X :
[0, 71] x Q — R? so that || X — £]|oe < +00. where T} will be chosen later. We equip B with
the supremum metric given by d(X, X) = || X — X||w. Define A: B — B by

t
A(X)t:§+/ Hy (X, 10, 0,V (£ X, 12))ds.
0

Clearly X is a solution to the above system (for ¢ € [0,7}]) if and only if X is a fixed point

of A. We prove that A is a contraction. We have

A(X): = A(X);

t
S/ ‘Hp(XsalusaaxV(taX&,us))_Hp(Xsa/lsaaxv(taXsaﬂs)) ds
0

t
cof
0

where C' depends on the bounds on the derivatives of V' (specifically on V,, V,,, Vy,). By
Lemma 2.4.7]

C/
0

so by taking T < % we will get that A is a contraction. Since C' depends only derivatives

X, — X + WH(ps, jis)ds

t
Xy — Xo| + W(us, fis)ds < C/ Xs — Xo| + | Xs — Xs||loods < 2CT[| X — X0
0

of V' that are a priori uniformly bounded we may repeat this procedure for the whole time

interval. Hence we obtain that the first equation has a unique solution which we denote Xj.

Now given X; note that the second equation is just a linear ODE and so it will have a

unique solution by another routine application of the contraction mapping principle. O

Remark 2.4.3. The second equation can be rewritten as

0Xi(w) =mn— /0 H,, (X5)0 X, + /Q[Hpu(Xt(w), Xi(@))0 Xy (w0)]dP(@) + pr(XS)]\Nfsds
where

N, = /Q DoV (Xo(w), Xo(@))6X (&) dP(&) + FpaV (X)X ().
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Theorem 2.4.4. Assume that G, H are displacement monotone and that they satisfy the
reqularity assumptions |1 and @ Let V' be a classical solution of the master equation (2.2).
Assume 9,V € CY jointly in all variables and for each fized t, we have 9,V (t,-) € C?. Then

V(t,-,-) is displacement monotone for all t € [0,T.

Proof. The proof of this Theorem follows the same argument of [GMMZ22] although we give
the full details.

Without loss of generality, it suffices to prove the claim when ¢ = 0.

Fix some &, € L*(Q2) and let X, X be the unique solution to the ODE system from
Lemma [2.4.2

Define
10 = [ 0Vl X)) 63, 0P} 0BG)
I(0) = [ 0uaV (X,(0))0Xil0), 3 () P(w)
so that
(1) + 1(t) = (dedd) )V (5, (), 6, ()

Since V(T -) = G(-) is displacement monotone we get that I(T)+ I(T) > 0. Note that when
t =0 we have I(0) + I(0) = (d.d)¢V (n,n) and so it suffices to show that 7(0) + 7(0) > 0 in
order to prove that V(0,) is displacement monotone. To do this we show I(t) + I (t) <O0.

We proceed by direct computation.

We have

[(t)y=T+1I1+1IT

where I comes from the terms where 0; hits V', I] from when 0; hits §X;(©), and II] from
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when 0, hits § X;(w). We have

! _// ({OraV (Xe(0), Xi()) = Hy(Xi(00))T By V (X)X ()
— Hy(X,(@)) 0V (X (), X, (@), Xi(@))
— Hy(X,(@)) OrV (X (w), Xe(@)) 0 (@), 6 X)) dP(w)dP(@) dB ().

Now rewrite @ in N as w and use the simplified expression in Remark to obtain:

~ (][ 0V (i), X Xt
b H (X0 ()0 V(X e(@))]0 X (@) + Lz}, 6.X:(&)) dP(w)dP(@)dP(&)

Iy = [Hyu(Xi(w), Xo(@)) + Hpp(Xe(w)) DV (Xe(w), Xo(@))]6 X ()
11 =~ [[[ 0.V 060 XN e,
- H o (X(@))ha V(X (@)]6 X (@) + I}, X, () )P (w)dP(@)dP ()
T = [Hy (X0(2), X4(8)) + Hiyp (X200 V (X,(2), X,(2))]6X,(5)
Note that the I1] expression is the same as the I expression where all of the tildes have
been toggled outside of the first 9, V.

Next we apply —0,, to the master equation and rewrite Z in the nonlocal term, N, as =

to obtain
—(0u LV )ty 7)) = J + JJ + JJJ. (2.3)
Here, we have set,
J =04,V (2,%) — Hyp(2, %) — OV () Hpp (2, T)
—(Hap(2) + 000V (2) Hyp(2)) 0V (2, 7) — Hy(2)" OrV (2, 7),

JT = = Hy(&) sV (2, ) — 0uV (2, 8) (Hpa (&) + Hyp )02V ()
and

JIJ = | —Hy(%)" 040V (2,%,7) — 00,V (2, %) [Hpp(T, T) + Hpp()0p,V (T, 7)) d s ().

R4
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J is the term that arises when —d,,, hits either V or H. Recall

NV = /Rd 0,V (t,x, pu, T) - (0,H)(Z, p, 0,V (L, T, pn))dpu(T)

When —0d,,, hits this we get two terms. The first is JJ which is the gradient term where 9,
hits the integral itself. The second is JJJ which is the integral du term where the 9, hits

the integrand.

Now we evaluate ([2.3]) along (X;(w), p¢, X¢(@)), multiply it by § X;(©), and inner product
with 6X;(w). Note that since u; = X;#P the integral over R? against () in JJJ will
become an integral over 2 and the Z will become X;(w). Integrate J, JJ over w,,w and

integrate JJ.J over w,w. Hence we get

o / / [rag V(X (), Xo(@)) — Ho(Xe(), X2()) — DV (Xs () Hy (X (), X(@))
O3

~(Hop(X2()) + DV (Xe()) Hip (X1(0)) DoV (X (), X(@))
— Hy (X)) OraV (X (w), Xe(@))|5Xe(@), 0, (w)) dP(w) d(&) dP (),

JJ - — ///Q ) Oz V (Xy (W), X1 (@)

— OV (Xi(w), Xi(@)) (Hpa (X (@)

+ Hpp(X4(0)) 020V (X1(@)))]0.X o (@), 6.X ¢ (w)) dIP (w) dIP () dP(0)

and

TIT = / / /Q 3 N BV (X (), Xo(@), X, (@)

= OV (X (W), Xi (@) { Hpp (Xi(@0), X (@)
+ Hpp (X4 (@) 00V (Xi(@0), X3(@0)) }]0X1(@0), 0 X (w)) dIP(w) dP (@) dP ().

Next we break up the JJJ term into two parts. The first is

/ / /Q )" OV (Xe(w), Xe(@), X (@)X (@), 0X (w)) dP(w)dP(&)dP(@)

28



which we leave as is. For the other part we make the change of variables that swaps @ and

W giving:

/ / LS<[—8xuV<Xt<w>, Xy(@)) [Hyu(Xe(@), X (@)

+ Hyp(Xe(0)) 0V (X2 (0), X (@0))]dpa( X (@))]0 X (@), 6. X (w) dP(w) dIP () dIP ().

We now subtract these expressions from our expression for I(¢). In doing so we cancel
many terms. Notice the second part of JJJ exactly cancels ITI,, I will be entirely eliminated
from the first part of JJJ along with some terms from J and a term from J.J. Next the rest
of JJ cancels I11 exactly since the IIl5 is already gone. At this point we are left with all
of I along with some of J. We now transpose I (the part before IIy) to swap the §.X;(w)
and 0X;(@) and use the symmetry properties (as in certain second derivative matrices are
symmetric matrices) of the involved quantities to cancel a few more terms. Finally we are

left with

=[] 10V (i), Xe@ [y (i) X))

+ Hp(X0(0))02,V (Xi(), X,(@))]5X,(@),5X,(@)

(o (Xle) X))

+ OuaV (X0 () (X (), Xo(@))] 6X0(@), 62X, (w)) | dP(w)dP(&)dP (@)

We now repeat the exact same procedure for I. Differentiating in t we get

I(t)=T+T11

where I comes from the terms where 9, hits V and IT from when 9, hits either of the §.X;(w).
We have

Fim [ 60V (X)) = 0001V ()

— Hp(X4(#))" OpuaaV (Xe(w), Xe () }0X1 (), 0.4 (w)) dP(w) dP(&).
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Now using the simplified expression in Remark [2.4.3| we obtain:

1T = =2 [ 00V (XD (X)) + (Xl 022V (X, ()51 (0)

+ [Hpu (X (w), Xe(@)) + Hpp(Xe(w)) 0V (Xe(w), Xo(@))]0X4(@0) }, 6 X (w)) dP(w) dP (@)

where the 2 in front is because there are two §X;(w) terms.

Next we apply —0,, to the master equation and rewrite Z in the nonlocal term, N, as &

to obtain

— (00 LV )tz &) = J + JJ. (2.4)

Here, we have set,
J =012 V() — Hyo (1) — 204,V () Hpy (2) — 000 V() Hpoo (2) 0V () — Hp(x)Tame(a;)

and

JJ = — | Hy(3) 040V (2, 7)dp(%)

Rd
Here J is the term that arises when —0,, hits either V or H and JJ is the term from when

—0y, hits N

We evaluate the (2.4]) along (X;(w), y;) multiply it by 6X;(w), and inner product with
dX,;(w). Just as in the case for I note that since p; = X, #P the integral over R? against
p(%) in JJ will become an integral over € and the # will become X,(@). Integrate J over

w, @ and integrate JJ over w. We obtain

J—>/QQ ([OrzaV (2) = Haa(Xe(w)) = 2000V (Xi (W) Hpo (Xt (W) = OV (Xi(w))

(Xe(w)) DoV (X1 (w)) — Hy(Xi(w)) OraaV (Xi(w))]0 X (w), 0 Xy (w))dP(w)dP (@),
TT = — / 5 Hy (X)) OV (X (w), Xo(@))dP(w)dP()
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We now subtract these expressions from I, IT to obtain
1) = [ U (X000) = 00V (X Ly (X)) 00V (X, () )
— D[y (X4 (), X4(&)) + Hyp X))V (Xw), Xe@)OX4 (@)}, 6X,(w) AP () dP(3)
— [ I H (X)) 01V (X)), 0V (K1) 5)
= 2 Hp (X)0orV (X)), [ 01V (X0, X:(3))3 X)) P()
= 20V (X))IXw), [ [Hyp(Xi). Xe@)6X: (@) P(E)
o (Ha (X)X (), 5X, ()P ().
Finally we combine our expressions for I and I to obtain
i)+ 1(t)
= [ RGO | (00 (Xife), Xu(@)SX@AP(E) + DuaV (Xi(w) o)}
= (| [ (), Xil@), (@) 0P3),
[ 92V (X0, X)X ABE) + 00V (X)), ()
| [Hap (00, X,(@)S XD AP(@) + Hanl X)X, (), B, )] IP()
~ [ A | (00 (Xi(e), X@)IX@AP(E) + 00sV (Xi(w) )
+ 3 (4(0) [ [H(X0(0), X0)5 X, @) PG
| Hap (X5, X0(0))IX@)P(@),50(0) + (Han (X)) 6,0 6X,(0)
+ 31 (X)) | [ (X, X450 0P) 1 aP)
== (AN FIAP() + (displ, o) H) X2 6,2)) (25)

where () := 0,V (¢, x, u:(w°)) and the last line is from the definition of displ’, ()" Applying

the fact that H is displacement monotone we obtain that

It)+1I(t)<0
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as desired. O

2.5 A-Priori Bounds in Space

This section represents the main fundamental departure from |[GMMZ22]. In that work the
a-priori bounds in space were a simple consequence of the parabolic PDE theory because
of noise. Here we have a deterministic system and so we must work harder to obtain these

bounds.

Lemma 2.5.1. Let V be a classical solution to the master equation. Fix some p € Po.
Then there exists a path m(t) : [0,T] — Py with m(0) = p so that the following holds. Let
U(t,x) =V (t,x,m(t)). Then

T
Uta) = int [ L0 ms).(s))ds + GG(T))
Remark 2.5.2. The above formula for U is called the representation formula. What this
says is that once we fix an initial distribution p then V' becomes the value function for some

optimal control problem with Lagrangian L(t,z,v) = L(z,v, m(t)).
Proof of Lemma |2.5.1. We have that U satisfies the Hamilton Jacobi equation

oU(t,x) + H(z,m(t),0,U) =0
U(T,x) =G(x)

By [CL86, Theorem 1] this Hamilton Jacobi equation has a unique solution (note that the
assumptions here are just regularity assumptions on H which are implied by our assump-
tions). By [CS04, Theorem 6.4.5] we have that the claimed representation formula is a
solution to this equation (note that the assumptions here are regularity assumptions along
with convexity and superlinear growth in v for L which are implied by our assumptions).

Hence U is equal to the claimed representation formula. O
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Lemma 2.5.3. Fiz some t,z and let v be the optimizer in the representation formula for

U. Then there exists a universal constant C so that || < C.

Proof. We first would like to show that ftT |7| ds is bounded by a universal constant. To see
this note that by Assumption [3| we have

[ 03660 + £ m(s) 005 < [ D361, m(), 55
= [ 1) mis)As + G(T) - Ga(T)
< [ 1@ m(s),01s + G 1) - G ()
< [ 1@ m6),01s + € h(r) =20

where we have used that G is Lipschitz with universal Lipschitz constant in the last line

(this is from Assumption [I). Hence
[ o305 < [ 60.m(5),0) = £6(6),m(s).0ds + C () =)
<€ [ ) =5(0lds +C(D) - (0)
<c [ [soaras+epm -0
<c [ hlas

where the second inequality is from (5) in Proposition [2.3.2, Now there is some universal
constant C' so that #(v) > (C' + 1) |u| — C. The claim now follows.

We proceed to the proof of the lemma. By Assumption [3| we have

0(17(s)]) < L((s), m(s),¥(s)) = L(v(s),m(s),0) < Lu(7(s), m(s),¥(s)) - ¥(s)
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since L is convex. Continuing we get

E

=< U(’Y(T),m(T)ﬁV(T))—/ Lx(v(t)ym(t)ﬂ(t))dt> ()

0(17(s)l)

IN

(s),7(s)) - ¥(s)

(1(s),m
Lo(/(T), m(T), 4(T)) - / iLv<w<t>,m<t>,v<t>>dt) 4 (s)
L

(2

dt

where we have used the Euler-Lagrange equation for the last line. Now by Hamilton’s

equations we have
(£aa@m() 50 = [ bt mio) 500 46
= (1)) B D)D) 26O ~ [ Bl me) 30t
= (a6t - [ Lm0 46

where the last line follows because H, L are Legendre transforms of each other. Finally

applying Assumption 1| and (5) in Proposition we get
T T
(@G(V(T)) —/ Lx(v(t)am(t)d(t))dt> J(s) < (C+C/ 1+ Iﬁ(t)|dt) [(s)l
<O+ C(s)|

All together we obtain 6(|y(s)]) < C + C |¥(s)].
Now there is some further universal constant C' so that 8(v) > (1 + C)v — C. Using this

we obtain |§(s)| < C + C as desired. O

Theorem 2.5.4. Suppose that V is a classical solution to the master equation. Then 0,V
15 bounded by a universal constant. Furthermore V is semi-concave with universal semi-

concavity constant.

Proof. We want to bound 9,V (¢, x,u). Without loss of generality we bound 0,V (0, x, u).
Fix some p and consider the corresponding U from Lemma [2.5.1, We have 9,V (0, x, ) =
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0,U(0,x). Let v be the optimal path in the representation formula for U (0, z). Let z € R"
be arbitrary. We set 7.(s) = v(s) + z. We have

U0, 2 + 2) — U0, 2)

= v0.+2) — ([ 266hms) 36 + ()

< [ Lxo)m(s) 2o + G0~ [ L6 6)mis)3(s0)ds + G0 ()
= [ 160106 m), 46 LA (6) ms), () + GA(T) +2) ~ ()
<[ s Lo+ GO +2) - GO)

< Cle

which shows that U is Lipschitz in the space variable.

Next we do the semi-concavity. The objective is to show that there is some universal

C > 0 so that
V(x4 z,pm) =2V (Lo, 1) + V(t,z — 2,1) < Clzf

Again without loss of generality we assume that ¢ = 0 and we fix an initial g and so the

objective becomes to show

U0, 2+ 2) —20(0,z) + U0,z — 2) < C'|z|?

35



Let -y be the optimal path in the representation formula for U(0, ). We have
U0, + 2) — 20(0,2) + U(0, 2 — 2)
=00+ 2) + 002 =2 -2 ( [ LOE).mis). (s + G0 )
< ([ £0uts)msutsds + G0
+(/ "L (s), mls) A(s))ds + Gloo1)))
~2( [ L) mis) Ats)ds + G0 )
= [ 1006+ 20m(5)3(6) = 200306 m(5)4(6) + L3 (s) = z.m(), 55
FG((T) + 2) = 26((T)) + G (T) — 2)
< /0 T||0ML||L00<BC> |2* ds + 11020 Gl oc |2
< Clef
as desired. O

Corollary 2.5.5. Suppose that V' is a classical solution to the master equation. Then Oy, V

18 bounded by a universal constant.

Proof. From Theorem we have that 0.,V < CI. But because V is displacement convex
we have that 0.,V > 0 by Lemma [2.2.3. Hence the result follows. m

2.6 W5 A-Priori Bounds in Measure

In this section we show that the conditions of displacement monotonicity gives bounds on
0.V in the measure variable. The proofs of this section are very similar to the proofs in
[GMMZ22] however since the formal statements in that work require individual noise and
the proofs are written in the notation of stochastic analysis we rewrite the proofs here in

simplified notation.
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Theorem 2.6.1. Suppose that V' is a smooth solution to the master equation. Then 0,V 1is
Lipschitz in the measure variable with respect to Wy. In particular the Lipschitz constant is

bounded by a universal constant.

Proof. The proof is essentially the same as [GMMZ22, Theorem 5.1] however we give all the
details.

Fix some &, € L*(Q). Let X,6X be the solution to the system in Lemma [2.4.2] By
integrating equation (2.5)) in the proof of Theorem over t, we have (keeping the same

notation as in that proof)

//\ PN

I(0) + I(0)] — [ (t) + I(t)] + /0 (displi(w)H)(éXs(d)), 0X(@))ds

dP(w)ds

= [10) + 1(0)] = [1(6) + T(0)] + /t(W H)(0X.(2), 3X.(2))ds

= 1O+ TO) = 10+ 1)+ [ [ {000, X @)5@).5X.(0)
L (X, )0 ), 6X @) + 7 | Hi (X, ) (X, ), X(@))5,(2)
< 10) - 1)+ 1)+ € [ vy +0 [ [ oxefaps

where we have used that by Theorem and Corollary 102V |00 11022V || oo are

2]dIP’(w)dIF’(cD)ds

bounded by a universal constant. In particular all the derivatives of H that appear are
uniformly bounded by a universal constant (since we assumed all derivatives of H are locally

bounded in p). Since V is displacement monotone we have that I(t) + I(t) > 0 and so

CO//\NydP ds<//‘ A
< 10)+C / of e +0 [ [ 15X, aps

Recall that the defining ODE for 6X is

dP(w)ds

X0 == [ X053, + 5 [ (0600, XX @) + Hip XN
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and so
t
16X,]° < 2|n|2+c/ |6XS|2+/ 10X, (@)]? dP(@) + | N,|? ds.
0 Q
Now integrating over w we get
t t
/\6Xt|2d]P’(w) §2/\n|2d]P’(w)+C/ /\5X5\2dP(w)ds+C/ /]NS|2dIP’(w)ds
Q Q 0 Q 0 Q
t
< C/ |n|2dIP’(w)+C/ /|5X8|2dIP’(w)ds+C’|I(O)|
Q 0 JQ

and so by Gronwall’s inequality we have

sup / 6,2 dP(w) < C / 02 dP(w) + C |1(0)

te[0,7] JQ

We define
Ty(w) = /Q DV (s Xo(w), e, Xo(@))0X () dP(&)

Note that Y is like I(¢) from the proof of Theorem except that we don’t inner product

with 6X. In particular

1(0)] < / / OV (Xo(w), Xo(@))5X0(), n(w))dP(@) | dP(w)
—/Q /(GWV(XO(w),XO(@))éXO(cD)dIP’(cD),n(w)>‘dIP(w)
/ / DV (Xo(w), Xol@))8Xo (@) dP(2)

= [ o)l )] Pl

(w)| dP(w)

so that

sup [ 15X 4B@) < C [ ol +1n] ol dP(e)
Q

tefo,1] Ja

Now in the exact same manner as in the proof of Theorem [2.4.4] we compute
Yt - Kg(t) — K4(t)
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where

Ka(®)i= [ {00V (Xlw). X:(@)) = Hy(X,(e)) 1,V (X,(0) (@)
— Hy(X(@) BV (Xif). Xe(D), Xi(@)
— Hy (X)) OV (X)) X)) AP(2)
~ [ 0Vl XN (X,
+ Hpp (X (@) 000 V(X (@))]6 X (@) + KK }dP(0)dP(w)

KK = [H(Xo(@), Xo(@)) + Hyp(Xo(3))0,V (X,(3), X,(0)))0X,(@).

Note that these correspond to terms I,II] in the expression for I (t). We may now use
the exact same procedure of applying —d,, to the master equation, getting J, JJ, JJJ and

subtracting. After this we get

Ka(t) — Kalt / (Hop(X2(0), Xo(@)) + OraV (Xe(w)) Hy (X (), X))
(o (X0 (0)) + OV (X)) Hyp (X1 ()]0 V (X (), X(@))}0.X, () (D)

Let

K5(t) = Hup(Xi(w)) + OaaV (Xi(w)) Hpp (X (w))

/{ ) + Oaa V(X4 (W) Hpp(Xi(w), X (@)} X (@) dP ()
So that K3(t) — Kyu(t) = K5(t) Y + Ke(t). Now we have |K5(t)| < C and
Ko(t)] < C / 16X,() [dP(&)
for some universal constant C'. Finally
Ty = /Q DoV (T, Xo(w), i, Xr(@))5X () dP(@)

_ /Q O G (X (), o, Xor(2))0X (&) 7dP(&)
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and so
[Yrl <€ [ 16X2(@)ldP(@)
Recall
T, = K5(t)T, + Kq(t)
SO
42 < 2[0pf? +c/ 17, +/]5Xt J[2dP(@)]ds
<C/\5XT ) [2dP( )+C/t (7 +/\5Xt ) [2dP(@)]ds

Now Gronwall’s inequality tells us that

12 < (J/Q|6XT(@)|2+C/OT/Q|6Xt(@)|2dIP’(d;)ds

and so
R ™
t€[0,T] JQ
Let € > 0 be arbitrary. Recall that we have shown
sup [ 16X a() < C [ ol + lal o] dPw
tel0,1] JQ Q
and so
C
sup / 16X, dP(w) < / = |n]> + Ce || dP(w)
t€[0,T] JQ

/ In|? dP(w) + Ce sup /|5Xt| dP(w
Q

te[0,7]

where C' is independent of €. By taking ¢ = 5= we obtain

C

sup /|6Xt] dP(w <0/|n| dP(w

te[0,T]
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and so

|To(w <C/\77] dP(w

Recalling the definition of Ty we have

/Q DV (0, E(w), s €(65))n(65) AP (&

<C’/|n| dP

for every w € 2. In particular for p almost every x we get

<C/\77] dP

g OapV (0, 2, 1, £ (@) ) (@) dP (@

and so

10:V (0, z, Leiy) — 9,V (0, z, 'Cf)’ -

<o [mea)
Q

1
/ OupV (0,2, Ly, € + On)ndPdo
0 Q

Now if £, 7 are chosen so W3 (Leyy, Le) = |, n|* dP then we will obtain the desired Lipschitz

regularity of 0,V in measure.

2.7 Short Time Existence and Regularity

In this section we derive short time existence results for the master equation. Our methods

are inspired by the short time results of [GM22a] however the lack of separability for our

Hamiltonian introduces some new difficulties.
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2.7.1 Hamiltonian ODE’s
Proposition 2.7.1. Suppose some G, i are fived. Then there is a 6 > 0 so that the system

Yt = 8pH(Y;f7 Y;f#,uv Zt)
Zt = _axH(}/;fu Yi# 1, Zt)
Yo=1d

Zr = 0,G(Yr, Yr#u)

has a unique solution whenever T < §. Furthermore 6 depends only on ||G.||, ||Gazl|, the
Wy Lipschitz constant of G, and universal constants. Also || Z]|e < 2||Gelleo + 4Cq where
Ca = ||Gas|| + Capu and Cg,, is the Wy Lipschitz constant of G, with respect to the measure

variable.

Here Yy, Z; : R" — R".

Proof. We first prove this under the additional assumption that Cg < %.

We proceed by using a fixed point theorem. Let B; be the space of pairs of continuous
functions on [0, 7] x R?, (Y, Z) so that sup,||Y (¢,-) — Id||oec < 1 and || Z]|ee < 2||Gelloo + 1.

We equip B; with the supremum metric.

First we rewrite the system in integral form
t
Yi(z) == —I—/ OpH (Ys(x), Ys#u, Zs(x))ds
0
T
Zia) = GulYo(a) Vi) ~ [ 0.H(Y.(w), Yo, Z(c))ds
t

and so we define ® to be the map on Bj so that (Y, Z) is the tuple given by the right hand

sides of the above system.

We first show that ® maps Bj; into itself as long as 7' is sufficiently small. Fix some
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(Y,Z) € By and let (Y, Z) = ®(Y, Z). We have

200)| <160, Yol + [ 10HOY0). Yot 2 s
< [Gull + T sup 9. HY(). Vb, Zu(2)
< |[|Gelloe +TC sgp(l + | Zs(z)|)
< [Gulloe + TC@ + 2Galo)

< (14 2TC)||Gyl|o0 + 2TC (2.6)

7 1
and 50 [ Z]|oc < 1+ 2[|Go|oo as long as T' < 55. Next

Yy (x) — a:" < Tsup|0,H(Yy(), Yid#u, Zs(x))] < CT

where C' is the universal constant that bounds d,H on the set where p < 1+42||G,||~. Hence

we have shown that ® maps Bj into itself.

Finally we must show that ® is a contraction. Fix some (Y,Z),(Y,Z) € B;. Let
(Y,Z)=®(Y, Z) — ®(Y, Z). We have

ﬁ(m)\ S/Ot

< TC'sup (

O H(Yi(x), Yidthpt (1)) — O, H (Vi ), Vo, Z,() | s

Vi) = Yo(a)| +

Z.(x) = Zo(a)| + W2 (Yt Vi)

<TC(IY =Vl + 112 - Z]l)

at this point we will insist that T" < Tl Gt

1
Cg+1)
Next

2@)| < |GalYr(w), Yrdtu) — GalVr(w), Vrtn)

T
/1

0. H(Y(2), Yidtn, Zo(x)) — 0,H (Ys(x), Yi#tn, Zs(z))| ds

43



Just as before the integral term is controlled by T'C||(Y, Z) — (Y, Z)||s. For the G, term

G (Yr (@), Yrdti) = Ga(Vi(w), Vestn)| < Ca V() = Valw)| + CoW* (Yrten, Vestn)
< Cp (YT(x) _ ?T(x)‘ 4 CollYr — Vel
< 2Cq||Yr — Y/THoo

< ”(Y?Z) - ({/’Z>Hoo

N —

This completes the proof that ® is a contraction.

We now prove the claim without the assumption that Cg < i. Let G = & and

ﬁ(a:, W, p) = ﬁH(x, i, 4Cqp). Note that Cpg = i. Hence by the above the system
Yi = 0,H (Y, Yittu, Z)
2= ~0,H(Y,,Yi#, Z,)
Yo =1d

ZT = 8xé(3~/T, Y/T#,U)

has a unique solution. It is then easily verified that (Y}, Z;) := (V;,4C¢Z,) is the unique

solution to our original system.

Finally we have that ||Z]|s < 1+ 2||Gy]|s and so
1Z]loc = 4Cc )| Z ]l < 4C6 + 2/|4C6Gs 0 = 406 + 2|1 Golls
as desired. ]

Remark 2.7.2. It seems likely that one could avoid the rescaling argument by using a more

complicated contraction mapping (for example as in [Zhal7, Theorem 8.2.1]).

Remark 2.7.3. Note that for Equation it was crucial to have that |0,H (z,u,p)| <
C1(1 4 |p|). In particular a weaker regularity assumption such as saying that 0, H is locally

bounded in p wouldn’t suffice. It is important that the growth is at most linear.
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Definition 2.7.4. We let Y (¢, x, u), Z(t, z, i) be the solutions to the system in Proposition
27711

Lemma 2.7.5. Y, Z are Lipschitz in t,x and in p with respect to Wy where the Lipschitz
constant depends only on universal quantities and |G|, |G|, the Wa Lipschitz constant

of Gy.

Proof. The Lipschitz in the time variable follows directly from the ODE system in Proposi-
tion since |Z;| is bounded by a universal constant and the derivatives of H are locally

bounded in p.

Next we prove Lipschitz in space. This follow a similar proof to Proposition 2.7.1. We

first assume that [|Guylles < 1. Fix some p, 2. Consider the ODE system

to be solved for A, B (of course the solution will be A, B = Y (-, z,u), Z(,x,1)). We may

rewrite the system in the form
t
Alt) ==z +/ OpH(A(s), Ys#u, B(s))ds
0

B(t) = GL(A(T), Yydtp) — /t O, H(A(s), Yodips, B(s))ds

Let ¥ be the map that sends (A, B) to the right hand side. Just as in the proof to Proposition
we obtain that ¥ is a contraction. Note that if A, B =Y (-,y, 1), Z(-,y, jt) then

V(A B) - (A,B)| = |o — y|
and so by the contraction mapping principle we get

(A.B)=(AB)| < Cle—y
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1

7 where 7 is the contraction constant of

(here C' is a universal constant that is equal to
U). Hence Y, Z are Lipschitz in space. By rescaling we can remove the assumption that

Gl < §-

Now, Lipschitz in the measure variable will also come from the contraction mapping.
Again fix p and let ® be contraction associated to the initial data g from the proof of

Proposition . Let Y, Z be the solutions with initial data it then
[B(V, 2) = (V. 2)| < CW (Vo Vidtt) < OW (1, )
and so by the contraction mapping principle we get that
(V,2) = (V. 2)| < OW* (g, 1)

as desired. O
Lemma 2.7.6. Suppose that p = m+r1 Z;”:O dy; and x € {q1,...,qm}. Then

Z 05, Y (t,2,11)| < 16

J

if T is sufficiently small.

Proof. Fix some ¢ € R™+)x4 (Iabeled qo, ..., qx). Let vi(q) = Yi(q;) with the initial condi-
tion p = 25 37" 0y, Similarly let ¢/(q) = Zi(q:). Translating the ODE system into our

new notation we have

; 1
31(a) = Hy(1i(0), =7 > 8,50, G (0))
=0
4 1 & .
i(q) = —Ha(7(q), p—1 2575((1)7(;((]))

Y0(a) = ¢ (2.7)



We now differentiate in g;

0,%1(a) = Hpa - g1 (@) + Hyp - 04,Ci () + m;ﬂ g% Hp (74 () - 0,7 (q)

0,C1(q) = —Haa - 05,71(q) — Hap - 05,6 (q) — m;ﬂ ki:% Hop(-, 71 () - 94,7 (q)
O00) = Gon 043000) 2 D Gunl 30D 2,0

04;70(q) = 0 1d (2.8)

where we have omitted the argument

m

i 1 i
(), p—— 25%{((1)7 Gt (q)

from H and 7/(q), 725 21—y 0.5y from G.

Note now that since 7, ¢ are already known and each ¢? is bounded by a universal constant,
the above is just a finite dimensional system of linear ODE’s. Hence we may use Gronwall’s

inequality to bound 9,7, 9,,¢;. Fix some ¢ and define
7" = sup |97} (a)]
¢+ = sup9,,G;(q)|

By applying Gronwall’s inequality we obtain

y - 1 = g T < . g 1 = ..
W< O | A kg 4 paid ki ) €T < O | 459 k.j
¢ < (7 +m+1kz:;7 LR +m—|—127 )e - 7 dl—m—l—lz:7

k=0 k=0

and

- . cT ;
2y .. 1, - k,] cT
v < | 0y + CTC +m+1 E "y e
ke{0,...,m},k#i

y 1 = .. CT ‘
0 +CT | AW + —— k.j - kg | oCT
it (Py +m+1kZ:07 >+m+1 Z v €

. T X .
52” CT~Y k,j cT
prerris 23 )

IN

IN
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Now suppose that T is so small that 7'CeT¢ < %. Then

y 1 .. 1 L
b <28, 4 = k.3
TSt +4(m+1);7
y 1 LA
A< 451,], + Z,yk,J
2(m+1) —
and so summing both sides in ¢ gives Y ;" 7"/ < 8 and so v < 8 and 7" < miﬂ if i # 5.

Furthermore we have ¢** < C' and ¢/ < mLH iti# 7. O

Lemma 2.7.7. In the notation of the above lemma we have |0}, |0ui|, |Ow,vi] < C.

Furthermore if © # j then ‘&gqj”yﬂ < % Furthermore the same bounds hold for (.

Proof. Since (} is bounded by a universal constant |9,y ,|9;¢/| < C follows immediately

from the ODE system (2.7)).
For the bound on |9y} we differentiate (2.7)) in time to obtain

i i i 1 —
att% = pr ) at’Yt + pr ) at(t + m4+ 1 Hpu<~-77f(Q)) ) aﬂf(q)
k=0

where the argument of H is (7], ;-1 >0 0.7 (}). Taking absolute values of both sides and
using the bounds [9,7f], |0:¢}| < C we see that |9,7;| < C. A similar argument holds for

0u¢i| < C.

Finally for the bounds on |9;,,7;| we recall (2.8). Using v < 8 and v/ < Lo ifi £

and the corresponding bounds on ¢ we see the claim that |97 < C and |9,,7i| < £ if

1 # j follows immediately from taking absolute values in the first equation in (2.8)). O

Proposition 2.7.8. We have Y,Z € CY!' jointly in all variables and for each fized t, we
have Y (t,-), Z(t,-) € C*.

Proof. In light of the above two Lemmas, by [GM22al, Theorems 2.17, 2.19, Corollary 2.18]
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it suffices to prove the following bounds:

C . .
’aqj1q1270| < — N # Jo

0
‘8qj1qj1qj1 v ’ <

m

C

’a‘biqn’yo{ — E
C

|aqhqo'70| < m
|8qoqo’70| <C
¢

m

%

0{ < 27 |{]17]27]3}|7é1

‘ 8‘11'1 2953 v

3

where j, > 0.

Note that since ([2.8)) is a finite system of ODE’s with a unique bounded solution, the clas-

sical ODE theory allows us to differentiate it without needing to check that the differentials
exists. We get

: 1 <« .
8113'111]'2 7t = Hp, 3%1%2  + Hyyp aqjlqn gt — m 1 Z Hy, - 6‘1]'1‘1]'2 Ve T Ko
k=

0
m
.7: ,L
a‘]jl Q5o gt = —Hyy aqjlqm Hrp ’ a‘lh‘]jg Ct - 1 Z Hw 951 9o % + K2 V8,J1,J2
k=0
1 __ §
a‘ljlqj'z CT - wa ’ aq]1qj2 ryT + 1 Gr“ 451952 IYT + R3,i.51.52

8‘11'1 qjy 78 =0

where the k terms encapsulate all the terms from where the derivative hits H. In particular
the  terms are are quadratic polynomials in d,; 77, 9y, Vs Oqy, i Oy, ¢ With coefficients being
derivatives of H,G. Hence using that " < C' and 7"/ < < if i # j from the previous
Proposition we will get that |k, .| < -5 if both ji,j2 # 0, |Kasjp| < £ if one of
J1:J2 # 0, and |k, j,.5,| < C in any case.

Notice that this system is of the form described in Proposition [2.9.2] Furthermore since

¢! is already bounded by a universal constant we will obtain that all derivatives of H that
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appear are bounded by a universal constant. Hence we may apply Proposition to obtain

that
|an1Qj2,yo| — ﬁ
C
|8qhqo70| < m
}aqoqo'70| <C
when 5, > 0.

For the third derivatives terms we differentiate the system yet again:

m
N Z f— . Z . k . . . .
a‘]jl‘IjQng Y = Hps aqj1Qj2qj3 Y + Hyp aqgquQqB Ct p—— E :Hpu aqjlquqj3'7t + KL jij2.js
k=

0
m
N ‘
8‘11'1‘13'2‘113 Ct = —Hau, aqth'quB/yt H aqhqﬂzqm 1 Zqu %1%211]3/% tK K2,i,51,52.73
k=0
i p— . ——
8‘11‘1‘11'2‘113 CT o GW aqhqmj:,» 7T + m+ 1 Z qu 951952 i3 7T + K3 16:.J1,J2,J3
k=0

i __
aqh 452953 Jo = 0

where here we will take j, > 0. This time the k terms are are cubic polynomials in

g

i { 3 ; 3 % % ¢ : ’ 13
i Vts Og;, Gt or quadratic with terms like 0, 710y, ¢;,7; or ‘summation terms’ like

Z 8%17 qjy ) 28{]]'3/75‘3'
kl,kg ks
Since none of the j, = 0 we have that all the first derivative terms are bounded by % and
all the second derivative terms by 5 and so we will get |k, s js| < 3 and so Proposition
2.9.2| will give that
0{ c

‘a‘h’l ‘Iquj37 m3

Remark 2.7.9. The results of [(GM22a] are all local in the sense that they prove C}!

our purpose it is crucial that we have global C1! bounds (in particular for Proposition [2.9.3]).
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However reading through the proofs in [GM22a] it seems like the local constants only depend
on the local bounds in the assumptions. In particular if we have global bounds then we will
get global constants. For example in Theorem [GM22al Theorem 2.17] reading through the
proof it seems like the final ”C” depends only on the input C'(K,r) and so if the the initial
C doesn’t depend on K, r then the final C' won’t either.

2.7.2 Master Equation

We adopt the notation Yy(z, u, S), Zi(z, , S) to denote the solution to
Y, = 0,H(Y,, Yidtn, Zp)
Zt - _axH(Y;fa Y;f#;ua Zt)
Yy = 1d
Zp = 0,G(Yr, Yri#p) (2.9)

Definition 2.7.10. Define V' by

T
V(ta xz, ,lL) = G(YT($7 22 t)v YT('7 22 t)#:u) - / L(Y;($, 1, t)a Ys(xv 2 t)7 YVS(v 2 t)#ﬂ’)ds
t
This is our candidate solution to the master equation.
Proposition 2.7.11. V is differentiable in x and 0,V (t,x, 1) = Zi(x, u,t). Furthermore V

18 Lipschitz in time.

Proof. Fix some p, S. Define
L*3(t,a,v) = L(z,v, Y (-, p, S)#n)
H"S(t,,p) = H(x,p, Yi(-, 1, S)#1)

G#7S<x> = G(ZE, YT('? H, S)#M)

Consider the optimal control problem

min G5 ((T)) + / 15 (5,(s), (s))ds
S

by
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Since Yi(z, 1, S), Zi(z, 1, S) are the unique solutions to the Hamiltonian ODE system ([2.9),
by [CS04, Theorem 6.3.3] we get that Yi(z,p,S) is the minimizer of the above control
problem. Furthermore if we let V#(¢, ) be the associated value function then by [CS04,
Theorem 6.4.7] we have that V3 is differentiable at (S, z) for all 2. Furthermore by [CS04,

Theorem 6.4.8] we have
0,V*3(8,x) = Zs(x. p, S)

Note that by the definition of the value function

T
S (8,2) =GP (Vo (e, u, ) + / 1P (s, Yol 1, S), V(s 1, S))ds
S

and so V#5(S, x) = V(S, z, ).

Next we prove the claim that V' is Lipschitz in time. Let S; > S be some fixed time.
First since V#5 (t,x) is the value function associated to an optimal control problem we have

that it satisfies the Hamilton Jacobi equation
atf/u,S(t, .CL’) = _HMS@? xz, ax‘N//t,S(t’ .T)) = _H<x7 Zt('ra 22 S)7 Y;f(a My S)#:u)

and so 9,V*5(t, ) is bounded by a universal constant and so V#5(t, z) is Lipschitz in time.

We have

V(8,2 10) = V (St )] = [75(S,2) = V(S,, )|
< |75(S1,2) = V(S 2, )| + [745(5,2) = VS (81,2)
< |V(Sla L, Y51<', 12 S)#M) - V(Sla xz, :U’)‘ +C |S - Sl‘
To bound this final expression we first argue that V' is Lipschitz in the measure variable
with respect to W;. To see this first recall that from Lemma we have Yi(z, i, S) is

Lipschitz in both x, u. Hence it follows that the map pu — Y(-, u, S)#u is also Lipschitz
with respect to Wi. It now follows directly from the first Hamilton ODE that Y;(z, s, S) is
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Lipschitz in pu. Hence it follows directly the the definition of the V' (Definition [2.7.10)) that

V' is Lipschitz in the measure variable with respect to W;. Now continuing we have

V(S 2, 1) — V (S, 2, )| < Wi (Y, (-, 1, S)Fp, 1) + C'|S — S|
< ||Y5‘1(ZL',,M,S> - xHLOO(a:) + C |S — S1|

< C[S -5
where the second inequality is from Lemma [2.4.1] and the last line follows because
Ys(z,p,5) =
and Y} is Lipschitz in time (by Lemma . O
Lemma 2.7.12. We have

Yo(Yi(x, pm), Yooy pym)#p, t) = Y(, p1,m)

when s > 1 > 1.

Proof. Fix x,p,m,t. Let Y, be the left hand side and Z, = Z,(Yi(z, jt, 1), Yi(-, pt, ) # 41, ).
Note that }78, ZS solve the ODE

Y, = 8,H(Y,, Vit Z,)
Zs = _a:cH(Y:% ?9#1““7 Zs)
Y; = Yi(x, p,n)

ZT = axG(Y/Ta 1~/T#M)

which is also solved by Yi(z,u,n), Zs(x, u,m). Since this ODE has a unique solution by
Proposition [2.7.1] we obtain the result. O

Proposition 2.7.13. V is differentiable in . Furthermore 9,V € CY! jointly in all vari-
ables and for each fived t, we have 9,V (t,-) € C*.
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Proof. For differentiability in p we consider the two terms in V' separately. First consider

I(p) == G(Yp(x, p, ), Yo (-, i, t)#4) as a function of p. The lift I is given by

I(A) = G(Yy(x, A1), Yr(A(), A#P, 1) = G(Yr(z, A, t), F(A))

where F(A) := Yr(A(-), A#P,t). Now by Proposition we have that F'(A) is Frechet
differentiable and Y7(z, A, t) is Frechet differentiable (with respect to A) since Y7 is Wasser-
stein differentiable from Proposition m Hence I(A) is Frechet differentiable and so I(A)

is Wasserstein differentiable. A similar argument holds for the integral term in V.

Finally since 0,V (t,z, u) = Zy(z, p, t) the claims about 9,V (¢, x, 1) follow from Proposi-
tion 2.7.8 O

Theorem 2.7.14. V is a solution to the master equation.

Proof. First Yy(Yi(z, p,n), Yi(, p,m)#p, t) = Yy(x, u,n) by Lemma [2.7.12] Hence
Ys<~,Yt(-,u, n)#ui)#(ift(wu,n)#u) = K(K(»um)%(»um)#u, t) =Yl o m)#p
and so

V(t,Y,(x, 1, n), Ve (-, g, n)#10)

T
=G(YT(fc,u,n),YT(-,u,n)#u)—/t L(Ys(z, g, m), Ys(z, pym), Ys(o, 1, m)#E00)ds

We may now differentiate both sides with respect to ¢ for almost every t to get
OV + 0.V it [0V () Vil m)Vishs = LY, Vi, Yidt)

where the argument of Y; is (z, u, ) and the argument of V' is (¢, Y, Yi#u). When n =t we

get Yi(x, pu,t) = x and so evaluating the above when n =t we get

OV (t,x, 1)+ 0,V (t,x, 1) - Yi(z, p, t) + /@V(t,x, 1, &) - Yy(Z, i, t)dp = Lz, Yi(x, p,t), 1)
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Now by the Hamiltonian ODE’s we have

th(l‘, M, t) = 8PH(Yt(:U7 M, t), Y;(v Ly t)#:“? Zt($a K, t))

= OpH(x, 1, Zy(w, p, 1)) = OpH(, 1, 0,V (t, 2, p))

where the last equality is from Proposition 2.7.11] Plugging in we get

OV (t,x,pu) + 0.V (t,x,p) - OpH(x, pu, 0,V (t, 2, 1)) — L(x, 0,H (x, u, 0,V (t,, 1)), 11

+ /@V(t,x, W, Z) - OpH(Z, p, 0,V (t, &, p))du(z) =0
Using that H = L* we have
O,V (t,x,p) - OpH(x, 1, 0,V (t,w, 1)) — L(w, OpH (x, 1, 0,V (¢, z, 1)), 1) = H(w, 1, 0,V (¢, z, 1))
and so we get

OV (t,x,p) + H(x,p, 0, V(t,x, 1)) + /@V(t, T, 1, T) - OpH (T, p, 0,V (t, &, p))du(z) =0

as desired.

We remark that since the terms besides 0;V (¢, z, ) are continuous in time we get that V

was actually continuously differentiable in time as opposed to only almost everywhere. [

2.8 Well-Posedness for the Master Equation

With the a-priori estimates in hand it is now standard to obtain well-posedness for the master

equation. For convenience of the reader we include the full proof.

Theorem 2.8.1. There is a unique classical solution to the master equation.

Proof. We prove uniqueness first. Suppose that V| V are two classical solutions to the master

equation. Let
Ty =inf{t: V(s,x,p) = V(s,z,n) Vs e [t,T]}
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Since V,V are continuous we have V(T%,) = V(T1,-). We will assume without loss of

generality that Ty =T

Let 0 be the constant from Proposition[2.7.1, Choose some fixed s, y, p with s € (T'—0,T)
so that V (s, y, 1) # V(s,y, ). We may shift our V, V in time by s to reduce to the situation
where V(0,y, ) # V(0,y, 1) and T < 6.

Let Y; : R — R? be the solution to

Yo=1d
and define Z,(z) = 0,V (t,Yi(z), Yi#u). We claim that

Indeed if we define U(t,z) = V(t,z,Y;#u) then U is the value function for an optimal
control problem with Hamiltonian H (-, Y;#u, -) (this follows from the exact same reasoning

as Lemma [2.5.1)). Furthermore, we see that 0,U(t,x) = 0,V (¢, z,Y;#u). From
Y, = 0,H(Y,, Yi#p, 0,U (L, Yr))

we see that Y;(z) are actually the optimal paths for the optimal control problem. Hence it

follows from Hamilton’s ODE’s that
Zi(x) = —0.H(Yi(x), Yedp, Zi(x))
since Zi(x) = 0,U(t,Y:(z)). Finally we remark that since V(T',-) = G(-) we have

ZT = 8:,3G(YT, YT#ILL)

We now repeat the exact same procedure to define Y;, Z,, and U only we use V in place of

V. By the uniqueness from Proposition we get that Y; = Y, and Z;, = Z,. In particular
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Yi#u = fft#,u and so the optimal control problems associated to U, U are the same. Hence
U = U. In particular

V(0,y,1) = U(0,y) = U(0,y) = V(0,y, )
as desired.

Now we prove existence. We proceed by contradiction. Suppose T7 > 0 is the smallest
time so that there is a classical solution to the master equation, V', on (7,7] so that

o0,V € C?.

Let § be the constant from Proposition [2.7.1] except that we take the a-priori bounds

from Theorems [2.5.4] and [2.6.1] and Corollary in place of ||G.loo, [|Gazlleo and the Wy

Lipschitz constant of G,.

Set To =17 + g and Gy = V(T3,-). By Theorem , V' is displacement monotone and
so we may use Theorems [2.5.4] and [2.6.1| and Corollary to bound ||0,G2||s0, ||02:G2]| s

and the W5 Lipschitz constant of 0,G5.

Now we use Theorem to construct a classical solution V5 to the master equation
on (Tr—6,T5) = (It — $, Ty +3) so that Va(Ty + 3, ) = Ga(-) = V(T;+2). By the uniqueness
result above we get Vo = V for all t € (11, T + g) Hence we may use V5 to extend our
solution V' to a solution to the master equation on (77 — g, T]. This contradicts T} being the

smallest time. ]

2.9 Technical Lemmas

2.9.1 Forward Backward ODE Systems

We first show Existence/Uniqueness for Linear Forward Backward ODE’s. These results
are needed for our method to obtain well-posedness for the deterministic master equation.
While they will not be surprising to experts we are not aware of any reference for these exact

results.
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Lemma 2.9.1. The Linear Forward Backward ODE
=Y ATt + D B + Ki(t)
J J

G =) _AY(t) + ) _ BJ ()¢ + Ka(t)

J J
%i) =g
C:Z[’ = Z Gij’YgF + K

J
g g -1
has a unique solution as long as T < 3 (Z] |AY (s)] + ‘Bij(s)D .

Proof. We first prove this under the additional assumption that Y°.[GY| < 3.

We proceed by contraction mapping principle. Rewrite the ODE in the integral form
t
di=at [ S AT+ 3B+ Ki)ds
0 j
G= 3G Kok [ A0+ B (50 + Kals)ds
j by j

Let B be that space of all continuous (¢, () such that ||7/]|eo, [|¢]lec < o0 Where the L™

norm is taken over time. We equip B with the supremum metric.
Let ® be the map that sends (77, (}) to the right hand side of the above system. We see

that ® maps B to B. We show that ® is a contraction. We proceed by direct computation.

Let (4], ¢}) = ®(vi, &) — ®(%,¢). Set n = [|(7, &) — (3, ¢}) || We see that

< /0 DAY G)] = A+ 3 1B (s)] ds < Tn (Z A7 (s)] + }B;'j(s)|>

¢-d

A
Vi
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and

G

)| (¢ -

< [ Sl hi-x1+ X 18
< <TZ AT+ T (BY ()] + 3 !G”\)
<7 (TZ AT () + T 1By (s)] + %)

ds+ |6 -
J

.. .. —1
and so ® is a contraction as long as 7' < (Zj |AY (s)| + | BY (s)‘)

Now we consider the case where K¢ := ) |G¥| > 5. Consider the rescaled system
y i ( )
=5 M5 e
J U ( )
Z 2050 250G

’%:Ch
GY _.
chZ %+

This system satisfies the assumptions of our contraction mapping proof and so it has a unique
solution (37, (/). We then see that (77, (?) == (57, KaC!) is the solution the the original (un-

rescaled) system. O

Proposition 2.9.2. Consider the following linear forward backward ODE

’%7]‘ =H1(t) - %f,j + Hyo(t) - CZJ + Z Hy i (t) - ’Ytkij + K1,4,4(t)

kot

CZJ = Hs:(t) i, + Hso(t) - ¢, + Z Hypo(t) - 7); + K2a4(t)
kot

%i),j =0

C%,j = H5,1 ’ 73“,]’ + Z Hﬁ,k : ’Y;j + R3i.5

ki
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Here i runs from 0,...,m and j runs over an arbitrary index set (typically {0,...,m}*).

Define H*® = sup, |H, ()|, £%¢ = sup, |kap.c(t)|, 7° = sup, ht‘fb|, and (** = sup, ‘Cf,b’-

4 — ayi,j
Let 577 =3 103 K™

Suppose that there is a constant C' so that

HLQ

9

‘Hl’l

’ |H3,1| 7 }H3’2} 7 ‘H5’1‘ <C
and ‘H“ﬂ < % fora €{2,4,6} and k € {0,...,m}.
Then if T is sufficiently small (which depends only on C') we have
. . 1 )
2,9 < 1,7 _ ky]
v < kM 4 - ; K
and

. y 1 .
W< O | g kgl
¢ (FJ + - gk K >

Proof. To simplify the notation we will drop the - used for dot products. All sums over k
are over k € {0,...,m} but k # i.

By Gronwall’s inequality we have

Ci,j S 2 (K?;,i,j 4 Hs’l’}/i’j 4 Zﬂﬁ,k/yk,j 4T <K2’i’j + ZHAL,k,yk,j + H3’1’)/i’j>) 6TH32
k k

< C /{;3,17] _I_ 1,7 _I_ K;2,Z7] + I kv.j
= ( Y m Ek Y

and

bl < T /il,w HL200 H2,k k,j eTHl,l < OT Kl,z,j 1,J _ k,j
7 < ( + HY (W ; Y < ¢+ — Ek v

Combining these two we get

2y < CT 177’7] + 371).] 2,7 2)741.7 - km] + - k)]
7= (K " Ty Ak * m = 7 m = 7
y 1 . .
<OT |~ + = kg g ot
= <’Y m Ek g
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Now if CT < % we get
. 1 ) .
W<20T | — M4 g
#sacr (3
Summing over ¢ on both sides we get
3 <acr (0o 3o
i=0 k i=0

and so if 2CT < % we have

S aery
i=0 i=0
which yields
fyi7j < K:ivj + i Z Hk’j
B m
k
as desired. Next plugging into our bound on (% we get

y y o1 , R R R (A
W< O g3 2 k. 2,4,3 W <O | kB 0,J
¢ < (n + K +m§k/~c + K +mi§:0m <C|k +m§ K

1=0

as desired. ]

Proposition 2.9.3. Suppose that Y : R? x P, — R? is CV! (in the sense of [GM22ad,
Theorem 2.17]). Then the map F : L*(Q) — L*(Q) defined by

FX)w] = Y(X(w), X#P)
1s Frechet differentiable and the Frechet derivative is Lipschitz.

Proof. We let Y : R? x L2(2) — R be the lift of Y defined by Y (2, A) = Y (z, A#P). We
have

~

Y (A(w) + B(w),A+ B) =Y (A(w),A+ B) + D,Y (A(w), A+ B) - B(w) + O(|B(w)[*)
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where the constant in the big O doesn’t depend on A, B,w. Hence we obtain

IV (AC)+B(-), A+ B) =Y (A(-), A+ B) = D,Y (A(-), A+ B)- B(:- )|l < C|[|B() |l < C|| BII3
(2.10)

Next because D,Y is Lipschitz we have that
DV (A(w), A+ B) — DY (Aw), 4)| < C||B]l3

for each fixed w. Hence

A

DY (Aw), A+ B) - B) — DoY (Aw), A) - B(w)| < C||Bll2|Bw)
and so
ID.Y (AC), A+ B) - B() = DY (A(),4)- BO)Ik < CII B3
Plugging into (2.10) we get
IV (AC)+ BO). A+ B) =V (A(), A+ B) = DY (A(), 4) - BOl2 < OBl

Because Y is differentiable in the measure variable we have that Y is Frechet differentiable

in its second variable. We denote this derivative by DM}A/. For a fixed 2 € R? we have

DY (z,-) : L*(Q) — (L*(2) — R%). Hence we use the notation D, Y (z, A)[-] : L*(Q) — R%.
Next we have for each fixed w

Y(A(w), A+ B) = Y(Aw), A) + D,Y (A(w), A)[B] + O(| B)
and so

1Y (A(), A+ B) = Y(A(), A) = DY (A(), A)[B]]l2 < C|| B3
Again plugging in we get

1Y (A() + B(-), A+ B) = Y(A(-), A) = DY (A(-), A)[B] = D;Y (A(-), A) - B(-)|l < C|| BIl3
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Finally recall that

and so

IF(A+ B)[] = F(A)[] = DY (A(-), A)[B] — DoY (A(-), A) - B()l2 < C|| B3

as desired.
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CHAPTER 3

Common Noise Master Equation

3.1 Introduction

Master equations are PDEs of hyperbolic type, whose solutions depend both on the state of
individual agents (typically a variable in a finite dimensional Euclidean space) and on the
agents’ distribution (typically a Borel probability measure supported over the state space of
the agents). Beside their independent interest, one of the main motivations for studying these
equations lies in the fact that their classical solutions can be used to provide quantitative
rates of convergence for the closed loop Nash equilibria of stochastic differential games, when
the number of agents tends to infinity (cf. [CDLL19]). They can serve also as important tools
in showing large deviation principles, concentration of measure and central limits theorems

for these games (see [DLR19, [DLR20]).

Because of the infinite dimensional character of these equations, their well-posedness
provide great mathematical challenges and so their investigation has gained considerable at-
tention in the community in the past decade. Classical solutions to the master equation are
known to exist under certain assumptions on the data, which are responsible for the unique-
ness of the MFG Nash equilibria of the underlying game. These assumptions can be roughly
grouped into two categories: (i) the data satisfy some sort of smallness condition (related
to the time horizon, to the Hamiltonian, to a specific subclass of probability measures, etc.)

or (ii) the data fulfill suitable monotonicity conditions.

In the case (i), besides the smallness assumption typically there is no need to impose
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additional structural assumptions on the data (such as separability or convexity of the un-
derlying Hamiltonian or final datum or the presence of a non-degenerate idiosyncratic noise)
governing the game (see for instance [CDI18b, [GS15, [May20|,[AM23]). The question regarding
the global well-posedness of master equations (in the class of classical solutions) is way more
subtle and this is understood in suitably defined monotone regimes (cf. case (ii)). In the liter-
ature to date, these are essentially classified in two major groups: the so-called Lasry—Lions
monotonicity and displacement monotonicity conditions, which are in general in dichotomy
with each other. Historically, the Lasry—Lions monotonicity condition was used first for the
global well-posedness of the master equation (see [CCD22, [CDLL19, [CD18b]). When dealing
with classical solutions, it worth mentioning that the Lasry—Lions monotonicity condition
on its own is in general not enough for the global well-posedness of the underlying master
equation, unless a non-degenerate idiosyncratic noise (or stronger convexity assumption on
the data) is also present and the corresponding Hamiltonians are separable in the momentum

and measure variables, i.e. they possess a decomposition of the form

H(l‘,u,p) = HO(:L‘,p)—F(ZL“,,u), (3'1°1)

for some Hy : RYxR? — R and F : RY x 25(RY) — R (where the state space of the agents is
R? and Z,(R?) stands for the set of Borel probability measures with finite second moment,

supported on R?, describing the agents’ distribution).

Displacement monotonicity (which stems from the notion of displacement convexity aris-
ing in optimal transport, [McC97]) is an alternative condition which guarantees the existence
and uniqueness of classical solutions to the master equation. Prior to using this condition
in the context of master equations, under different names (as ‘weak monotonicity’ or ‘L-
monotonicity’) this condition has already appeared in works on MFG (see [Ahul6, [ARY19]
and [CDI18al Section 3.4.3]) and on FBSDEs of McKean-Vlasov type (see [CD15]). This
condition turned out to be sufficient in the case of deterministic potential master equations
in the lack of the regularizing effect of the idiosyncratic noise ([GM22a, BGY24]), or for a

general class of non-separable Hamiltonians in the presence of non-degenerate idiosyncratic
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noise ([GMMZ22]). In the presence of Lasry—Lions monotonicity and non-degenerate id-
iosyncratic noise, for separable Hamiltonians suitable notions of weak solutions have been
proposed if the data are not regular enough ([Ber2ll, MZ22al). In such cases, however, we
still have uniqueness of the MFG Nash equilibria. The recent work [GM22b] proposed a
new notion of monotonicity condition, which is also a sufficient condition for the global
well-posedness of the master equation. This condition is in general in dichotomy with both

Lasry-Lions and displacement monotonicity conditions (see [GM23]).

When monotonicity conditions are violated and the uniqueness of the MFG Nash equi-
libria does not hold, the classical well-posedness theory for the master equation breaks down
in finite time and it is a great challenge to define suitable notions of weak solutions, which
may help selecting specific equilibria of the game. In this direction it worth mentioning
the recent breakthrough |[CD24] which proposes a notion of weak solution (in the spirit of
entropy solutions) for potential MFG master equations in the presence of non-degenerate
idiosyncratic noise. It has been pointed out in [GM22b] that weak solutions in entropy sense
(although different from the ones in [CD24]) might in general not select MFG Nash equilibria

of the underlying game.

As discussed above, the Lasry—Lions monotonicity condition on the data without the
presence of a non-degenerate idiosyncratic noise in general cannot guarantee the unique-
ness of solutions to the MFG system (see the discussion in |[GM23]) and so, the existence
of a classical solution to the corresponding master equation. In the lack of non-degenerate
idiosyncratic noise, the literature discusses two important classes of examples: purely de-
terministic problems and problems driven by a common noise. In the case of deterministic
Lasry-Lions monotone MFG systems, [CP20a, Theorem 1.8] presents a uniqueness result

under the additional assumption that the measure component is essentially bounded.

MFG systems and master equations driven by common noise only or in presence of
common noise and degenerate idiosyncratic noise have been recently investigated in the

series of interesting works [CS22al, [CS22bl [CSS22]. In such cases, a notion of weak solution
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for the master equation is obtained in the spirit of monotone solutions proposed in [Ber21].
The study of MFG with common noise goes back to the works [Ahul6l, [CDLI6]. Interestingly,
already in these early works it has been discussed that additional convexity properties of the
value function can render a stronger notion of solutions to MFG with common noise (than
the ones in [CS22b [CSS22)). It is well-known now that the convexity of the value function
in the state variable is strongly linked to the displacement monotonicity of the data (see

[GM22al, [GMMZ22, [IMN24]).

To the best of our knowledge, there are only very few works in the literature studying
the global existence and uniqueness of classical solutions to the master equation in lack of
non-degenerate idiosyncratic noise: [GM22al considers potential deterministic master equa-
tion in the case of separable Hamiltonians and displacement convexity; [GM22b] studies a
class of deterministic master equations in the presence of a different monotonicity condition;
a particular dimension reduction technique and the associated monotonicity conditions al-
lowed the authors of [LLS22] to obtain global classical solutions to the deterministic master
equation. Finally, in [CS22a] the authors obtain weak monotone solutions to a class of time
independent master equations both in the deterministic setting and driven by a common

noise.

Our objective in this chapter is to show the global existence and uniqueness of classi-
cal solutions to the master equation in the lack of idiosyncratic noise and the presence of
displacement monotone data. Our result cover both the deterministic problem and the one
driven purely by a common noise. In this chapter we consider the master equation with

B =0 but Sy # 0. For the convenience of the reader we reproduce it here:

=0V (t,x, 1)+ H(x, 1, 0,V) — (NV)(t,x,n) — %AcomV(t, z, 1) =0,
in (0,T) x RY x Py (RY),
V(T,z,pu) = Gz, p),in R x Py(R?)
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where

NV)(t,z,p) = — /Rd OV (t,x, p, &) - OpH (T, p1, 0,V (8, T, ) dp(Z)

and

BV (b2, 1) = 50V (t0) + [ (05, (t,2,0,5)) @)

Rd

42 /R {0V (17, 1)) ()
+ //]Rd y tr(0,,V (t,z, 1, T, %)) dp(Z) dp(z).

Here T' > 0 is the time horizon of the game, § > 0 stands for the intensity of the common
noise represented by a Brownian motion (Bf).epo.r) on RY, H : R? x Z5(R%) x R* — R and

G : R? x P (R?) — R are the Hamiltonian and the final cost function, respectively.

Definition 3.1.1. A function V : (0,7) x R? x £2,(R%) — R is said to be a classical solution
to the master equation if all of the derivatives that appear in the equation exist and are
continuous (with respect to Euclidean distance and ;) and V satisfies the master equation

pointwise.

The master equation (3.1.2)) is strongly linked to the following mean field games system

([ du(t, ) = — [tr (%amu(t,x) + 80" () — H(z, plt, -),axu(t,a;))] dt
+pu(t,x) - dB?,in (to, T) x RY,
dp(t, ) = [% tr (Drup(t, ) +div(p(t,x)(9pH(x,p(t,-),&Eu(t,x)))} dt (312)

—B0,p(t,x) - dB? in (ty, T) x R?,
Io<t07 ) = M, U(T, ) = G(7p(T7 ))7

in RY.

\

The solution to (3.1.2)) is a triple (p, u,v), F'-progressively measurable, which serves formally
as the system of generalized characteristics for (3.1.2)). We note that if 5 > 0, then p(t, -, w)
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is a random probability measure. Conversely, the solution V' to the master equation (3.1.2))

also serves as the decoupling field for this forward-backward PDE system, i.e.

u(t,z,w) =V (t, z,p(t,-,w)). (3.1.3)

The description of results. As our main result (Theorem [3.5.3) we show the global
in time existence and uniqueness of a classical solution to , by assuming that H and
G satisfy suitable displacement monotonicity (and regularity) conditions. The displacement
monotonicity condition on H and G are the same as the ones proposed in [GMMZ22] Defini-
tion 2.2(ii), Definition 3.4]. This results can be seen as a completion of the program initiated
in [GM22a, [GMMZ22]. The roadmap to the proof of our main result is similar in spirit to
the one used in [GMMZ22], but several new ideas were necessary to fulfil this because of the

lack of the idiosyncratic noise.

Let us discuss the main similarities and differences in the two approaches. First, the heart
of our analysis is the a priori propagation of the displacement monotonicity: if V' is a classical
solution to and H and G are displacement monotone, so is V(¢,-,-). Displacement
monotonicity will readily imply that 0,V (¢, z,) is Lipschitz continuous with respect to the
metric Wy (with a Lipschitz constant depending on the data and on ||0,,V||L=). These two
properties follow similarly as in [GMMZ22]. It is well-known (see [CD18b]) that the master
equation is well-posed for short time if the data is regular enough (without any monotonicity
assumptions). The short time horizon depends on the Lipschitz constant of 0,V (t,-,-) (in
the metric W; for the measure variable). To show that this Lipschitz constant is a priori
bounded, we use two arguments. First, the uniform a priori estimates on |0,V ||z~ are a
consequence of the semi-concavity bounds (a result of classical optimal control arguments)
and convexity (a consequence of the displacement monotonicity) of V'(¢,-, ). To obtain
the necessary a priori bounds on |0,V ||z~ we rely on several representation formulas via
suitable FBSDE systems. Although these representation formulas are similar in spirit to the

ones used in [GMMZ22, MZ22al, we need to work with different systems of FBSDEs. During
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this process, we show also that — similarly as in [GMMZ22, MZ22a] — the small time horizon
depends on the Ws-Lipschitz constant of 0,V (and not on the Wi-Lipschitz constant as in
[CD18bl).

This approach represents a major difference with the work [GMMZ22] and let us elaborate
more on this. Indeed, we can observe that the FBSDE systems in [GMMZ22] (see for
instance the [GMMZ22] System (2.24)]) are not natural if the intensity of the idiosyncratic
noise is taken to be zero. Therefore, instead we will be working with FBSDE systems of
Pontryagin type, where the natural variables are the state and the momentum (instead of the
state and optimal value, as in [GMMZ22]). This system will become the classical forward-
backward Hamiltonian system in case of deterministic problems. This subtlety has already
been emphasized in [CCD22 Section 5.2]: in the case when non-degenerate idiosyncratic
noise is present optimal paths may be characterized by solutions of FBSDEs, where the value
function is represented as the decoupling field of the forward-backward system (similarly to
the approach used also in [GMMZ22]); on the contrary, when the idiosyncratic noise is
degenerate but additional convexity is present on the data (which is provided in our case by
the displacement monotonicity), the natural characterization of the optimal paths may be
obtained via the stochastic Pontryagin principle, where the decoupling field of the FBSDE

system is understood as the gradient of the value function of the optimization problem.

The FBSDE systems used in [GMMZ22] required slightly stricter assumptions on the
data. For instance, as we can see in [GMMZ22] Assumpotions 3.1 and 3.2], G was assumed to
be globally Lipschitz continuous (with respect to the metric Wj in the measure variable) and
H was assumed to be Lipschitz continuous in all three variables (locally in the momentum
variable, but globally in the state and measure variables). These actually imposed that
9,G,0,G are uniformly bounded (in R? x 2%, (R%)) and in case of H, 9, H, 9, H are uniformly
bounded in R? x 2 (R?) x Br(0) and 9,H uniformly bounded in R? x Z25(R?) x R? x
Bgr(0) (with constants possibly depending on R > 0). In contrast to these, we improve

these assumptions in the way that we require only 0,G, 0, H, 0,H to be uniformly Lipschitz
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continuous (see Assumptions |4 and [5| below). As a result of the assumption in [GMMZ22]
the value function was such that both 0,V and 9,V are uniformly bounded, while this will
not be the case in our work (allowing for instance both 0,V and 9,V to have linear growth

in z at infinity).

It is not hard to see that adding an additional idiosyncratic noise (with a constant in-
tensity) would result in essentially the same analysis as the one present in this chapter. The
Pontryagin principle used here is very similar in spirit to the analysis on the deterministic
Hamiltonian system in [GM22a], however, the results there (as they rely both on the separa-
ble Hamiltonian and potential game structure) cannot imply our results if 5 = 0. Therefore,

the results of our chapter unify and generalize the results of both |[GM22al] and [GMMZ22].

The structure of the rest of the chapter is simple. In Section[3.2)we present some notations
and the necessary assumptions on the data. Section [3.3|contains the classical semi-concavity
estimates and convexity results for the master function. Here we discuss the propagation
of the displacement monotonicity and its consequences as well. Section contains the
technical results on the representation formula for d,,V which yields the crucial a priori
Wi-Lipschitz estimate for 9,V. Section [3.5] contains a by now standard argument describing
how to extend the local in time well-posedness theory for the master equation, in case of

sufficient a priori estimates.

3.2 Notations, setup and assumptions

We assume that we have a fixed standard filtered probability space (Q, P, F,). We use L?*(Q)
to denote the L? functions that map €2 into R%. We let (B});ci01] be a standard Brownian
motion on R? adapted to the filtration and define B} := B — By which is a Brownian
motion starting at the time t5. We also let L?(F,) be the collection of random variables

with finite second moment that are measurable with respect to F;. We also use the notation

FO .= {FS}SE[O,T]-
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3.2.1 Standing assumptions

We will always assume that G, H are displacement monotone in the sense of Definition [2.2.1]

and Definition respectively. We also make the following regularity assumptions.

Assumption 4. We assume that
1. G,0,G,0,,G € C*(R? x P5(R%)) and 9,,G, 0,,,G € C*(R? x P5(R%) x R?).
2. |0.2G| and |0, G| are uniformly bounded by L.

We underline that these assumptions are weaker than those in [GMMZ22, Assumption

3.1] in that we do not require the uniform boundedness of 9,G or 9,G.

We denote with LS the Lipschitz constant of 9,G with respect to space and W,. Note

the boundedness of 0,,G implies that 0,G is Lipschitz with respect to W; and so L2G < LC.
Assumption 5. We assume that
1. H € C3(RIx Py(RY)xRY), 0, H,0,H, Oy H, Opp H, Opp H, Orp H, Orpp H, Opppy H € C? (R
P(RY) x RY) and 0,H, 0, H, OppH, Oppp H, Oppp H € C*(RY x P5(R?) x R x RY).
2. OppH > col for some ¢y > 0.

3. [0peH|, |0p H| , |OppH| , |02 H| , |0y H| are uniformly bounded by L.

We remark that (2) in the above tells us that H is convex in the p variable.

Definition 3.2.1. A constant C' is said to be universal if it depends only on the above

quantities (LY, L¥ and ¢;) and T.

We also require some assumptions for the short time well-posedness of the master equation
imposed in [CD18b, Theorem 5.45] (in particular those that are imposed in A2 of Assumption
(MFG Smooth Coefficients) on page 414 which is required for the quoted theorem). We note

that none of the a priori estimates depend on these.
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Assumption 6. Let w = (z,p). A derivative of H having linear growth will mean that is
bounded by a constant times 1+ |w|+ M;(u). For a derivative of G linear growth will mean

bounded by a constant times 1 + |x| + M;(u).

For H we assume that

1. 0,,H,0,H, 0z, H exists and have linear growth.

2. OwwwH, OppwH , Oy H , Oy H exist and are bounded and Lipschitz continuous with

respect to the space and measure variables (the latter with respect to 7).
For G we assume that

1. 0,,G,0,G, 0;,G exist and have linear growth.

2. 0p0aG, 0ppaG, 030G, 032, G exist and are bounded and Lipschitz continuous with re-

spect to the space and measure variables (the latter with respect to W7).

3.2.2 The roadmap of the well-posedness theory

The proof of our main theorem (Theorem [3.5.3)) will go as follows. First we assume that we
have a smooth solution, V, to the master equation (3.1.2). We show that V' is displacement
monotone. This is a consequence of the displacement monotonicity assumption on H and G

and will follow as the corresponding propagation of monotonicity result in [GMMZ22].

The heart of our analysis is to show that 0,V is Lipschitz continuous (with respect
to the Euclidean norm in x and the W; distance in u) where the Lipschitz constant is
universal. To achieve this, we will proceed as follows. First, the uniform boundedness of
0r2V will be implied by semi-concavity estimates on V' in the space variable (which comes
from classical optimal control arguments) and its convexity in the space variable (which
is implied immediately by displacement monotonicity, c.f. Lemma [2.2.3)). Second, for the

Lipschitz continuity of 0,V in the measure variable we will first show that this is Lipschitz
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continuous with respect to the Wy distance, which will also follow exactly as in [GMMZ22].
From this, together with the uniform bounds on 0.,V , we will be able to see that a certain
system of FBSDEs is well-posed and that this system gives us a representation formula for
0z, V. From here we deduce that 9.,V is bounded by a universal constant which is equivalent
to 0,V being Wi-Lipschitz continuous (with the same universal constant). The arguments
to show that 0,,V is uniformly bounded are different from the arguments in [GMMZ22], as
they rely on the study of different linearized systems (than in [GMMZ22]) derived from the

Pontryagin system.

Once these a priori bounds are proven, the well-posedness of the master equation will
follow easily. Indeed by [CDI18b] we have that the master equation is well-posed for short
time and this short time depends only on the Lipschitz constant of 9,G (with respect to

space and W/} norm in measure).

3.3 Semi-concavity and displacement monotonicity of the master

function

3.3.1 Semi-concavity of value functions

Lemma 3.3.1. Let V be a classical solution to the master equation. Fixz somet € [0,T] and
p € Po(RY). Then there exists a path (ps)sepr) of random probability measures with py = p
(specifically the ones given by the second equation of the mean field games system (3.1.2)) so
that

T

t

V(t,z,u) =infE {G’(XT,pT) + L(Xs, ps, aS(XS))ds} :

where the infimum is taken over all pairs (X, o) that satisfy the SDE

dX, = ay(X,)ds + BdB%

s )

with X; = x.

Here E* stands for the conditional expectation with respect to the event X; = x.
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Proof. This is essentially a folklore result discussed in [GMMZ22, Remark 2.10 part (ii)]. O

Proposition 3.3.2. Let L(x,s,v) be a stochastic process adapted to a filtration generated
by a Brownian motion (BY")sepm and G(z) be a random variable that is measurable with
respect to the filtration at T (in particular both L,G depend on w which is suppressed in the

notation).

Suppose that L, G are semi-concave (in x) with a constant C' > 0 and the optimal control

problem

T
infE{G(XT)—{—/ L(Xs,s,as)ds}
a t

dX, = asds + dB%, se (t,T)
Xt =X

subject to

has a solution (i.e. an optimal control (as)scpe,m which is an adapted process) for every x,t.

Let

V(t,z) = minE {G(XT) + /tTL(XS, S, ozs)ds} :

«

Then V' is semi-concave with a semi-concavity constant (14 T)C.

The results of this proposition are certainly well-known for experts (see for instance [CS04]
for the deterministic setting, i.e. when § = 0, and [BCQ10] for a similar stochastic control
problem). However we were unable to find a reference that matches our exact assumptions.

Hence for completeness we reprove it.

Proof. Fix some (t,z) and let (a)sep7) be the associated optimal control. Fix some A € R%.
Consider the exact same control (a)scp ) as a proposed control for the problem initiated at

(t,x 4+ A). Note that the solution to

dX! = a,ds+ pdB%, se (t,T),
Xl =z+
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is simply X! = X + \.

We get

V@x+A)§E{Gu}y+[TMX3&agm}

T

E {G(XT +A) + / L(Xs+ A, s, as)ds}
t

By a symmetric argument we get

V@x—x)SE{Guy—Ay+[TuX;—m&agw}

and so

Vit,e+ )+ V(e —A) V(t,x)

2 )
T _
+E{/ L(XS+A,S,045)-2FL(XS A s as) L(XS,S,Oés)dS}
t

< O+ TC N

as desired. )

Corollary 3.3.3. IfV is a classical solution to the master equation then V' is semi-concave

with a universal semi-concavity constant.

Proof. By (3) in Assumption [5| (specifically the bound on 0,,H) we have that L is semi-

concave (in z) with universal constant. O

3.3.2 Propagation of displacement monotonicity and a priori Ws-Lipschitz con-

tinuity

Proposition 3.3.4. Suppose that G, H are displacement monotone and satisfy Assumptions

[4 and [3 and that V is a classical solution to the master equation. Furthermore, assume
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that V(t,-,-), 0.V (t,+,), OV (t,-,-) € C}(R? x P(RY)) and O,V (t,-,-,"), 00,V (t,,-,") €
C2(R? x Py(RY) x RY) . Then for each fived t, we have V(t,-) is displacement monotone.
Furthermore 0,V is Lipschitz continuous in j with respect to the Wy metric and the Lipschitz

constant is universal.

Remark 3.3.5. The additional regularity of V needed for this Proposition (specifically that
05V, 052V, 8,V, 0,V € C?) will be provided below by Lemma [3.5.2]

Proof of Proposition[3.3.4] The claims follow the exact same proof as in [GMMZ22, Theorem
4.1, Theorem 5.1]. The reason that we do not need the bound on ||0,V| L~ is that in
[GMMZ22 Theorem 5.1] this is only used via second derivatives of H, e.g. to get that
OupH(+,-,0,V) is bounded. Under the assumptions in [GMMZ22, Theorem 5.1], 0,,H is
only locally bounded in p whereas we assume a uniform bound. Furthermore, [GMMZ22]
Theorem 5.1] proves two results, that both 0,V and V are W; Lipschitz whereas we only
need that 0,V is.

]

Corollary 3.3.6. Suppose that V' is a classical solution to the master equation. Then 0,V
1s uniformly Lipschitz in space and measure variables with respect to the Wy metric in the

case of the measure component. Furthermore, the Lipschitz constant is universal.

Proof. From Lemma we have that 0.,V > 0 and from Corollary we get that
O0r:V < CI. Hence |0,,V] is bounded by a universal constant and so 0,V is Lipschitz

continuous in space with universal Lipschitz constant.

The Lipschitz continuity in measure comes from Proposition |3.3.4] [

3.4 A Priori Wi-Lipschitz estimates on 0,V (z, )

Several FBSDE systems will play a crucial role in our analysis.
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3.4.1 FBSDE of Pontryagin type
Let to € [0,T) and £ € L?(F;,) and on the time interval [ty, T we consider

t
X; = 5+/ OpH(XE, ps, YE)ds + BB
to (3.4.1)
Y;E

T T

@mxgwﬂ/aaﬂugmyﬁw+/;@%&@
t t

where py, = L¢ and p, := L

Xz

Lemma 3.4.1. Suppose that V is a classical solution to the master equation. Then we have

the representation formulas Y = 0.V (t, X¢, pt) and
Zto75 = 5 (asz(t, tha pt) + E]:t [axuv(ta tha pta th)]) .

Proof. This result is well-known for experts and its proof follows the same lines as the proofs
of [CD18bl, Proposition 5.42], [CCD22, Remark 57], [GMMZ22, Theorem 6.3] and [MM24],
Theorem 4.1]. H

We also consider the standard system

Xp = x+8B"
T T (3.4.2)
Y = 8.G(XE, pr)+ / 0 H(XT, ps, Y 4)ds + / Z)mtdBy
t t
and the alternative system
t
XP = a [ OH(XE p YENds + BB
to (343)

T T
YET = 0.GOXG" pr)+ / OpH(XT", ps YE7)ds + / ZyerdB,
t

t
which also have the corresponding representation formulas. Note the the difference between
the variables (Y%, Z0%4) and (Y5", Z%4%) which is expressed in the superscript labels. We
underline that the solutions of (3.4.2) and (3.4.3) depend implicitly on & via the flow of

measures (p¢)ie(to1]-
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We emphasize that these differ from the systems in [GMMZ22] in that for us the variable
Y plays the role of the momentum along the characteristics whereas in [GMMZ22] it is the
value function along the characteristics. All the previous FBSDE systems presented above
are strongly linked to the Pontryagin system associated to the stochastic maximum principle
(or to the classical Hamiltonian system when § = 0), and the systems used in [GMMZ22]

have no such connection.

Both previously presented systems have similar representation formulas as in Lemma

[3.4.1] Indeed,
)/tmi — azv<t7 Xtm7 pt)a vax = aﬂ?v<t7 th’x’ pt)

These are clearly different quantities, as in particular, if 5 = 0, we simply have Yf’g =

0.V (t, 3, p1) # 0,V (¢, X;*, pr), except when t = to, when Yo = Y% = 0,V (to, 7, py,).

3.4.2 Intuition

To help to give some intuition for the role of the different systems considered above, let us
consider 8 = 0 for this subsection. In the deterministic case we can use Xf’x to define p;. In

particular we get that p; = E(Xf’g(')) = L(X5 0¢&) (note that Xfo’x = ).

Our objective is to develop some equations that give a representation for 9,,V. Since
V"t = 9,V (t,z,p;) (since B = 0) it would be natural to try to differentiate the defining
equation of Y;"** with respect to & (this will become (3.4.6)) below). Let us formally attempt

this. Our equation is
T
Vi€ = 0.G(XEpr)t [ OH(XE, p V) ds
t

and so we see that this comes down to differentiating the flow of measures E(Xf" o &) with

respect to . Replacing € with & 4 ee; we get

XETeer ((¢(w) + eer)) = XM (E(w)) + eVXS (E(w)) - ey

~ XS (E(w)) + VXS (€W) - €1 + 0 X (E(w))
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where §X&" represents the value that one gets when from X&' when perturbing £. So we see
that an equation that gives the variation of Y;x’g with respect to £ will involve two types of
variations of X. The first is a gradient in space and the second is a variation with respect
to £&. Each of these will require their own system of FBSDEs which gives us three systems

in total.

This also helps us understand the reason that we need to consider the three systems above

(3.4.1),(3.4.2),(3.4.3). Having (3.4.2)) is a matter of convenience as it provides the simplest

representation formula. ((3.4.3) is necessary because we need to understand the gradient in
space of X. In the case of no noise these two alone would have been sufficient. However in

the presence of noise we must also consider (3.4.1]) because we cannot extract the p, directly

from (343).

3.4.3 FBSDEs for pointwise representation

In order to gain the necessary a priori regularity estimates on 9,V (notably the fact that it is
W,—Lipschitz continuous in the measure variable), we work at the level of linearized FBSDE
systems. These are derived from , and . Linearization techniques com-
bined with finite dimensional projections (in the measure variable) are underneath essentially
all well-posedness results on master equations. This is typically carried out either at the PDE
level using the MFG system (as for instance in [CDLL19, [AM23], etc.) or at the level of the
Hamiltonian/FBSDE system (as for instance in [CD18bl [GS15| [GM22al, (GMMZ22], etc.)

Consider {ey,...,eq} C R? the canonical basis and for k& € {1,...,d}. First, we differen-
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tiate (3.4.3) in the ej direction to obtain

.
Vk:Xt&m

Vi

and

v“k '}/'tx7£753 —

s

( t
VkXt&x - ek+/ {(kasg,x)Tasz(ng,x’ Ps> Yf’x) + (Vka’r)TappH(X&x7 Ps> YS§7I)} ds
to
ViYE" = 0, GXE", pr) - Vi X5"
T
+/ {00 H(XE" ps, YEU) - Vi X" +0p H(XE", ps, YEU) - Vi Y} ds
t

T
+ / V205 . B,
t

(3.4.4)

t
=t [ {(TeXE) T HXE oY) + (D5 0 XS, oY)

to

+]E~FS [(kag’z)T(aupH)(X§7 psa X5’17 YE)

HVRAE) 0, H(XE, po XE,YE)] | ds
= 00 G(X5, pr) - Vi§"
i (9GO, pr, K5 - TXE” + G, pr, K5) - Vi
b [ {0 (X500 YE) 915 4 3, (X V) 01050
t
Vo [Dn H (XS, po X6 YE) - VXS 4 0, H (XS, pu, XEYE) - 0, 887] bds

s =S

T
+ / V247 . dBX,
t
(3.4.5)

Er, [0,:G (X5, pr, X57) - Vi X5" + 0, G (X5, pr, X5) - Vi X"

T
- / {apr(va Ps; stf) ) V#ky;x’&i (3'4'6)
t

+ INE]—'S [a,uxH(Xf7 Ps; Xs&ia ngx,f) : VkX?i + a,uxH(Xf7 Ps; Xsf’ Y;x7£) : Vk‘)g‘s&ﬂ }dS

T
+/ V“kzgw,{@ . ng,to.
t

Remark 3.4.2. The motivation behind the notation V,, in (3.4.6)) is that this is linked to
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the k' component for the Wasserstein gradient. Later we will also use the notation 9, with

a similar purpose, i.e. 0, F := 0,F' - ey, for any F regular enough.

Lemma 3.4.3. There is a constant § > 0 so that whenever T — ty < & the systems (3.4.1)),
, and have a unique solution, where § depends only on L and LS (these are
the bounds on the second derivatives of H and the bounds on Lipschitz constant of 0, G, with
respect to space and Wy in measure). Furthermore the solutions to these systems are bounded

by controlled quantities, specifically there is a constant C depending only on T, L, and LS

so that if Ay is one of Vka"r, Vka’m,Vka’z, or kaf’z then

E| sup AP <C

s€[to,T

It is crucial in the above lemma that the constant § depends only on the Ws-Lipschitz

constant of 0,G and not on the Wi-Lipschitz constant.

Proof. The proof is similar to [GMMZ22l Proposition 6.2(i)].

The described short time existence and uniqueness for (3.4.1)) follows from [CD18bl The-

orem 5.4].

For (3.4.4) we use [Zhal7, Theorem 8.2.1]. In particular we note that because (3.4.4) is
linear (in Vkafc and VkYﬁ’x) the short time interval only depends on the absolute value of
the coefficients which only include 0,,G and second derivatives of H. Finally from the cited

theorem we see that E [SUPse[tO,T] |As|2} is bounded for A, = V, X" or V, Y.

Next we consider (3.4.5). Again this is a linear FBSDE. The proof follows very similiarly

to [Zhal7, Theorem 8.2.1] however a modification is required.

Consider the standard mapping F given by y, maps to V;V$® where V, V5% is the
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solution to

( t
VkXt&x - / {(ka§7r>TampH<X§7 psa }/f) + (ys)TappH(ng p87 }/;;5)

to
+Ez, [(VeX5) (0, H) (X, po, X7, VE)
H(VAEE) 0 H(XE, py, X8, VE)] fds
ViVE" = 0,.G(X5, pr) - VX"
+E 7, [0G (XY, pr, X§7) - ViX§® + 0,.G(X5, pr, X5) - VX5
b [ {0 (X5 V) Vi 4 0 (XY
t

+]E]:s [amcH(XE’ Pss X5 Yg) ’ VkXSx + amH(XE, Pss ngu Ysg) ) vk‘”fs&m} }ds

s 17 s

T
+ / V2247 . dBY,
t

\

1> = sup, E(ly,[*)

We will show that F'is a contraction mapping under the norm given by ||ys
when T is sufficiently small (for now assume 7' < 1). Indeed fix some 3!, y* denote by
Ay := y' —y* and VX" be the solutions to the above system with y, = y’. Let AX :=
VX1 =V X% and AY := F(y')—F(y?). Applying Gronwall’s inequality to the first equation
in the system we see that AX satisfies |AX|| < CT||Ay|| where C depends only on L#.

From the second equation we see that AY satisfies the system

(

+I~E]:T [amG(Xg, P, X;) . A}(T]
T
b [ {0 B (XS YE) DX 40, H (XS Y5 - A,
t

R}

Bz, [0 H (XS, po, X5, YE) - AKX fds

T
+/ AZO’S’I . dBO’tO,
t

\

The only term that may seem concerning is IE;T [(?MG(X%, T, XCEF) : ANXT} since we want

to claim that the short time interval depends only on the Ws-Lipschitz constant of 0,G and
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not on the Wi-Lipschitz constant of G. However, note that
B, [0 G (X5, pr, X5) - AXr]| < LIE(AXR)!

which follows from (2.1). It now follows from standard BSDE estimates (see [Zhal7, The-
orem 4.2.1]) that |AY || < CT||Ay|| + Cs||AX]| where C;, Cy depend only on L¥ and L§.
Combining this with our estimate ||[AX || < CT||Ay|| we see that F is a contraction mapping
as long as T is sufficiently small and so there exists a unique solution to the above system.

In particular the small time interval and corresponding bound will depend only on L§ and

10t ||, G Lo

Corollary 3.4.4. E Dv“ky{g{,f:

2
] 15 bounded by a universal constant.

Proof. We see that VMkYtﬂoc’g’i is the solution to a linear BSDE with coefficients that are

bounded by universal constants. O]

3.4.4 Proof of the representation formula

The proof is broken into four steps. In the first step we develop a system of FBSDE that
gives a representation for E[0,,V (to,z,,&)n] where n € L*(F,,R) is arbitrary. In the
next two steps we prove the representation formula for discrete and absolutely continuous

measures respectively. Finally we prove it for general measures.

Proposition 3.4.5. Suppose that G, H are displacement monotone and satisfy Assumptions

[4 and[3 and that V is a classical solution to the master equation. Then

a,ukmv(th Ty 1, :z.) = Vuky;:i’&j (347>
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Proof. Step 1. For any & € L?(F;,, ) and any scalar random variable n € L%(F,,R),

following standard arguments and by the stability property of the involved systems we have

1
imE { sup | = [ X — XF] - 0XpT

e—0 to<t<T | €

2
} — 0, (3.4.8)
where (5X5’7761, gy smer 520’5’”61) satisfies the linear McKean—Vlasov FBSDE

, t
(5Xt€’nel = 77€1+/ {(5X§,ne1)Tapo(X§’ps’ V) + (5Ys§’nel)TappH( 05 YY)
to

Vg, [0, H (XS, o K5, YE) - 5KEm] s
SYE™ = 0,,G(XS, pr) - SX5™ 4+ Epy [0,,G(XS, pr, X5) - 6X5™] (3-4.9)

T
+/ {00 (XS, 0, YE) - 6XET 4 0, H (X, po, V) - Y E
t

—HE}—S [8N1H<X§7 Ps; ng YE) : (5)255’7761} }d5—|—/ 52275,7761 . ng,tO.
t

\

Specifically let §@%"° = %(be%”el — @) for ® € {X,Y,Z°. By substituting and

subtracting in (3.4.1)) we see

1 t
OXF™S = ey + - / (O H(XE e, ptemes yEtom) — o, H(XE, g5, YE) | ds

to

t
— ner+ / (XS0 T 0 H (XS, po YE) + (3YE71) T8, H (XS, po, V)

to

+ B [0 H(XS. po, X5.YE) - 6K Lds + O(c)
and
SYF " = 0,,G(X5, pr) - X3 + Ex, [0,uG (X5, pr, X3) - X537
T
—/ {0uH (XS, po YE) - OXET02 4 0 H (XS, py, YY) - V£
t
T
+Ex, [0 H(XE, ps, X5, YE) - 0X57] }ds+ / 0Z}m - dB) + O(e)
t

where the implicit constant in O(e) is bounded by various third derivatives of H (such as

OpapH, OnppH, etc.) which are assumed to be bounded by Assumption @ Note that aside
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from the O(g) term <5Xf’”€1’5, SY,Snere, 520’5’”61"5) satisfies the exact same FBSDE system

as
(9xEer, oy, 5706 ).
By the stability of FBSDE we get

IimE { sup ‘6Xt£777€1,5 . 5Xt£,ne1

e—0 to<t<T

-0

as desired.

Similarly to (3.4.8)), using (3.4.2)), one can show that

e—0 to<t<T g

1 2
limE { sup |~ [V e — gy ] =0, (3.4.10)

where <5Y”’5”761, 5Z0’”C’5’7’61> satisfies the linear (standard) BSDE

T
OY" 1 = Epg [0, G (X7 pr, X7) - 6X5" |+ / 0ZHE - dBY
. ' (3.4.11)
+/ {0 H(XE, 9y Y4) - Y257 4 B, [0 H(XE, pyy XE,Y5) - 6 X871 Lds
t

In particular, (3.4.10]) implies,

1 2
hH(l) g [895V(t0, Z, ,Cf_:,_gnel) — axV(to, xZ, ,Cg)} — 5Y;§7§’n61 = 0. (3412)
E—r
Thus, by the definition of 9,,V,
E [a,umv(t()a T, Hu, 5)7761} =K [amxv(tm x, W, 5)77} = 6}/;5’677]61 : (3413>

Step 2. In this step we assume that & (or say, p) is discrete: p; =P(§ = 2;),i=1,--- ,n.

In particular, we have that p = """ | p;a;, for some {zy,...,2,} C R?. Fix i and consider
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the following system of McKean—Vlasov FBSDEs: for j =1,--- ' n,

( ‘ n

Vin Xy = 5ij€1+/ {ZpkE;S [(VMX?'“)T%H(X?”,ps,X%“”’“,Y.fﬂ”)}
to k=1

+(VM1X§7j)Tapo<X§7xj ) p87 Ysg’xj) + (Vul YSZIJ)TaPpH(Xij’ pS? Y;E’xj)}ds’

VY = 0u,GX5" pr) VX + Y g, [aﬂxG(X%””f o, X5 - me(%’“}

., k=1 (3.4.14)

+/ {afo(Xij’psa }/;g’mj) ’ VﬂlX?j + 8pr<X§@j7 pS7 st&xj) ’ v#lifsi’j
t

+ 3 il [0 H(XE™ p,, XEm Y ED) ., K1 L ds
k._

=1
T
+ [ VYV, ZY - dB",
t

H1~s

\
where ¢;; stands for Kronecker’s symbol. In the above system VMXZJ represents perturbing
z; in g in the e; direction and measuring the variation in X; at X%% (the place where z;

has moved to by time t). The interpretation for Vme’j is similar.

For any ® € {X,Y, Z°}, we define
V05" = V5, @, V@87 = = Z qu)ml{f:a:j}‘
iy
Note that @ = 37" | ®4% 11, . Since (3.4.14) is linear, one can easily check that

t
ViXE =t [ (VXS0 (XS YE7) 4 (DY) 0 H (XS, YET)

to

B | (ViXE) T, H(XES, p, X5, VE") (3.4.15)

+ (V1X§7Ii7*)TaMPH(X£7Ii> p87 nga Yf’mi] }dsa

s

t
let&%* = _/ {(Vleé’xi’*>Tapo(X§aps’ V) + (VlYf”“’*)TappH(Xf’ps’ ve)

to

s

B, |(ViXE™) 0 H(XE, po X5, V) (3.4.16)

R

 (VAXE )T By H(XE, oy X6 V)| Vg s
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T
VY5 = 0,,G(X5", pr) - ViXE" — vlzovaxz‘ dBY*
T T s s

+PifEFT [auxG( Uzaﬁ% gwl) Vi Xg "+ 0,G(X Exi,PTnggp) : VquEﬂ’Ii’*]

T
+ / {0 H (X7, o, YE) - VXS 4 0y H (XE™, p, YE™) - ViV E®
t

+ pJE]——S [a,uIH(Xgmla Ps, X§7x17 }/'55,-%) : Vl)zf’xi

+ aNIH(XE’Zi) Ps; ng Y;E’xi) ’ VIX%M’*)] }ds

T
Vli/t'g,xi,* — axxG(Xj{, pT) . V1X§"7Ii’* o / Vl}/;o,f,xi,* X ng,to

(3.4.17)

+ Er, [0,G (X5, pr, X$5) - ViXE™ + 0,0G (X5, pry X5) - ViXE " Lesany

b [ {0t (65 Y9 9 XS 0 (XS Y)W
t
+ fEfs [8MH(X§, Pss ng’xi, Yf) : Vlewi
+ O0uH (XS, ps, XE,YE) - Vlf(%mi)]l{#zi}}ds
Since is also linear, one can check that, for ® € {X,Y, Z°},
SO He=d = V1 @ i ey + p VBT,

Moreover, note that

~ z i &1 =z,;}€1
E]'—T [aMZ‘G(XT7£’ pTa Xjf“) : 5XT f ! j|

=Er [a“zG(X%’f’ pr, X3) - [ViXE" Lemsy +in15(§’“’*”

— pEs, [awG(Xﬁg,pT,f(%”l) VXS 4 0,,G(XEE, pr, X5) - VXG5 ]

and similarly

B, [0 H(XDE, py, XE, V) - 6 X5 7m0
[0, po X5, Y

s

(3.4.18)

(3.4.19)

= pZE}—s [aumH(X:’€7 Ps; ng’xi7 )/;%6) ' leg’mi + a,uxH(X?’57 Ps; nga }/sx’g) : leg’xi’*>i| .

88



Plug this into , we obtain
Py I g T (3.4.20)
where
VP = B [0,.G(XF pr X§7) - VK55 4 0,0 GO, pr, X5) - ¥, X57)]

T
t
+E, [%H (X5, pg, X5 YPE) - V X5 (3.4.21)

+8MIH(XSI£> Ps; Xﬁ, szzyé) : VlXSE’x"’*} }dS
T
+/ Y, 208w qpYto,
t
In particular, by setting n = 1{¢—,, in (3.4.13)) we obtain:

eV (0,2, 1, 5) =V, Yoo (3.4.22)

We shall note that (3.4.15)-(3.4.16), (3.4.17)-(3.4.18) is different from (3.4.4) and ([3.4.5)), so

(3.4.22) provides an alternative discrete representation.

Step 3. We now prove (3.4.7)) in the case that p is absolutely continuous. For each n > 3,

set
o= L AR = [Z—l,zﬁ ) XX {Z—d,zﬁ ) i=(iy, - ,ig)" € 2%
n n’ n n’n
For any = € R?, there exists () := (iy(z), - - - ,iq(z)) € Z* such that z € AZ}(I). Let
i (x) == (0 (x),--- ,i%x)) € Z¢,  where (x):= min{max{i;, —n?},n?}, [=1,--- d.

Denote Q,, == {z € R?: |z;| <m,i=1,--- ,d}, Z¢ = {i € Z% AZNQy, # 0}, and

(&)

n

En =) aflaz(€) +

i€zl

1ge (€). (3.4.23)
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It is clear that lim,_, o E[|&, — £[*] = 0 and thus lim, o W2(Le,, L¢) = 0. Then for any
scalar random variable 7, by stability of FBSDE and BSDE (3.4.11)), we derive from

(3-4.13) that

E | GpaV (0,2, 1, )] = OY570 = lim gYgrée e, (3.4.24)

n—oo

For each # € RY, let i(&) be the i such that & € A%, which holds when n > |Z]. Then
(Egn, M) — (u, T) as m — oo in W, and as a sequence in R?, respectively. By the stability
of FBSDEs (B.4.1)-(3.4.2), we have as n — oo that X* T XEF and Yéud o Y& as
n — 400, under the norm given by ||A]| := E (sup, | 4| ) Moreover, since p is absolutely
continuous, B

P(fn:@) :IP(fEA?) — 0, as n — oo.
Then by the stability of (3.4.15))-(3.4.16)), (3.4.17)-(3.4.18) and we can check that

Z()

n—o0

lim <v1<1>€n R VAT S VA S ) = <v1<1>€’ N VTGS VR L > (3.4.25)

Now for any bounded function ¢ € C(R?), set n = ¢(€) in (3.4.24), we derive from ({3.4.20))

that
mfnl n=alt el
[amv(o,m,u,ﬁ)so(ﬁ)] = lim oY P& — fim $™ (ac) ton=e
n—oo
iezd

and so,

E[0,.V(0,2,1,6)0€)] = lim IV Yy TP € A) = | @)V, YEET du(E).

u1x y Ly Ly @ 00 90 ,U«l Rdgo 110 1%

iezd
This implies (3.4.7) immediately.
Step 4. We finally prove the general case. Denote ¢(x,u,z) = VMYOI’&? By the
stability of FBSDESs, ¢ is continuous in all the variables. Fix an arbitrary (u,&). One can

construct &, such that L, is absolutely continuous and lim,, . E[|&, — £]?] = 0. Then, for

any 1 = (&) as in Step 3, by (3.4.13)) and Step 3 we have

E[aﬂlwv(ovxalL?f)gp(g)} = lim (5Y$ LnoplEn)er

n—oo

= lim E[¢(z, Le,, &) 0(En)] = E[v(x, 1, €)p(€)],

n—o0
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which implies (3.4.7)) in the general case.

[]

Corollary 3.4.6. Suppose that G, H are displacement monotone and satisfy Assumptions
and@ and that V' is a classical solution to the master equation. Then 0.,V is uniformly

bounded by a universal constant.

Proof. From the above representation formula we have 0,,,V (to,z, 1, Z) = VukY;ﬁ’g’i. In

)

which is bounded by a universal constant by Corollary [3.4.4] O

particular 0,V (to, x, i1, Z) is deterministic and so

OV (b0, 741, ) = B0V (t0,, 1, 7)) = B (’Vumz"“

3.5 Long Time Well-Posedness for the Master Equation

First we recall a short time existence result, [CD18b, Theorem 5.45].

Lemma 3.5.1. Suppose that Assumptions [4), [3, and [0 are satisfied. Then there exists a
universal constant ¢ > 0 and V' so that V is a classical solution to the master equation on
[T — ¢, T] x R x P5(R?). Furthermore for each fized t € [T — ¢, T], V(t,-,-) satisfies the

same assumptions as G in Assumption [0,

Proof. First note that Assumption [6] gives the regularity conditions for the short time exis-
tence that will not affect the size of the time interval (in the notation of [CDI8b] the terms

bounded by T').

We note that the length of the time interval, ¢, is a universal constant for us. Indeed we
have that ¢ is the identity (since in the notation of [CDI8b|, b = « for us), A = ﬁ (this is
the strong convexity constant for the Lagrangian which was assumed for us in Assumption

5)), and L is the sum of the Lipschitz constants of J,H and 0,V in space and in measure
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with respect to W3, which is bounded by a universal constant due to Corollaries and
B.4.4 O

Lemma 3.5.2. IfV is a classical solution to the master equation with reqular data, then V'

15 in fact as reqular as the data.

Proof. This is essentially the same as [GMMZ22| Proposition 6.3iii] and [MZ, Section 9.2].
[

Theorem 3.5.3. Suppose that G, H are displacement monotone and satisfy Assumptions [{]
[9, and[d

Then there is a unique global in time classical solution to the master equation (3.1.2)).

Proof. We first prove uniqueness. Let V| V be two classical solutions to the master equation.
Because of the short time well-posedness of the system (3.4.1)) we obtain that 9,V = 9,V
We will now use to show that V = V. Let u, @ be the value functions given by
and p, p be the associated solutions of the second equation of . Since 9,V = 8,V we
have that d,u = 0,4 and so from the second equation of we obtain that p = p. It
now follows from Lemma [3.3.1] that V = V.

Next we prove existence. We will repeatedly apply the short time existence result Lemma
[3.5.1] We let Vj be a short time solution to the master equation on [T'— ¢, T]. We can
recursively define solutions Vj, to the master equation by letting Vj be the short time solution
on [T — (k+1)5,T — k§] with the terminal condition Vi(T — k§,-) = Vi_1(T' — k3, ). Since
¢ is a universal constant we will need only finitely many steps to cover the whole interval
[0,7]. Because of the uniqueness proved above we have that the V}’s agree where their
domains overlap and so we can stitch these together to obtain a classical solution to the

master equation. O
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CHAPTER 4

Canonical Transformations for Hamilton—Jacobi

Equations

4.1 Introduction

4.1.1 Classical Mechanics and the Principle of Least Action

The Hamilton—Jacobi equation (HJE) in classical mechanics is deeply tied to the principle
of least action, which provides a fundamental framework for describing the motion of a
mechanical system. This principle, central to both Lagrangian and Hamiltonian mechanics,
states that the actual trajectory of a system between two points in time is the one that

extremizes the action functional.

Given a Lagrangian L(z, ), the action A[y] along a trajectory 7 : [to, t1] — R? is defined
as:
t1
Ap) = [ La(5) 30 ds.
The principle of least action asserts that the trajectory 7(s) followed by the system is the one
that makes the action stationary, leading to the Euler—Lagrange equations, which describe

the system’s dynamics.

However, an alternative and equally powerful approach to this problem is through the
Hamiltonian formalism, where the system’s dynamics are encoded in the Hamilton—Jacobi

equation. To see how this arises, consider the value function u(¢,z), which represents the
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minimum action from time ¢ to a fixed final time 7', for a particle starting at position = at

time t. This function can be written as:

u(t,z) = inf / Liv(s),4()) ds + G(+(T)).

)=z
where G(z) is a terminal cost or boundary condition at t = T". The function wu(t, z) gives the
minimal accumulated action, or cost, of traveling from the point x at time ¢ to the endpoint

at time 7.

4.1.1.1 Dynamic Programming and the Hamilton—Jacobi Equation

The value function u(t, x) satisfies a fundamental property known as the dynamic program-
ming principle (DPP). According to the DPP, the minimum action over the time interval
[t,T] can be decomposed into the minimum action over the shorter interval [¢,¢ + 0t] plus

the minimum action from ¢ + 6t to T'. Formally, this gives:

t+0t
u(t,z) = inf {/ L(z,v)ds +u(t + dt,x + U5t)} :
t

veERM
Expanding u(t 4 dt, z + vdt) using a first-order Taylor expansion yields:

Ou

u(t + 0t, x + vot) ~ u(t,x) + ot <8t

+U~qu).

Substituting this back into the dynamic programming principle and simplifying, we obtain

the following expression for the minimal action over an infinitesimal time step:

u(t,z) = inf {5t <L(:c,v) +v-Vyu+ %) + u(t,:c)} :

veR
For this to hold, the term inside the brackets must vanish as 6t — 0, which leads directly to
the Hamilton—Jacobi equation:

ou
A -
5 + H (z,V,u) =0,

where the Hamiltonian H (z,p) is defined as the Legendre transform of the Lagrangian:

H(x,p) = sup {p-v— L(z,v)}.

vERY
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Thus, the Hamilton—Jacobi equation governs the evolution of the value function wu(t,x),
encoding the minimal action required to reach the final state as time evolves. In this way,
the HJE arises naturally from the principle of least action and the dynamic programming

principle.

4.1.1.2 Connection to Euler—-Lagrange Equations

The Hamilton—Jacobi equation provides an alternative formulation of classical mechanics
that is fully equivalent to the Euler-Lagrange equations. While the Euler-Lagrange equa-

tions describe the explicit dynamics of the system in terms of the second-order differential

a oy o
dt \ oz ) 0Ox’

the Hamilton—Jacobi equation focuses on the evolution of the value function w(t,z), which

equation:

encodes the system’s entire future dynamics. By solving the HJE, one indirectly solves for

the trajectory ~y(s) that minimizes the action, thereby determining the motion of the system.

In cases where the Hamiltonian H(x,p) is integrable, the HJE can be solved explicitly,
and the value function u(¢, x) provides a direct path to understanding the system’s behavior.
In more complex cases, where the HJE may not admit an explicit solution, the equation still
offers valuable insights into the qualitative behavior of the system, including the formation

of singularities and the presence of conserved quantities.

4.1.1.3 Relation to Hamilton’s Equations

The Hamilton—Jacobi equation also provides an alternative way to derive Hamilton’s equa-

tions of motion:
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In fact, if u(¢, x) is a solution to the Hamilton—Jacobi equation, the quantities

o ou
pi = o

automatically satisfy Hamilton’s equations. Thus, finding the solution to the HJE is equiv-

alent to solving the equations of motion for the system.

This formalism is particularly advantageous for systems with multiple degrees of free-
dom, where the direct solution of Hamilton’s equations may be complex. By solving the
HJE, one reduces the problem to finding a suitable generating function, which encodes the
entire dynamics of the system. In integrable systems, where there exist as many conserved
quantities as degrees of freedom, the HJE can be solved by separation of variables, leading

to a complete solution of the system.

4.1.2 Context on Coordinate Transformations in HJEs

The idea of using coordinate transformations to study Hamiltonian systems is well-known
in analytic mechanics. For example, see [Arn89, Chapter 9] for an introduction to canonical
transformations, and [Arn89, Appendix B] for a discussion on the role of canonical transfor-

mations in the study of Hamiltonian systems from the perspective of symplectic geometry.

4.1.3 Setup and Notation

For given data H : R? x R? — R and G : R? — R and time horizon 7" > 0 let us consider

the following Cauchy problem associated to the Hamilton—Jacobi-Bellman equation

Owu(t,x) + H(x,0,u) =0, (t,z) € (0,T) x RY

(4.1.1)
u(T,z) = G(x), r € RY

For convenience we will assume that H € C*(R? x R?) and G € C%*(R?), and the second
derivatives of these functions are uniformly bounded. Suppose that H is convex in its second

variable, so that this can be seen as the Legendre—Fenchel transform of a Lagrangian function,
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i.e. we have

H(z,p) = suﬂg{p -v— L(z,—v)}, (4.1.2)

for some L € C?(R? x RY) given. For convenience, we also assume that L is convex in
its second variable. In this case corresponds to a variational problem. Indeed, it is
well-known that under suitable assumptions we have that the value function
T
wta) = int [ LG@) A6 +GOT) (4.1.3)
is the unique viscosity solution to (4.1.1)). This solution is locally Lipschitz continuous
and locally semi-concave with a linear modulus of continuity (cf. [CS04, Theorem 7.4.12,

Theorem 7.4.14)).

It is well-known, however, that the unique viscosity solution u in general develops singu-
larities in finite time, even if H and G are smooth. Fine properties of sets of singularities of
viscosity solutions have been studied extensively in the literature. Probably the first results
on this topic were obtained in [CS87]. For a non-exhaustive list of further works dealing with
singularities of solutions we refer the reader to [CS89. [AC99, [AC99, Yu06l, [CMS97, [CY 09,
CE91), ICF14] and to the review paper [CC21]. Singularity formation is equivalent to the

non-uniqueness of optimal trajectories in the variational problem (4.1.3)) (cf. [CS04]).

Therefore, if one is able to ensure uniqueness of optimizers in , this results in the
differentiability of the value function, hence in the existence of a unique classical solution to
. This is precisely the case if L is jointly convex and G is convex, when the dynamics
in the control problem is linear. This implies that u(¢,-) inherits the convexity and thus it
becomes a Cllo’cl classical solution for arbitrary time horizon. This fact and related properties
are classical and well documented in the literature, see for instance [CS04, Corollary 7.2.12]

and [BE84. [GR02, [Goe05al, [Goe05bl Roc70d, [RocT0a].

As evidenced by the aforementioned works, the global existence of classical solutions

is more of an exception than the rule in the theory of HJB equations. To the best of
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our knowledge, beyond the fully convex regime described above, there are no alternative
sufficient conditions on the data (H,G) (or (L,G)) which would result in global in time
classical well-posedness theory for (#.1.1) in the class C!

loc*
In this chapter we show that a special class of linear canonical transformations can reveal
new global well-posedness theories. Let us describe the philosophy behind our approach. Let

a € R be given. Then the transformation
R x RY 5 (2,p) = (z,p — ax)

is a so-called canonical transformation on the phase space, which preserves the structure
of Hamilton’s equations. Such transformations are well-known in classical mechanics (cf.

[Arn89]). We will make use of the following definitions.
H,(z,p) := H(z,p — ax) (4.1.4)

and

Go(z) = Gla) + %|x|2. (4.1.5)
Because of the nature of this transformation, we can state the first result of the chapter.

Theorem 4.1.1. Let a € R. Then u is a classical solution to (4.1.1) with data (H,G) in
(0, T) x RY, if and only if us : (0,T) x R, defined as

ua(t, z) == u(t,z) + %|x|2,
is a classical solution to (4.1.1) on (0,T) x R? with data (H,,G.,).

This theorem has two immediate consequences. First, if we have a global well-posedness
theory for in the class C’llo’cl with data (H, G), we obtain a whole one parameter family
of global well-posedness theories in C’llo’c1 with data (Ha, Ga)acr. Second, if we are able to
find one real number o € R such that is globally well-posed for the data (H,,G4),

then the original problem with data (H,G) must also be globally well-posed.
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It turns out that this second consequence will be the one revealing genuine new global in
time well-posedness theories for in the class Cllo’cl. Therefore, as our second main result
(formulated in Theorem below), we have identified sufficient conditions on (H, G') which
imply that for some precise a € R, the transformed data (H,,G,) (or the corresponding
(Lo, Gy)) fall into the well-known fully convex regime, and therefore this gives the global
well-posedness of in C! with the original data (H,G). A direct corollary of our main

results can be summarized as follows.

Corollary 4.1.2. Let H : R? x R? - R and G : R? — R be C? functions with uniformly
bounded second order derivatives. Suppose furthermore that H(x,-) is strongly convex, uni-

formly in x.

Then, we have the followings.

1. There exist a constant C' > 0 depending only on |D*G||w, ||D*H ||, and the lower
bound on p,H such that @1.1) with data (H,G), where

H(.’E,p) = H<:U7p) +ax-p,
is globally well-posed in the class Cllo’cl([O,T] x RY), for any T > 0, whenever o > C.

2. There exist a constant C' > 0 depending only on |D*G||s, ||D?*H ||, and the lower
bound on d,,H such that @E1.1) with data (H,G), where

- |2/?
H(ZL’,])) = H((L’,p) - aTu

is globally well-posed in the class C,2* ([0, T] x RY), for any T > 0, whenever a > C.

loc

Remark 4.1.3. We see that suitably modifying the existing data of a Hamilton—Jacobi-
Bellman equation can ‘convexify’ the problem, and in turn this leads to a global in time
classical well-posedness theory. Corollary shows that this procedure can be done not
only by adding the term (x, p) — —a% to the Hamiltonian, but also by adding (x, p) — az-p

to H, for a suitably chosen «a.
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Remark 4.1.4. The attentive reader will notice that we are only using ‘upper triangular’
canonical transformations, i.e. transformations of the form (z,p) — (x,p — ax). The reason
for this is that in order for a system of ODEs (in the (X, Ps) unknowns) to be the charac-
teristic equations of a HJB equation not only do they need to have a Hamiltonian system
structure but the boundary conditions must be of a particular form. Specifically to preserve
the structure of boundary condition Xq = xg we need to have the transformation to be
upper triangular. From here one could imagine taking a transform (x,p) — (z,p — Ax) for
some constant matrix A. In order to preserve the structure of the condition Pr = VG(X7)
(specifically that the right-hand side is the gradient of a function) we need that A is sym-
metric. The choice of A = af is taken for simplicity and the same arguments should work

with any symmetric matrix A.

Remark 4.1.5. Although we illustrate this canonical transformation technique to obtain
a classical global well-posedness theory for the HJB equation, the approach works exactly
the same for any other features of HJB equations. For example, if one had a result on
the structure of the shocks for a HJB equation with data (H,G) (e.g. for instance, the
points of non-differentiability lie on a smooth curve) then the same result would hold for
the transformed data (H,, G, ) (in fact the non-differentiability points would be the exact

same).
We finish this introduction with some concluding remarks.

e In this chapter, for the simplicity of the exposition, we choose to consider only a simple
class of linear canonical transformations of the form R¢ x R? 5 (z,p) — (z,p — ax).
However, our approach would work for a class of more general transformations of the

form

R x R > (z,p) = (z,p — Vo(z)),

for suitable potential functions ¢ : R¢ — R.
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e Our approach works using only a Hamiltonian perspective, therefore, in particular by
working purely with Hamiltonian systems, we believe that similar results could be
proven in the case of Hamiltonians which are not necessarily convex in the momentum

variable. Again, for simplicity of the exposition, we do not pursue this direction here.

e Canonical transformations are well understood in the case of more general Hamiltonian
systems on symplectic manifolds, as these are symplectomorphisms on the cotangent
bundle (cf. [Arn89]). Although we consider only the Euclidean setting here, we be-
lieve that our ideas could imply well-posedness theories for Hamilton—Jacobi-Bellman

equations in more general geometric frameworks as well.

e [t turns out the the canonical transformations that we have considered in this chapter
reveal new deep well-posedness theories in a particular infinite dimensional setting,
namely for the master equation in Mean Field Games. These results are detailed in

the following chapter.

The rest of the chapter contains two short sections. In Section [4.2] for pedagogical
reasons, we detail the role of the specific canonical transformations from the Lagrangian
perspective. Section contains our main results, and this is written purely from the

Hamiltonian perspective.

4.2 Canonical transformations and classical solutions from the La-

grangian perspective
For t € (0,T), consider the functional F; : C1((t,T); RY) — R defined as
T
Fi)i= [ L) (s)ds + GG(T))
t
Furthermore, we define the set of admissible curves as

Admy, = {y € CY((t,T);R?) : v(t) = z}.
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Using this functional, one has

u(t,z) .= inf  F(v).

’YEAdmt,I

Differentiability of solutions to (4.1.1)) is deeply linked to the uniqueness of minimizers in
the optimal control problem (4.1.3)). In particular, it is well-known that the convexity of the

functional v +— F(v) would imply that u(¢,) is convex, which in turn would further implies

that u is a classical solution to ([1.1)) in the class C2}([0,T] x R%) (see [CS04, Theorem
7.4.13]). The convexity of v — F(v) can be guaranteed by the joint convexity of L and the
convexity of G.

However since the endpoint in the optimization problem, i.e. () = z, was fixed we

could have just as well considered the functional

MO

(8%
Fra(v) = Fi(n) + gl = F0) + 5

for any o € R. In this case, one would simply have

u(t,:c)+%|x|2:: inf  Fra(9). (4.2.1)

’YGAdmt,I

Following a standard idea in classical mechanics we rewrite this new term as the integral

of its time derivative and an initial term to get

Fual) = [ 2002).4(6) = 52 (FhF) ds + GHDI + Go(D)

= [ 1612400 = ata(e) 4(ds + G () + G

Notice now that it is possible to not have convexity of
7= Fl),

but have convexity of

v = Fra(),
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for some a € R, even though

inf  Fi(y) and inf F,(7)

’YEAdmt@ ’yEAdmt@
are the same problems, in that the optimal values differ by the constant %\xP and in par-

ticular they have the same minimizers.

Therefore, it turns out that such transformations could reveal hidden convexity structures
on the data, which were not straightforward in the original setting of the problem, and in
particular ([#.1.1) would be well-posed in the class C}([0,T] x RY), if v+ Fi 4 is convex

even if we did not have convexity of v — F;.

We also have the opposite situation, i.e. when v — F; is convex, yet v — F;, is not
convex. As the convexity properties of the functionals can be characterized by the convexity
of the Lagrangian and final data, it is natural to define the following quantities. For a € R,

let L, : R* x R? — R be defined as
Lo(z,v) = L(z,v) —az-v
and G, : R? — R, defined as
Gu(2) = G(z) + %\xl?
Based on the previous discussion, we can formulate the following proposition.

Proposition 4.2.1. We have the following.

(i) Let G : R — R be convexr and let L : R4 x RY — R be jointly convex, and suppose
furthermore that both G and L have bounded second derivatives. Then, there exists

ag € R such that L, is not jointly conver and G, is not convex for any a < «y.

(ii) There exist L : R? x R? — R not jointly convex and G : R* — R non-convez, such that

there for a suitable a € R, L, becomes jointly conver and G, becomes convex.

Proof. (i) Let f : RY x RY — R defined as f(v,z) = v-x. We see that —1 is an eigenvalue
of D?f (the eigenvector is the (1,...,1,—1,...,—1)). Hence for a < dy := —||D*L||o, we
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have that L, is not jointly convex. Now let ap := min{dag, —||0.-G|| L}, and then the result

follows.

(ii) In the previous point we have constructed L, and G, that are non-convex, but L
and G were convex. Now if we apply the same transformation on these new functions with
constant —a, i.e. (Ly)_o and (G,)—o we get back to the original functions which were

convex. The statement follows. O

The transformations on L, as describe above, translate naturally to the Hamiltonian H.

Indeed, we can see that H, corresponding to L, is defined as in 4.1.4]

It is important to notice that the previous transformation preserves the Hamiltonian
structure and the HJB equation. This is what leads precisely to Theorem [£.1.1] whose proof

is straightforward and we present it below.

Proof of Theorem[{.1.1. This result readily follows from the representation formula (4.2.1)).

Alternatively, direct computation yields

Orua(t, ) = Owu(t,x), and,Oyus(t,z) = Opu(t, ) + ax,

and so
—Opug(t, ) + Ho(x, Opun(t,x)) = —0Owu(t, z) + H(x, Opu(t, ) + ax — ax) =0,
and
ue(T,x) = Gyo(x).
The result follows. ]

Remark 4.2.2. Because of the representation formula (4.2.1)), the previous result clearly

holds true for viscosity solutions as well.
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4.3 Canonical transformations and classical solutions from the

perspective of Hamiltonian systems

Based on [Roc70b, Theorem 33.1], we can formulate the following result.

Lemma 4.3.1. H : RYxR? — R, defined in ([4.1.2)) is concave-convez (i.e. H(-,p) is convex

for all p € R? and H(z,-) is convex for all x € R?) if and only L is jointly convez.

From this lemma we see that the global existence of classical solutions to the Hamilton—
Jacobi equation (#.1.1) in the class C)!, from the Hamiltonian point of view, is intimately

linked to the concave-convex properties of H and convexity of the final condition G.
Definition 4.3.2. For a square matrix A € R™*", we define the symmetric matrix
1 T
Re A := §(A+A ).

For a symmetric matrix A € R™" we denote by Anin(A) and Apax(A) its smallest and

largest eigenvalues, respectively.

Lemma 4.3.3. Suppose that

(wT Re 8sz(x,p)w)2—(wTﬁppH(;E,p)w) (wTamH(a:,p)w) >0, YweRY, Va,p e RIxRY

(4.3.1)
Define
o=
o w' RedypH (z, p)w + \/(wT Re 0po(:L‘,p)w)2 — (wT OppH (z,p)w) (wT pe H (z, p)w)
(z,p,w)eR? w' OppH (z, p)w :
lwll=1

(4.3.2)

||

Suppose that v — G () + a5~ is conver and
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w' Re dypH (z, p)w — \/(wT Re 8po(x,p)w)2 — (wT OppH (z,p)w) (wT Ope H (2, p)w)
w' OppH (x, p)w '

sup
(z,p,w)€R3
[lwl|=1

(4.3.3)

Then the Hamilton—Jacobi equation (4.1.1) with data (H,G) is globally well-posed in the
class C21([0,T] x RY).

loc

Proof. Using (4.1.4) and (4.1.5) we define H, and G, with the particular choice of « given

in the statement. We see that G, is convex. Also, we compute for any w € R? and any

(z,p) € R x R?

wTamHa(:c,p)w

=w' Oy H(z,p — ax)w — 20w’ Re(d,pH (z,p — ax))w + o?w ' O, H (z,p — ax)w

This expression is a quadratic polynomial in o with positive leading coefficient. The condi-

tions of the theorem assure that this polynomial is non-positive at «, i.e.

w' Re 8,pH (z,p)w — /(w" Re 0ypH (z, p)w)? — (0T OppH (z, p)w)(w' 0y H (z, p)w)
w0y, H(x, p)w

<«

< w' Re dypH (2, p)w + /(wT Re Dy H (z, p)w)? — (W' OppH (z, p)w)(w' 0y H (x, p)w)
- w ' OppH (z, p)w

)

for all (x,p) € R? x R? and for all w € R%.

In particular H, is concave in x. Furthermore, this particular transformation does not
change the convexity of H, in the p-variable, as 0,,H,(z,p) = OppH (x,p — ax). The thesis
of the lemma follows by Lemma and [CS04, Theorem 7.4.13]. O

As a consequence of this lemma, we can formulate the following result.
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Theorem 4.3.4. We define the following quantities

)\0 = inf )\min (Re apo(x7 p)) )

(z,p)ERIxRE
>\H = sup )\max (amcH(ﬁap))
(z,p)ERXRY

and

A¢ = Inf A\pin (02:G(2)) .

zcRd

Suppose that

N2> 0 HllccAer and that Ao+ /A2 — 9 Hllschr + 9 H | A > 0.

Furthermore assume that either Ay < 0 or A\g > 0. Then the Hamilton—Jacobi equation

(4.1.1)) is globally well-posed, for any T > 0, in the class Cl’l([O, T] x R%).

loc
Proof. We verify the assumptions of Lemma [£.3.3] First, let us consider the inequality
(4.3.1)).
If Ag <0 then (4.3.1)) is fulfilled immediately.

If A\ > 0, but \g > 0 we have the following. By definition of Ao, w" Re 0., H (z, p)w > Ao,
for all (z,p) € R?x R? and for all w € R?. Since the right side is non-negative we can square

to obtain

(w' RedupH (2, p)w)* 2 Ng = [|0pp H oA,

which implies that
(wT Re c?mH(x,p)w)2 > (wTappH(x,p)w)(wTﬁmH(x,p)w).

Thus, (4.3.1)) follows.

We verify the other assumptions in the statement of Lemma [4.3.3] Let o be defined as
in (4.3.2)). Just as before, we distinguish two cases.

Case 1. Ay <0.
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In this case we have that (w'd,,H (x, p)w)(w' 0 H (z,p)w) <0, for all (x,p) € R? x R4
and for all w € R?. Therefore

a>0

- w' Re dypH (2, p)w — v/ (wT Re 0ypH (2, p)w)? — (0 OppH (z, p)w)(w' Oy H (, p)w)
- w0y H (x, p)w ’

for all (x,p) € R? x R? and for all w € R%. This implies (4.3.3)).

Furthermore, we have

o w' Re dypH (z, p)w + \/(wT Re 0y H (, p)w)2 — (wT OppH (z, p)w) (W Oye H (z, p)w)
(x,p,w)ER3? wTé?ppH(x,p)w
flwll=1

] w' Re OppH (7, p)w + \/(w—r Re 0y H (, p)w)2 —0ppH || (w T Ope H (2, p)w)
> in
(xrﬁ»uh)eiR:id HappHHOO

where in the last inequality we have used that the function f : {(a,b,c¢) : ¢ >0, b <
0, a* > bc} — R defined as f(a,b,c) = ova—=be V‘f_bc is decreasing in c.

Continuing we have

o>

o wT Redy H(r pu + V (@7 Redoy H (w, p)w)” — (|9 Hllow (107 0 H (2, p))
1mn

(epaems 10pp H [ 0
- g w' Re dypH (2, p)w + /(w Re Dy H (2, y)w)? — [|0ppH || oAt
T 00
[w[] =1
No + /R = [ Hllhn
B 10pp H 0

where the last inequality is because the function f : {(a,b) : b < 0} — R defined as

f(a,b) = a+ va? — b is increasing in a. From this, by the assumptions of this theorem it

2
follows that x — G(x) + a% is convex.
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Case 2. Ao > 0. We notice that without loss of generality, we may assume also that the

inequality Ay > 0 takes place.

We have

. w' Re OupH (2, p)w + \/(wT Re ampH(:r,p)w)2 — (wTﬁppH(x,p)w) (wTﬁmH(x,p)w)
in

(xyp,wH)GR“ w T OppH (z, p)w
[Jw||=1

(4.3.4)

Mo+ /A — (w0 H (2, pyw) A
w' dppH (z, p)w

v

inf
(z,p,w) € R¥

lwll =1

Mo+ /3~ 0Bl
w ' OppH (2, p)w

v

inf
(z,p,w) € R¥

lw]l =1

Mo + /A~ [0 HllsoAm
= 10, H |0

where the last two inequalities follow from Ay > 0 and A\g > 0 respectively. We notice

also that in the previous chain of inequalities all the quantities under the square root are

non-negative.

Furthermore, we see that Ag-++/A5 — [[0pp H [lac Asr+1|0pp H [| A > 0 implies that a+Ag >

2
0 and so z — G(z) + a% is convex.

Next note that the function f : {(a,b) : a,b > 0, a®* > b} — R defined as f(a,b) =
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a —+va? — b is decreasing in a. Hence

w' Re dypH (2, p)w — v/ (wT Re dypH (z, p)w)? — (W' OppH (z, p)w)(w' 0y H (x, p)w)
w' OppH (x, p)w

Mo~ /R (W, H (e p)w) (@ Do H (. p))

- w' OppH (x, p)w

< Ao — VA2 — (wTOppH (z, p)w) Ay

- w' OppH (x, p)w

_ ho— VR [0, Al

N 105 H oo

(4.3.5)

where the last inequality follows from the fact that the function f : {(a,b,¢) : a,b,c >
0, a*> > bc} — R, defined as f(a,b,c) = #3 is increasing in ¢. Combining (4.3.4)) and

(4.3.5) we can conclude that

a2
s w' RedypH (x, p)w — \/(wT Re &cpl%[(:r,p)w)2 — (wT OppH (z,p)w) (W Oy H (z, p)w)
(z,p,w)ER3? wTappH(:n,p)w ’
lwll=1

which completes the proof in this case.

From this theorem the proof of Corollary is immediate.

Proof of Corollary[{.1.3. We see that if « is large enough then the assumptions of Theorem
[4.3.4] are satisfied. N
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CHAPTER 5

Hidden Monotinicity in Master Equation

5.1 Introduction

Mean field games (MFGs), first introduced in the seminal works of Lasry and Lions as
well as Huang, Malhamé, and Caines (see |[LLO7, [HMCO06]), were motivated by the need
to model strategic decision-making in large-scale systems with numerous rational agents,
stemming from (stochastic) differential games. Since then, this theory has seen widespread
success, both theoretically and in practical applications. For a thorough and relatively

current overview of the field’s progress from probabilistic and analytic perspectives, see

[CD18al, [CDIRY, [CP205).

In his lecture series at College de France ([Liol2a]), Lions introduced what is now known
as the master equation for MFGs. This equation is a nonlocal, nonlinear PDE of hyperbolic
type set on R? x 225(R%), where R? models an individual agent’s state space, and Z2,(R%)
represents the set of Borel probability measures on R? with finite second moments, encoding
the distribution of agents. A major motivation for solving the master equation lies in its
deep link between games with a finite, but large, number of agents and the associated
MFG. Specifically, classical solutions to the master equation are instrumental in deriving
quantitative rates of convergence for closed-loop Nash equilibria in finite-agent games as the

number of agents approaches infinity.

The search for well-posedness theories for (1.1)) has catalyzed an extensive program in

the field. The non-local and infinite-dimensional nature of this PDE introduces considerable
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challenges. In particular, the lack of a comparison principle means that approaches relying
on viscosity solutions, for instance, are not feasible. Consequently, there is potential for
debate in defining suitable weak solutions, especially where uniqueness is not guaranteed.
Nevertheless, there is clarity when it comes to classical solutions, and in this chapter, we
will focus on classical solutions. Unless otherwise stated, the term well-posedness will refer
to classical solutions. As with finite-dimensional conservation laws, global classical solutions
generally require specific monotonicity conditions on data elements H and G, which also

strongly relate to the uniqueness of MFG Nash equilibria.

Literature review on the well-posedness of master equations. To date, there have
been different notions of monotonicity conditions proposed on the data H and G, which could
serve as sufficient conditions for the global well-posedness theory of (L.1). The diversity and
richness of these conditions are deeply related to the geometry under the lens of which we
look at P, (R%). For instance, %, (IR?) can be seen as a flat convex space, but it is natural to
look at it also as a non-negatively curved infinite dimensional manifold, when equipped with
suitable metrics. Historically, the so-called Lasry-Lions (LL) monotonicity condition was
the first one, introduced already in the seminal work [LL0O7]. Geometrically, this is linked to
the flat geometry, imposed on Zy(R?). When it comes to nonlocal Hamiltonians, this notion
has been defined and exploited so far only for so-called separable Hamiltonians, i.e. the

ones which have the structure
H(x,pt,p) := Ho(w,p) — F(x, 1), V(z,u,p) € R x P5(RY) x R, (5.1.1)

for some Hy and F. An alternative monotonicity condition is the so-called displacement
monotonicity condition, which does not require the separable structural assumption on H.
This stems from the notion of displacement convexity, used widely in the context of optimal
transport theory. Thus, this is linked to the curved geometry on £2,(R%). We now give a
brief overview of the well-posedness theories for in these settings and we also mention

some alternative, more recently proposed notions of monotonicity conditions.
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In [CD18bl Theorem 5.46] the authors have shown that the master equation is glob-
ally well-posed if the data are LL monotone and possess additional regularity assumptions.
Several other works provide similar conclusions. We refer to [CDLLI9, Theorem 2.4.5] for
the case when the physical space is the flat torus instead of R? and to [CCD22, Theorems
56 and 58| to the case without common noise (i.e. fy = 0). We refer also to [JR23] for new
results and clarifications regarding the results from [CDLLI19]. However, [CD18b, Theorem

5.46] is the closest result for our purposes.

It is also important to mention that all these global well-posedness results in the context
of Lasry—Lions monotonicity impose both the separable structure on the Hamiltonian and

the presence of a non-degenerate idiosyncratic noise.

In the context of displacement monotonicity global in time well-posedness have been
obtained chronologically as follows. [GM22a] provided this in the context of deterministic
and potential (in particular 5 = 5y = 0 and H separable) games (for similar results, see also
[BGY24]). |[GMMZ22] provided the first global in time well-posedness result in the case of
non-separable displacement monotone Hamiltonians and non-degenerate idiosyncratic noise
(i.e. B #0). Finally, [BMM23a] provided the result in the case of degenerate idiosyncratic
noise (i.e. = 0) and compared to [GMMZ22], under lower level regularity assumptions on

the data, and the weaker version of the displacement monotonicity condition on H.

Recently, in [MZ22b] and [MZ24] the authors have proposed a notion of anti-monotonicity
condition on final data of master equations, which together with other sufficient structural
conditions on the Hamiltonian resulted in the the global in time well-posedness of the master
equation. We would like to emphasize that for this to hold, the anti-monotonicity condition
on the final data has to be carefully chosen in line with the structural conditions on the
Hamiltonian. As we show below, this framework can entirely be embedded into our main

results under the umbrella of our newly proposed canonical transformation.

Several other recent developments have seen the light in the context of the well-posedness
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of MFG master equations. For a non-exhaustive list we refer to [AM23], Ber21l,[CCP23| [CD24l,
GM22d, [GM23].

Description of results. In this chapter our main objective is to present new global
well-posedness theories for the master equation ([1.1). The heart of our analysis consist of
so-called canonical transformations which in particular reveal new perspectives on existing
and new monotonicity conditions on the Hamiltonians and final data associated to , and
in turn lead to new well-posedness theories. The values of the noise intensities, 3, 5y will not
not be significant in our consideration, and our main results hold true also for degenerate

problems, i.e. when =0 or 3y = 0.

In classical Hamiltonian mechanics, canonical transformations are coordinate transforma-
tions on the phase space, which preserve the structure of Hamilton’s equations. In symplectic
geometry, canonical transforms are known as symplectomorphisms (where the phase space is
a cotangent bundle and the symplectic form is the canonical 2-form). Since in our setting we
are only concerned with Euclidean space we do not use the symplectic terminology. However,
one could use symplectomorphisms to generate new well-posedness theories for Hamilton—
Jacobi equations and the master equation in more general settings (i.e. when the underlying
space is not Euclidean). We refer the reader to [Arn89] for a introduction to applications
of symplectic geometry in classical mechanics. We refer also to our companion short note
[BM24a], where we explain the regularization effect of such transformations in the case of

deterministic finite dimensional HJB equations.

As the master equation has in particular a natural character arising from infinite dimen-
sional Hamiltonian dynamics, we will show below, that such transformations play a deep

role in obtaining new well-posedness theories for it.

Let us describe the driving idea behind our results. For Hamiltonians H : R? x &5(R?) x
R? — R and final data G : R? x Z,(R?) — R we consider a family of prototypical linear

canonical transformations as follows. Let a € R and define H, : R x Z5(R?) x R? — R
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and G, : R x Z,(R?) — R as
Ho(z,p,p) = H(x,u,p — ax) and Guo(x,pu) = G(z,pn) + %L’I:\Q. (5.1.2)
In particular, this means that the corresponding canonical transformation has the form of
RY x P5(RY) x R 3 (z, p,p) = (, 1, x — ap).

This is a ‘finite dimensional” transformation, as there is no change in the measure variable

1. Having defined these transformations, we can formulate our first main result.

Theorem 5.1.1. Fiz any o € R. The master equation with data (H,G) is well-posed if and
only if it is well-posed with data (H,,Gy,).

The message of this theorem is that if one produces a well-posedness theory for the master
equation, this will lead to a whole one parameter family of well-posedness theories, with
the transformed data. A deeper consequence of this theorem is the opposite implication.
Suppose that one is given the data (H,G). If one is able to find a suitable range of the
parameter « such that (H,, G, ) satisfies some well-known monotonicity conditions, then the
problem with the original data must be well-posed. This second one will be the direction

that we investigate in this chapter.

Fix a € R. It is easy to see that G is LL monotone, if and only if G, is LL monotone and
the situation is the same for separable H. However, as we will show below, this phenomenon is
much different in the displacement monotone regime. Therefore Theorem has powerful

applications in the context of displacement monotonicity but not for LL monotonicity.

In Theorem [5.2.8], we propose easily verifiable sufficient conditions on H to ensure that

H,, is displacement monotone.

This theorem has an immediate consequence which can informally be formulated as

follows. This result provides a new global well-posedness theory for the master equation.

115



Corollary 5.1.2. Suppose that G : R? x Z5(R?) — R and H : R? x Z5(R?) x RY — R are
twice continuously differentiable with uniformly bounded second order derivatives. Suppose

moreover that H 1is strongly convex in the p-variable.

We have that there exists C' > 0 depending on second derivatives of H and G (but
independent of T') so that if a > C' then the master equation is globally well-posed with data
(H,G), where H : RY x P5(R%) x R — R is given by

H(:Ea,uap) = H(l‘,ﬂ,p) +ap-w.
Hence even if we did not know that the original master equation was solvable, the modified
master equation is solvable for « large enough. One can compare the Hamiltonian H with

the one in [MZ24, Example 7.2].

Remark 5.1.3. Corollary has a deep message: if the Hamiltonian is such that 0,,H

is sufficiently large compared to other second order derivatives of H and the second order

derivatives of G, then we have a global well-posedness theory for the master equation. There-

fore 0,,H, and in particular adding suitable multiples of the function (z,p, ) — p-z to H

have a ‘regularization effect’. By carefully examining Lemma|5.2.6| we see that what is going
|z|?

on is that the p - x term is transformed into a multiple of -, which provides displacement

monotonicity for the problem and hence regularizes the master equation. It is easy to see

||

2
that adding a suitable multiple of the term - to H produces displacement monotonicity.

Clearly, these regularization effects are independent of the noise intensities.

Further implications of main results. Having our main results in hand, we have

revisited some previous well-posedness results from the literature.

When G is displacement semi-monotone, then the well-posedness of (|1.1)) can be guar-
anteed if H, is displacement monotone for sufficiently large «. It turns out that our char-
acterization for this given in Proposition [5.2.6| coincides with the respective assumptions on

H discovered recently in [MZ22h].
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In the recent paper [MZ24], the authors proposed a notion of anti-monotonicity for final
data G. They have described some heavy sufficient conditions on H and G which result in a
global well-posedness theory of ([1.1)), if 8 # 0, and G is suitably anti-monotone. There was

an emphasis on the fact that G needed to be ‘sufficiently’ anti-monotone.

It turns out that these well-posedness results from [MZ24], under the additional as-
sumptions that H is strictly convex in the p-variable fall directly into the framework of the
canonical transformations and they are an easy consequence of our main results, from Corol-
lary [5.1.2] More precisely, first in Proposition [5.2.10| we show that if G is A-anti-monotone,
this implies that it is displacement semi-monotone with a constant which depends only
on A (in particular, the displacement semi-monotonicity constant is independent of the sec-
ond derivative bounds of GG). Having strong convexity of H in the p-variable, which has also
bounded second derivatives allows us to use our Corollary[5.1.2] The Hamiltonian considered
in [MZ24] has the form of

H(,I’,,U,p) = Ho(x,,u,p) + <A0p7 l’),

for some constant matrix Ay € R™4. This is slightly different than H from our Corollary
, but the term (Agp, x) has exactly the same role as ap-z in our consideration. Therefore,
for completeness, as our last contributions, in Proposition and Remark [5.2.15| we show
that the assumptions from the main theorem in [MZ24] essentially imply our assumptions.
Furthermore, in the case of Hamiltonians which are strongly convex in the p-variable, our
results need less and weaker assumption, and they hold true without the presence of a
non-degenerate idiosyncratic noise. In particular, we demonstrate that the emphasis on the
sufficient anti-monotonicity of G in [MZ24] is misleading, and this is not needed. Specifically,
in [MZ24] it is remarked: “...we will need to require our data to be sufficiently anti-monotone
in appropriate sense”. However we will see that anti-monotonicty is not needed (as anti-
monotonicity implies semi-monotonicity) and that [MZ24] has other other, more essential

assumptions on H which are what really give the well-posedness result.
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Some concluding remarks.

e For simplicity and transparency of our main ideas, in this chapter we have decided
to focus only on linear canonical transformations of the form R? x Z2,(RY) x R? >
(x, 1, p) = (x, u, x — ap). Without much philosophical effort but with significant tech-

nical effort, one could consider canonical transformations of the form
R x P5(RY) x R? 3 (, 1, p) v (2, 1,0 — Vip(x)),

where ¢ : R? — R is any given smooth potential function, with bounded second deriva-
tives. In the case of noise, this transformation would lead to the modified Hamiltonians

and final data as

- B+ 5 —
H@(xnuap) T H(.T,IM,QZ - VSO(:E)) + 2 A90<x> and Gw(xnu) T G(I,M) + Sp(x)

It is easy to see that Theorem holds true if in its statement (H,, G,) is replaced
with (H,, G,). However, in order to obtain new global well-posedness theory (in the
case of potentially degenerate noise), we would need to have a ‘convexifying regulariza-
tion’” on G, which means that ¢ would need to be taken to be convex with sufficiently
large Hessian eigenvalues. From this point of view, ¢(x) = $[x|* would be a natural
choice, and this is why we have decided to reduce our study to this particular family

of potentials.

We remark that in general Hamiltonians are only defined up to an additive constant.

In classical mechanics, this is saying that we may pick any value to correspond to the

‘zero energy’. In the presence of noise the attentive reader will notice that our H, is

not the same as the H,, defined above, when ¢(z) is taken to be $|z|* . However, this

is not an issue as the difference between the two is a constant. In particular, the two

Hamiltonians are equivalent. Thus, we could have defined our H, as H,(x, p,p) :=
(82+83)d

H(x,p,p — ax) + =—5=a which would then be the exact same as H, defined above,

however this would introduce unnecessary notational clutter.
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e In this chapter we have considered only ‘finite dimensional’ canonical transformations
(where the measure component stayed fixed). These have proved to have a deep effect
on new global well-posedness theories for the master equation. It is a very interesting,
but seemingly challenging task to analyze truly infinite dimensional canonical trans-
formations in the context of MFG master equations. In particular it seems that the
infinite dimensional canonical transformations do not preserve the structure of MFG,
they only preserve the structure of optimal control problems. In this we see a significant

difference between games and variational problems.

Remark 5.1.4. If the Hamiltonian H has an associated Lagrangian with bounded second
derivatives we must have that H is strongly convex in p. Similarly, the master equation only
corresponds to a game, when H is convex in p. To the best of the authors knowledge there

is no motivation for the master equation outside of this case.

We remark that if one is interested in the case of non-convex H in p then one can adapt
our results by using the Hamiltonian system directly. We refer to the Lagrangian purely for
pedagogical reasons and it is not needed for any technical reason. In particular our canonical

transformation and main theorem, Theorem [5.1.1], holds regardless of the convexity of H in

p.

5.2 Preliminaries and well-posedness theories for master equa-

tions

5.2.1 Some notations

In order to keep this discussion self-contained, let us recall some definitions and notations.

Let p > 1. Based on [AGS08], we recall that the p-Wasserstein between u,v € 2,(R?)
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(probability measures with finite p-order moment supported on RY) is defined as

Wy (u,v) := inf {/ |z —ylPdy(z,y) : v € (g, V)} ,
Rd xR
where II(p,v) :== {v € Z,(R* x R?) : (p®)yy = p, (p¥)yy = v} stands for the set of admis-
sible transport plans in the transportation of y onto v, and p*,p¥ : R x R — R? denote
the canonical projection operators, i.e. p*(a,b) = a and p¥(a,b) = b. We refer to the metric

space (Z,(R?),W,) as the Wasserstein space.

We refer to [AGS08, [GT19] and to [CDI18al, Chapter 5] for the notion of Wasserstein
differentiability and fully C* functions defined on the Wasserstein space, respectively. Based
on [Ahul6l [CD18a, [GMMZ22, MM24] we recall the notion of displacement monotonicity
which is given formally in Definition and Definition [2.2.4]

Definition 5.2.1. Let G : R x 25(R?) — R be a fully C*! function. Based on [GMMZ22,
Definition 2.7], we say that G is displacement semi-monotone or displacement a-monotone,

if there exists & € R such that (z, ) — G(x, ) + $|x|* is displacement monotone.

For the corresponding Hamiltonians, we can define the displacement monotonicity con-

dition as follows.

Definition 5.2.2. Let H : R? x Z25(R?%) x R? — R be such that H(-, u,-) € C'(R? x RY)

for all u € P, (R?). We say that H is displacement monotone, if
—AMQ@HWM#@»—@Hmuﬁ@m-m—wmmw> (5.2.1)
X

[ 0 @) = @) 0 0) ~ ) ),
for all u,v € P5(RY), v € (i, v) and for all p', p? € Cy(R%: RY).

Remark 5.2.3. 1. Suppose that H : R x Z2,(R?) x R? — R is fully C?, strictly convex

in the p-variable and satisfies

/Rd o (O H (x, 1o, T, p(2))0(Z) + Op H (x, 1, p(x))v(x)] - v(2)dp(x)dp(z)  (5.2.2)

4 411 /R d {][appﬂ(x, p ()]

=

/Rd OppH (, M,f,p(:ﬂ))v(f}du(i)r} du(x) <0,

120



for all 1 € P5(R?), for all p € C(R%R?) and for all v € L2(R% R?). Then H satisfies
the displacement monotonicity condition from Definition [5.2.2] For the proof of this

fact we refer to [MM24, Lemma 2.7].

Definition 5.2.4. [MZ24, Definition 3.8],[MZ22b| Definition 3.4] Let A = (Ao, A1, A2, A3) €
R* be such that \g > 0, \; € R, Ay > 0 and A3 > 0. Let G : R? x P, (R?) — R be fully C2.

It is said that G is A-anti-monotone, if
o [ (06l (o), @) aute) 4 s [ (0G0 )E(). 6 (o) ()
/ .G 106 ) + o |

< [ @ duta)

for all € P5(R?) and for all £ € L2(R% RY).

|, Gl )@t dito)

5.2.2 New Well-Posedness Theories for MFG and master equations

On the data (H,G) we impose the same assumptions as in Chapter 3, see Assumptions
and )l These are relatively standard assumptions, which appear naturally in the literature

on the well-posedness theories for master equations.

We now prove Theorem [5.1.1]

Proof of Theorem [5.1.1. Via direct computation we can verify that V is a solution of the

master equation with data (H,G) if and only if V (¢, 2, u) := V (¢, 2, p) + & |z|” — W(t—

T) is a solution of the master equation with data (H,, G,). O
Remark 5.2.5. Because of the connection between the solvability of the master equation

with data (H,G) and (H,,G,) described in Theorem the same connection holds true

for the solutions to the corresponding finite dimensional mean field games systems as well.

Recall the definition (5.1.2)). Now we give some sufficient conditions on Hamiltonians H

which would result into the displacement monotonicity of the transformed Hamiltonians H,,.
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Lemma 5.2.6. Let H be fully C*. Then H, is displacement monotone if and only if

/Rd | (92eH (2,1, () = 200, H(w, 1. p(2)) )v()| - v(a)dia(a) (5.2.3)

’ /M | (OeuH (. () — 200, (2, 1 2, p()) ) (2)] - vl)dp(x) ()

TR

+ 200, H (z, 1, p(m))v(x)]

O H o plo)]% | [ 3o ()02 )

}d,u(m) (5.2.4)

<0,
for all p € Py(R?), for all p € C(RY;RY) and for all v € L7,(R*;RY).

Proof. We readily compute

z, 1, p — ax) — 20 Re(0p H (2, 1, p — ax)) + 0, H (z, 1, p — o),

) (
Oy H (2, 11, -, p) = Ony H (2, 1, -, p — @) — @ H (z, p1, -, p — ),
) = OpuH (2, p1,-,p — ax),

)

The result now immediately follows by writing the inequality (5.2.2)) for H in terms of H,
after noting that we may replace Re(0,,H) with 0,,H since the quadratic form induced by

a skew-symmetric operator is null, 0
Remark 5.2.7. The inequality in (5.2.3]) can be equivalently rewritten as

[ 0o 22000 (0) — 00, H e o)) o pa)s)  (525)
[ 0t (e l)s) = 2000, H ) ols) + 220 H ) (0)] - 0(0) ()
+5 [ Aot an [ oo s pa)e@in)| } duta) <o

for all 1 € P5(R?), for all p € C(R%R?) and for all v € L2 (R% R?). This is the exact same
condition as [MZ22b, (5.10)].
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We introduce the following notations.

k(O H) == inf Amin(Re Opp H (x, 11, p)),

(2,11,p) ERE x Po (RE) x R
where for A € R%¥? we adopt the notation Re(A) := (4 + AT)/2 and for A € Rd*d
symmetric Ayin(A) stands for its smallest eigenvalue. Furthermore, to denote the suprema
of the standard 2-matrix norms, we use the notation
|0y, H| = sup |OpuH (2, 1, p, T)| ;
(,11,p,&) ERE x P (RF) x RI xR

O H| = sup O H (2, 11, p, 7)) ;
(1,0, %) ERI X Po(RE) x RE X RE

|0pe H| = sup 0w H (2, 1, )| ,
(2,1,p) ERI X P2 (RT) x RY

and so on for similar quantities. Now, we can formulate the second main result of our

chapter.

Theorem 5.2.8. Suppose that H : RY x P,(R?) x R? — R satisfies 0, H (z, 1, p) > c5'1,
for some cg > 0 and for all (z,u,p) € R? x P (R?) x RY. Suppose that the quantities
E(OppH ), |OppH| |05 H , |0pp H| and |0y, H| are finite. Define

our

1
Lo 1= 10uuH| + 0 [0 H|” + 0ss H]

Suppose that k(OppH) > 5 |0pH| + /10y H| LL,. Then H, is displacement monotone for

any
a € [alf, Ozﬂ )
where
2
(Do) = § 10y £\ (5O H) = 3 10 )* = |03 ] LE,
oy =
- |0 H |
_1
In particular we have the result for o 1= %}W
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Proof. For o € [o af], p € P2(R?), p € C(R%RY) and for v € L2(R% R?) normalized,

ie. [pa |v(@)[?dy = 1, we compute

/RW [0 H (2, 1, T, p(2))0(Z) — aBpu H (z, 1, &, p(2))0(F)] - v(2)dp(x) dp(z)

+ /Rd (000 H (z, 1, p(2))v(2) — 200, H (2, 1, p(2))0(2) + 0?OppH (, 1, p(z))v(2)] - v(2) dpa()
+i /R d {)[appﬂ(x,u,p(:c))]% /R Oy H (o . () (7) 2} ()
< Adxkd[\aqu\ + |0y H| + 050 H| — 200Dy H) + 02 |0, H || dpe(z) dpa()

L s}

= |aa:wH| - QO‘E(apr) + o |appH| + |@wuH| + o |8puH‘ +

Co |8puH|2
4
Co |apuH|2

1
= |0,,H| a2 — 2 (E(ampﬂ) -5 |8WH|) @+ (Do H | + 100, H| + =2

our

=10,,H|o* -2 k(0,,H —la H|)a+ LY
pp P 2 DK

<0

Y

where in the last inequality we used the sign of the quadratic expression. O

As an immediate consequence of Theorem [5.2.8] we have the well-posedness result in

Corollary [5.1.2]

Proof of Corollary[5.1.3. We see that all second order derivatives of H and H match, except

the ones involving 0,,, for which we have
OnpH = 0y H + o

By the uniform bounds on the corresponding second order derivatives of H, we see that
for « sufficiently large, H fulfills the assumptions of Theorem Increasing « further
if necessary, we can ensure that G is displacement a-monotone. Having G displacement
a-monotone and H, displacement monotone would result via Theorem [5.1.1]in the desired

global well-posedness result for the master equation. O
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5.2.2.1 Our results and previous results on the master equation involving dis-

placement semi-monotone data

We notice that the inequality (5.2.3) is precisely the inequality (5.10) from [MZ22b]. This
means in particular that [MZ22bl Theorem 5.6] is a direct consequence of Theorem and
Remark [5.2.0] above.

We note that Theorem [5.1.1] shows that we have a global well-posedness theory for the
master equation as long as G is displacement semi-monotone and the corresponding H is
displacement monotone. In particular, it is enough for these to satisfy the ‘first order’
monotonicity conditions, in the sense of Definition [5.2.1[1) and (5.2.1)). Therefore, Theorem
together with the well-posedness results from [BMM23a] provide a more general result
than the one in [MZ22bl Theorem 5.6].

5.2.2.2 OQOur results and previous results on the master equation involving anti-

monotone data

Our first objective in this subsection is to show that any function G : R? x Z25(R?) —
R which is A-anti-monotone in the sense of Definition is actually displacement a-
monotone in the sense of Definition M(Q), where a can be computed explicitly in terms

of A = (Ao, A\, A2, Ag). We start with some preparatory results.

Remark 5.2.9. G is A-anti-monotone in the sense of Definition with A = (Ao, A1, Ag, A3)
if and only if
14

2} dp(z)
< (&, (2 (%)) [ Je auto

Proof. This is immediate by an algebraic manipulation after computing the squares. O

2
O G, 1)&() + %5(3:) + A9

[ Gl 2)6(@)duta) + 5e(a)
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Proposition 5.2.10. If G is A-anti monotone in the sense of Definition with A =
()\0, )\1, )\2, )\3), then

/Rd R (Opu G, 1, T)E(x), £(T)) dpp() dpu(Z)

|\ Az Ao
< (2—>\2+ )\—2‘1‘4)\2 (2>\2) )/ €(z | du(x
A A A
< |20| \/)\3+(20) + Xy (2)\12) /Rddu(:c)\g(x)‘?

In particular G is displacement ay-monotone, with

I\ ] A3 Ao A\ ol Ao A
> - 4 — A A
v Zmax e o TN, T, T \2y, ) 2 st g + 2\ 2,

Proof. Let us recall that in the definition of A-anti-monotonicity we have A\g > 0, Ay > 0,

and

/Rd (002 G(z, p)&(2), §(2)) dpu()

A3 > 0 and there is no sign restriction on \;.
First, let us suppose that A\; # 0.

Note that for any v,w € R? and any C' > 0 we have

C
o, w)] < 2 o + 55 |v+w|

With the choice of v := 2’\712§(x) and w = f]Rd OpuG(x, 1, 2)E(Z)dp(Z), we obtain

/ < [ 06t De@)dn(a), 56000
2} dp(z)

< {( 1) e +%'Adaxua<x,u,f>s<>du<>+i5<>

e

- ()\2 [ 06t 6@tz + 56w

LGl

dp(z)

2) }du(l’)
e (o () e (3) ) e e

126




where the last inequality follows from Proposition [5.2.9] Hence,

L[ ot @ity o) anto
(5 Bt o () () e
(B e o (e () e (1)) Lo e
We now take C' = %\/ (Ag + ()" () ) (4)2) to obtain

I

< /R d &WG(JU,u,i)f(ft)du(i;),g(x)>’ du)

A1+2J A3+(7°) +A2 / @ dule

29

|A1] Az Ao /
_ |l s du(
oy TV, Ty, 2>\2 €@ du(x

Now, as the left hand side of this estimate is continuous at A\; = 0, we can send \; — 0, and

IN

conclude the claim for general \; € R.

In the same manner with the choice of v := 22£(z) and w := 0,,G(z, p)¢(x), for C > 0

arbitrary we get

[ 106t w)g(o). (o) dute)
2 (g 20 ) d(x)
< (% (%) et (m (;) Y (;A) )) [ duta) e
_ (’A;’ R e (M (%) (o) )) [ duta e

2
By taking C' = /\L\/(Ag + (70) + Ao <2’\712> ) we obtain the result. ]

Ao

35(95)

0.4Gla, () + ()

_W Rd
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Remark 5.2.11. In Proposition [5.2.10| we see that the estimates, and hence the conclusion
regarding the displacement a-monotonicity, hold true even for A\g < 0. Therefore, we might

drop the requirement \g > 0, and our claims from below will remain true.

Corollary 5.2.12. Let G : R9x 2,(R?) — R be A\-anti-monotone which satisfies Assumption
. Suppose that H : RY x P5(R?) x R — R satisfies Assumption @ and it is such that H,,
is displacement monotone, where the constant av is given in Proposition[5.2.10, Then, the
master equation with data (H,G) is globally well-posed.

Proof. This is a direct consequence of Proposition [5.2.10] and Theorem [5.1.1] n

We would like to conclude our chapter by showing that, if H is strictly convex in the

p-variable, then the main theorem on the global well-posedness of the master equation from
[IMZ24, Theorem 7.1] is a particular case of our main results from Corollary [5.2.12} For

completeness, we informally state this here.

Theorem 5.2.13. [MZ2], Theorem 7.1] Suppose that G : RYx Py(R?) is smooth enough with
uniformly bounded second, third and fourth order derivatives. Suppose that the Hamiltonian

H : R x P5(R?Y) x R — R has the specific factorization

H(xhu?p) = <A0.Z',p> + Ho(a:,u,p),

for a constant matriz Ay € R and Hy : R? x Z(RY) x R? — R smooth enough. Suppose
furthermore that G is \-anti-monotone and that a special set of specific assumption take
place jointly for X\ = (Mo, A1, A2, A3), the matriz Ay and Hy. Then the master equation (1.1

15 globally well-posed for any T > 0, in the classical sense.

Proposition 5.2.14. Suppose that G : R? x Z25(RY) — R is A-anti monotone and satisfies
Assumption . Suppose that H : R? x 25(R%) x RY — R is given by

H(Q?,/,L,p) = <A0£U,p> + HO(xuluap>7
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with Hy : RY x P5(RY) x R — R satisfying Assumptz'on@ and Ay € R¥? s a given constant

matriz. Let Ky := ¢ |OppH| = ¢o |OppHo| be the condition number of 0,,H. Suppose that

o)z max{ (3 + Y50 ) ot flogtllontls (3 +100) 20} 5209

where X = (Ao, A1, A2, \a), we have set

LV D VP VI SV RNP VR 51

A) = SN R N 1
T =75 2 Ay 4 21
1/5h |\ 1 (o 5\
B R [t i | (20 2l
+2(2+2+A3 +2A2 5t TN

and Lfo > 0 s a constant associated to Hy, satisfying

[OupHol < L3, [0ppHol < Ly®, 8y, Ho| < L5 and |9y, Ho| < L3".
Then the master equation is globally well-posed.

Proof. Let us note that by the definition of Lg“ and by the definition of L0

our?

we have that

our

LHo < oy %0 (LH0)? + (0, Ho|. (5.2.7)

As K(OmpH) > K(Ao) — |0upHo|, we see that the assumption r(A4) > ( + @)Lfo +

1 VK
ﬁ<apr) 2 E(AO) - |8:CPH0| 2 3L§IO + 5 |apuH| - |8pr0| + 92 H[é{o + \/|appH| |amH0|
1 VK
> 2L+ O H| + 5L 4\ 10, H] [0 Ho

1 C 2 2
= 310 Ll ] (L) /1 (L) + Oy e
1 c 2
> 3100+ [ L0l (L) 4 U0 L+ 1010

1
> 5 |apuH0’ + |appH0’ Lg?r

1
= 5 |apuH| + \ |appH| L(I){w
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and so we can apply Theorem [5.2.8] We get that H is displacement a-monotone with
E(apr) - % |8puH|
|Opp H |
£(Ao) — [9upHo| — 5 |0 Ho|
|appH0‘
o GAH ) L5° — |0m Hol = 5 |0y Ho|
B ‘appH0|

> f(A).

o =

>

From Proposition [5.2.10| we see that G is semi-monotone with constant
<pe e ) 3w (3) ()
Ml \/> \/2?2 o+ VA3 + \/;

< 1l +—+—+—+—+A+ +_+M+M
= Az 22\ AN 09 4hg 4
5| A1 A3 Ao 5/\0 A3 |)\1|
— 1423 420 270, 23 A
1y D T, T4 T2t
= f(\)
and so the result follows. O

Remark 5.2.15. We compare Proposition with [MZ24, Theorem 7.1]. This theorem
has many assumptions. We show that up to constants (depending only on Ky) only a few
of these many assumptions imply our assumptions. First, we recall that the definition of the
3 x 3 matrices Ay, Ay from formula [MZ24] (4.3)]. These are not constructed from Ay above,
and they involve constants coming in particular from A = (Ao, A1, A2, A3). Furthermore, for

A € R4 E(A) stands for the largest eigenvalue of Re(A).

To continue we need the assumption

K(Ag) > (1 + R(AT AY)) L. (5.2.8)
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In [MZ24, Theorem 7.1] (specifically the second item of (7.1)) it is assumed that
K(Ag) > (1+ (A7 Ag)) L3, (279)

although they probably meant to assume 1’ .

We can formulate the following statement.

Claim.  The assumptions of [MZ24] Theorem 7.1], up to a multiplicative constant

depending on Ky, imply ([5.2.6]).

Proof of claim. By definition, we have that &(A;*A4y) > v A7 Ayv for any unit vector
v € R3. Taking v = \%(1,1, 1)" and using the explicit form of A;, Ay given in [MZ24),
(4.3)] together with the fact that all the entries of these matrices are non-negative, by direct

computation we obtain

1
Ao — —/\1

EL
5
=

)

v

wl»—‘ Wl Wl

N N7

1 1
()\0—1—)\04— -1—)\3) Ty (/\0+|>\1|+( |)\1|+/\2+/\3))>

v

1
<)\0+)\0—|)\0|+ |/\1|+/\3) 2)\ <)\o+|)\1|+( |>\1|+>\2+)\3)))
Dot = a4+ s ) +
2 1 3

A

P e S Y SN

2)\ ()\o—l- |\ +( | A1 +A2+A3)>)

| —
Py

v
—_
(S

SO 8|) implies that

K(Ag) > 1—15LH° (15 + f(N). (5.2.9)

Furthermore we see from the second inequality in [MZ24] (7.2)] that 7&(Ag) > |0 H].
By the assumption (i) of [MZ24, Theorem 7.1] we have that 7 satisfies [MZ24l (4.2)] in which

the first inequality implies that A\g > Z_l — %. Hence we obtain (47X + 8A3) > 7% It is

!The k on the right-hand side is likely a typo as in the fourth to last line on [MZ24, page 15] the authors
need to use R(Al_lAg). Furthermore we see % appearing correctly also in a similar assumption, [MZ22b

(6.3)].
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clear that 2f(\) > Ag and 2f(X) > A3, therefore we get 16 f(\)(1 +v) > 7% Since v < 7 by
assumption (i) of [MZ24, Theorem 7.1] and 1 < 7 by the same assumption we get 27 > 1+~

and so we obtain 32f(\) > 4. Hence we get

Lo LA .o H|
Ag)? > =2 Ag) > V(A 2 H
and so we obtain k(Ag) > ﬁ% |0ppH | |0 H |.
Moreover, (5.2.8) implies that s(Ay) > LY and so we get
1o 1
(A0) = L5 + <10, H1 0. (5.2.10)

To summarize, the assumptions of [MZ24, Theorem 7.1] imply (5.2.9) and (5.2.10]) which
in turn imply that

1 7 \/K_H Ho ‘ 3 Hy
mmax{<§ 5 )L2 + /10, ] |8mHo|,<§+f(/\)> I }

This, aside from the constant of

Proposition [5.2.14]

K(Ag) >

m in front, is the exact assumption (5.2.6|) of our
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CHAPTER 6

Optimal Transport with Quantum Dynamics

6.1 Introduction

The classical optimal transport (OT) problem, introduced by Gaspard Monge in the 18th
century and further developed by Leonid Kantorovich in the 20th century, is a foundational
question in both pure and applied mathematics. The problem focuses on finding the most
efficient way to transport one distribution of mass, described by a probability measure, to
another, under a specified cost function. In this chapter, we explore an extension of this
problem to quantum mechanics, where the transport is governed by quantum dynamics,
specifically the Schrodinger equation. We show how this quantum dynamic extension of OT

is connected to a well-known problem in quantum mechanics: the Pauli problem.

6.1.1 The Classical Optimal Transport Problem
6.1.1.1 Formulation of the Classical OT Problem

The classical optimal transport problem can be formulated as follows: given two probability
measures jio and p; on R, the goal is to find a transport map 7' : R? — R? such that T'
pushes forward po to g1, ie., Tyupo = p1, while minimizing a given cost functional. The
cost of transporting a unit of mass from z to T'(x) is typically described by the Euclidean

distance |x — T'(z)|, or more generally by a cost function c(z, T'(x)).
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The problem is formally stated as:

in /R ol T(@)) dyo()

T

subject to the constraint Ty = pu1, i.e., for all measurable sets A C R?, we have

p1(A) = po(T7'(A)).

While originally posed by Monge, the problem proved challenging due to its nonlinearity.
Kantorovich’s relaxation of the problem, formulated in terms of couplings between o and

11, led to significant breakthroughs.

6.1.1.2 Motivation for the Classical OT Problem

The classical OT problem has widespread applications across fields such as logistics, eco-
nomics, image processing, and machine learning. Initially, it was intended to solve practical
problems like minimizing the cost of transporting soil for construction, but its mathematical
structure has allowed it to be applied to a variety of domains. In economics, for example,
OT can model the most efficient way to allocate resources, while in machine learning, it
plays a role in domain adaptation and generative modeling, where transforming one data

distribution into another is a key challenge.

Additionally, the OT problem is deeply connected to areas like partial differential equa-
tions, geometry, and probability theory. The development of Wasserstein distances, a fam-
ily of metrics used to measure the “cost” of transforming one probability distribution into
another, has led to significant advances in probability theory on metric spaces and has in-

fluenced the study of the geometry of probability measures.
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6.1.2 Optimal Transport with Quantum Dynamics
6.1.2.1 Formulation of Optimal Transport with Quantum Dynamics

In the classical OT problem, the transport of mass is governed by a deterministic map 7.
In the quantum dynamic extension of OT, however, the transport of probability densities is
governed by the evolution of a wave function under the Schrédinger equation. The goal is to
minimize the kinetic energy of a quantum system while subject to constraints on the initial

and final probability densities.

Given two probability measures g and i, we seek to minimize

1
inf/ / (Vb () |* de dt
i 0 R4

over all wave functions v, such that ]w0\2dx = o, ]w1|2dx = uy, and where v; evolves

according to the Schrodinger equation
hQ
2.hatfwt = _?Awta
with h = % being the reduced Planck constant. Here, the cost functional represents the
kinetic energy of the quantum system, and the Schrodinger equation governs the wave func-

tion’s time evolution.

This problem was first considered by Eric Carlin and Wilfrid Gangbo (private commu-

nication).

6.1.2.2 Motivation for Optimal Transport with Quantum Dynamics

There are several compelling reasons to explore optimal transport with quantum dynamics.
First, quantum mechanics is a fundamental theory in physics, and the Schrodinger equation
describes the evolution of quantum systems. FExtending OT into this quantum dynamic
framework opens up possibilities for studying the interaction between quantum systems and

probability distributions.
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Second, this extension provides a natural bridge between classical mechanics and quantum
mechanics. As the reduced Planck constant A — 0, the quantum dynamic version of OT
reduces to the classical OT problem, linking both regimes under one conceptual framework.
This connection offers new insights into transport problems in both classical and quantum

settings, and allows for the application of methods from both fields.

6.1.3 The Pauli Problem
6.1.3.1 Formulation of the Pauli Problem

The Pauli problem, named after the physicist Wolfgang Pauli, asks whether a quantum
state can be uniquely determined from the knowledge of its magnitude in both position and
momentum space (via its Fourier transform). More formally, given two probability measures

1o and g, on R? we define the set
2102 22
Si =€ L2 [l do = po, || dg = pu g,

where z/} denotes the Fourier transform of ¢. The Pauli problem asks whether S; is a
singleton (up to multiplication by a complex phase) or whether multiple quantum states
could correspond to the same magnitude distributions in both physical and momentum

space.

This problem is deeply related to the uncertainty principle, which places limits on the
simultaneous knowledge of a quantum particle’s position and momentum. In this sense, the
Pauli problem can be interpreted as a question about the uniqueness of the mapping between

a quantum state and its probability distributions in position and momentum space.

6.1.3.2 Motivation for the Pauli Problem

The Pauli problem addresses fundamental questions in quantum mechanics. In practical

quantum measurements, information is often obtained about the magnitude of the wave
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function in position or momentum space, but not its full complex phase. The Pauli problem
asks whether this limited information is sufficient to uniquely determine the quantum state,
which has important implications for fields like quantum state tomography and quantum

information theory.

Furthermore, the Pauli problem highlights the interplay between position and momen-
tum, which are conjugate variables in quantum mechanics. Understanding the conditions
under which these magnitude distributions in position and momentum space determine a
unique quantum state is crucial for exploring the boundaries of quantum measurements and

the uncertainty principle.

6.1.4 Results

We demonstrate that, the optimal transport problem with quantum dynamics always admits
a minimizer, provided that the feasible set is non-empty. This ensures that for any given
pair of initial and final probability measures, there exists a wave function evolution, governed
by quantum dynamics, that optimally transports the probability distribution in a way that

minimizes the associated cost functional.

We further explore the relationship between the optimal transport problem with quantum
dynamics and the Pauli problem. In particular, we show that the optimal transport problem
with quantum dynamics is equivalent to finding a unique (up to symmetry) solution in the
feasible set. This means that solving the quantum optimal transport problem can be seen
as a means to uniquely determine the quantum state, constrained by probability densities
in both physical and Fourier space, similar to the Pauli problem. The symmetry inherent in
quantum systems, where states may be determined only up to a phase factor, plays a crucial

role in this equivalence.

The Pauli problem, which asks whether a quantum state can be reconstructed from its

probability distributions in position and momentum (Fourier) space, can thus be reframed
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as an instance of an optimal transport problem in the quantum setting. By understanding
the structure of the feasible set and developing solutions to the optimal transport problem
with quantum dynamics, we provide a new approach to understand the Pauli problem.
Specifically, this framework allows us to select a distinguished solution to the Pauli problem

from among the possible quantum states that satisfy the given constraints.

This equivalence between the Pauli problem and the optimal transport problem with
quantum dynamics is particularly valuable because it brings together two seemingly distinct

areas of mathematics and physics.

Moreover, the connection we establish between these two problems opens up new avenues
for research. On one hand, it deepens our understanding of quantum transport processes by
providing a bridge between classical transport theory and quantum mechanics. On the other
hand, it offers new methodologies for tackling problems in quantum state reconstruction,
such as those encountered in quantum information theory, quantum state tomography, and

even in foundational questions related to the uncertainty principle.

6.2 Optimal Transport with Quantum Dynamics

6.2.1 Problem Description

Say that we are given probability measures ji, 1.

We consider

1
inf / V), (2)|? dadt
0 R4

t

where the infimum is taken over all ¢, such that 10| dz = o and |9 |* dz = py and 1y solves
the Schrodinger equation ih0)y = —%ZAwt. Here h = % is the reduced Planck constant (we
take h = 1).

Of course, it is easy to see that for general pi, 11 there might not even exist a single

that satisfies our constraints. Hence, we assume that g, 1y are such that there exists at
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least one 1, that satisfies the constraints.

6.2.2 Some Basic Facts about the Schrodinger Equation

In order that we can be rigorous we will assume that pg, 4; are absolutely continuous with

respect to Lebesgue measure.

If 1) is 'nice’ (say Schwartz for example) then we may solve the Schrodinger equation

explicitly. On the Fourier side the solution is
Bu(€) = e ) (62.1)

See [Hall3l, Proposition 4.3] for a proof.

Note that this expression makes sense and defines a unique 1, € L? even if 1), isn’t 'nice’.
All we need is 1)y € L? which is guaranteed by \1#0]2 dx being a probability measure. Hence
we will take (6.2.1) as our notion of weak solution of the Schrodinger equation even when

g isn’t nice.

Lemma 6.2.1. Suppose that 1, solves the Schridinger equation. Then [, |V@/Jt(x)|2 dz s

constant in t.

Proof. By Pancherel’s theorem, we have that

[ ve@rtae= [ || as= [

)| ds = [ IVun(o)l*da
[

Remark 6.2.2. The above lemma is obvious in physics. Since we have taken the free particle
Schrodinger equation, there aren’t any forces acting on the particle and hence the kinetic

energy is conserved.
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6.2.3 Existence of a Minimizer

By Lemma |6.2.1, we have that

1
//|V¢t(x)|2dmt:/ Vipo(z)|* da
0 R4 Rd

and so our problem is reduced to
inf [ |Vipo(a)|” da
Yo JRrd

where the infimum is taken over all vy such that Wo\2dx = po and Wﬁdz = p; where

Uy = e~2miEF /24 (€) is the solution to the Schrédinger equation.

Proposition 6.2.3. The above problem has a minimizer.

Proof. Let 1§ be a minimizing sequence. Then

[ 1vvieras [ vl o

and so ¥y is uniformly bounded in H!. Hence there exists a 1} and subsequence of

which we do not relabel) such that ¥? — 9 in L? and ¥ — ¢ in H'.
0 0 0 0

We claim that ¢ is a minimizer. Indeed since the functional that we seek to minimize

is weakly lower semi-continuous we have that

/]V¢§(x)|2da: < hgglf/ng(x)y?dx:%f/yv¢0(x)\2dx

Furthermore since 1% — % in L? we get that [¢g|” = lim 0 |05 = 0.

Since (in L?) ¢ — 1§ we get that 1/3{{ — zﬁg . From (6.2.1)) we get that @/A){L — zZA)f and so
Y — 9% in L2, Hence we also get that |7 ?

Hence 1) satisfies the constraints and is a minimizer. O
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6.2.4 Remarks on the Constraint Set

Let us use L? = L*(R%,C) to denote the space of square integrable functions on R%. We

iRA /2

define the unitary operator P = e which is the solution operator to the Schrodinger

equation.

We saw that the problem is reduced to

inf / Vo ()| dax
Yo JRd

where the infimum is taken over all ¢y such that Wg]Q dx = jp and ]Pw0|2 dx = p1. We define
So(pto, 1) = {0 € L? : ||> dz = o, |Ptp|* dz = ji } which is the set that we are minimizing
over.

Fix a € R. Note that if ¢ € Sy(po, 1) then e € So(po, p11). We wonder when Sy is

actually a singleton up to this symmetry, i.e. for which pg, i1 does there exist some 1) € L?

so that So(po, p1) = {€" : a € R}.

6.3 The Pauli Problem

6.3.1 Problem Description

The physicist Wolfgang Pauli conjectured whether or not a function in L? can be recovered
from its magnitude and the magnitude of its Fourier transform. More precisely, given mea-

12
sures fig, iy on R define S; = {4 € L? : [¢|*dx = po, )@D d¢ = p1}. The Pauli problem

asks whether S; is a singleton up to the symmetry ¢ — e’ for some o € R.

First it is easy to see that S; could be empty. For example the Heisenberg uncertainty
principle tells us that if pg, ¢4; are both points masses then S; is empty. Even more, it tells
us that if S is non-empty then the product of the variances of ug, 41 is bounded below by

a universal constant.

However even excluding the case where S; is empty the conjecture is not true. One can
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construct specific examples where S is not a singleton (up to symmetry).

The question then becomes to understand when S is a singleton (up to symmetry). A

few classes of measures are known but it seems very little is known.

6.3.2 Reformulation of the Problem

We use the notation p; = —ih% as a (densely defined) operator on L?. Similarly we use z;
J

as the operator of multiplication by ;.

If we have a list of operators A!,..., A? on L?, given a continuous function f : R? — C
we use the notation f(A) = f(AY, ..., A%) which is defined by the continuous functional
calculus (considering L? as a C* algebra for example). We note that f(A) is a (densely

defined) operator on L?.

Lemma 6.3.1. Fiz ) € L?. Let U be any unitary operator on L? and p be any measure on

RY. Define A1 = U*z;U.

Then \U¢|2d:v = w if and only if (f(A),¥) = [ f(y)du(y) for all continuous and

compactly supported functions f.
Proof. We have
(FA)0,0) = (W H A6, 0) = (U0, U6) = [ ) [Vl dy
and so the result follows. O

Note that if we take U to be the Fourier transform operator then A’ = p; and so the above
12
lemma tells us that ’1/1‘ d¢ = p if and only if (f(p)v¥,¢) = [ f(y)du(y) for all continuous

and compactly supported functions f. Hence we have
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Corollary 6.3.2.

S (o 11) = {¢ € 17: (6, f(x)6) = / FW)doy). (6, 9(p)6) = / 9(v)dpo(y)

for all f, g continuous and compact}

6.4 Equivalence of the Two Problems

In this section we show that the two problems are equivalent. In particular we show that Sy

is isometric to 5.

We start with a quick lemma about commutators which I think is well-known in the

physics.

Lemma 6.4.1. Let A, B be operators such that [A,[A,B]] = 0. Then if f is a smooth
function we have [f(A), B] = [A, B]f'(A).

Proof. If f(x) = 2" then the result is clear. Both sides are linear in f so it extends to

polynomials and then to smooth functions by density. O

We define the unitary operator
P = 6—iA/2

which is the solution operator to the Schrodinger equation. Also define the operators K7 =

Lemma 6.4.2. K7 = z; + p;.
Proof. Note that by the product rule for Laplacian we have [‘TmA,xj] = p;. In particular
[Z2A, [Z2A, z;]] = 0 since p; commutes with A. Hence by the previous lemma we have that

[P, x;] = [e7"A/2 1] = pje”A/2 = p;P*. The result now follows by multiplying by P on
the right. O
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Remark 6.4.3. To a physicist, this is just Newton’s first law of motion.

We recall Sy(pg, 1) = {3 € L* : ]¢|2d:v = Lo, \P¢|2d:v = p1}. By taking U = P in
Lemma we see that So(p, 1) = {¢ € L* : (f(z = [ f(y)duo(y), (g(K), ) =
[ 9(y)dp(y) for all f,g}.

Let @ be the unitary operator on L? given by Qv = enlal’/ 2. We see @ is left multipli-

cation by enlel’/2 and by the standard abuse of notation we write () = enlel’/2,

Proposition 6.4.4. Fiz g, pn. Then Si(po, 1) = {Qu : ¥ € So(po, 111)}-

Proof. Fix ¢ € So(uo, ) and let ¢ = Qip. Clearly |<z>|2 = |[¢* and so (¢, f(Ao)y) =
[ f(z)duo(x) if and only if (¢, f( = [ f(x)dpo(x
We have p;Q = pje%|“‘2/2 = e%|x|2/2(xj + pj) = QK7 and so Q*p;Q = K7. Hence for any

g continuous we have Q*g(p)Q = g(K). This gives

{9(p)o, &) = (9(P)QY, QY) = (Q"9(p)QY, ¥) = (g(K)¢, )
and so (g( = [ g(z)dp(z) if and only if (g = [g(z)dp (z O
Remark 6.4.5. The above Proposition says that Sy is isometric to S; via the isometry on
L? given by Q.

Remark 6.4.6. This isometry didn’t come out of nowhere. It represents the canonical
transformation that that was studied in Chapter 4. Essentially this transforms the free
particular problem (Optimal Transport with Quantum Dynamics) into a simple harmonic

oscillator problem (Pauli problem).

6.5 Revisiting Bohm’s Interpretation of Quantum Mechanics

Let us return to our original formulation of the Optimal Transport problem with Quantum
Dynamics. Given g, 17 we want to study the Schrodinger equation: 19,1, = —gA"gZJt subject
to the boundary conditions |to|” dz = o and [y |* dz = .
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In the early 1950s David Bohm proposed writing the Schrodinger equation in polar co-

ordinates. Let ¢y = \/p; e and then the Schrodinger equation becomes

@9wm:o

08 + = |vsy -

and our boundary conditions become py = o and p; = pq. This is now a mean field game

system with the Hamilton-Jacobi equation and the continuity equation. The Hamiltonian is

H(x, p,p) = \/— Ay ().

For the rest of this section we will proceed formally.

2
Let us define the energy E(p) =1 [ ’V\/p(x)‘ dx. We compute its first variation

E(p+e) = %/ V\/p(:v)—ke(x)‘zdx
%/v(;mng%%ﬁ dr + ofc)
l €T —E(I') 2 dx ol\e
=5 [ [7Vo - VT e ol
= xT) - 6(x) X ol€
= Blp) 41 [ V) T o)
1 [Ay/p(x)
=E(p) -3 Wﬁ(x)dx +o(e)
and so we get
oF 1
% = W p(w)A p(x)

Hence if we define f(x,pu) = - \/_A\/ ) we get 0,F = V f. Hence our mean field game

was actually a potential mean field game with Hamiltonian

) =5 [ o) do + 12 E()
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and associated Hamilton Jacobi Equation

1 - -
AUt + 5 [ 10,0010 3) du(@) + E () = 0

U(0, 1) = 6,0(12)

Because this Hamiltonian is convex in b we may write down an equivalent control problem.

We want to minimize

min/01/|vt(x)|2pt(x)dxdt—h2 /01 E(p;)dt

Pt,Vt

subject to the continuity equation d;p; + V - (psv;) = 0 and the boundary conditions py = pg
and p; = p1. We remark that as h — 0 we get the classical optimal transport problem.
Landau comments that it is important to note that this approximation is accurate not just

to h but to k2.

Remark 6.5.1. We have

Vv p(x) ‘2 dx
Vi/p(z)

p(z)

/
/
7 m/o@)| st
/

p(x)dx

[V In(p(x))[* p(x)dz

This is the Fisher information.
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