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ABSTRACT OF THE DISSERTATION

Conformal Defects in Gauged Supergravity

by

Matteo Vicino
Doctor of Philosophy in Physics
University of California, Los Angeles, 2020
Professor Michael Gutperle, Chair

In this dissertation, we explore 1/2-BPS conformal defects that are holographically realized
as a warped product of anti-de Sitter spacetime and a circle in gauged supergravity. These
solutions can be obtained as the double analytic continuation of BPS black holes with hy-
perbolic horizons. Observables including the expectation value of the defect and one-point

functions of fields in the presence of the defect are calculated.

In Chapter , we present a brief review of the AdS/CFT correspondence and its super-
gravity approximation together with an introduction to conformal defects. In Chapter 2] we
construct a singular spacetime in pure D = 4, N = 2 gauged supergravity dual to a 1/2-BPS
conformal line defect. In Chapter [3| we show that the coupling of vector multiplets to the
previous solution is capable of removing the singularity and present several examples. In
Chapter , we construct solutions in D = 5, N = 4 gauged supergravity dual to 1/2-BPS

surface operators in A/ = 2 superconformal field theories.
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CHAPTER 1

Introduction

Understanding how to combine the principles of quantum mechanics and general relativity
into a theory of quantum gravity has been one of the major problems of theoretical physics
for quite some time. A theory of quantum gravity is necessary for understanding properties
of the very early universe and the behavior of black holes. The singularities appearing in
solutions of general relativity, such as the Big Bang or black hole singularities, are expected
to be cured by a theory of quantum gravity. The most straightforward approach of treating
general relativity as a classical field theory and directly quantizing fails due to issues of
non-renormalizability. By replacing zero-dimensional point particles with one-dimensional
strings, string theory gives rise to the only known perturbatively finite theory of quantum
gravity. Extra dimensions, supersymmetry, and higher dimensional extended objects known

as branes also play a significant role in string theory.

By studying the near-horizon limit of a stack of branes, Maldacena conjectured that string
theory on negatively curved anti-de Sitter (AdS) spacetime is equivalent to a conformal
field theory (CFT) in one fewer dimension [4]. Maldacena’s conjecture is a realization of
the holographic principle of quantum gravity in which spacetime can be described by a

lower dimensional boundary theory [5,/6]. This correspondence provides a non-perturbative



definition of string theory and allows one to study strongly coupled quantum field theories
using only semiclassical string theory. The AdS/CFT correspondence has led to new results
about strongly coupled quantum field theories appearing not only in high energy physics, but
in condensed matter physics as well |7,§]. Taking a step back from its string theory origin,
the AdS/CFT correspondence is the best understood example of a gauge/gravity duality

relating a gravitational theory to a non-gravitational gauge theory.

1.1 The AdS/CFT Correspondence

The AdS/CFT correspondence [4] is a duality between two different types of physical theo-
ries. One side of the duality involves string theory on asymptotically anti-de Sitter spacetimes
and is therefore a theory of gravity. The second side of the duality contains a special class
of quantum field theories known as conformal field theories. The AdS/CFT correspondence
is holographic in that it relates a (d 4+ 1)-dimensional theory of gravity to a d-dimensional
quantum field theory. The CF'T can be thought of as living on the conformal boundary of the
dual asymptotically AdS spacetime. This gauge/gravity correspondence is a strong-weak du-
ality that allows us to probe strongly coupled phenomena of CFTs using semiclassical string
theory. Studying the gravitational side of the correspondence has suggested new strong cou-
pling results about the dual gauge theory that were later confirmed using other methods such
as localization. Review articles and lecture notes devoted to the AdS/CFT correspondence

include [9-12].

1.1.1 Anti-de Sitter Space

Anti-de Sitter space [13,|14] is the maximally symmetric spacetime with constant negative

curvature and is a solution of the Einstein field equations with a negative cosmological



constant. AdS arises as a solution of gauged supergravity theories [15[16] and in dimensional
reductions of higher dimensional gravity theories [17]. The isometries of AdSyy; can be made
manifest by embedding the spacetime as a hyperboloid in (d+ 2)-dimensional flat space with
metric nap = diag(—1,1,1,...,1,—1). The hyperboloid defining AdS;,; is expressed in

terms of Cartesian coordinates X4 with A =0,1,...,d+ 1 as
napXAXB = —L2, (1.1)

where L is the radius of curvature. In this formulation, the SO(d, 2) isometry group of

AdSg441 becomes manifest.

Having an intrinsic (d 4 1)-dimensional description of AdS,;; is desirable and several

convenient coordinate systems exist. Global coordinates are defined by the transformation

X% =12+ [2sin (t/L), X = \/r2 4 L2cos (t/L),
d (1.2)
i\ 2
(n')" =1,
i=1

X'=rn',

where n’ is a vector parameterizing the (d — 1)-dimensional unit sphere S?~!. The induced
metric obtained from the ambient line element ds? = napdX4dX? is
2 r? 2 r2\ 7 2, .2702

ds® = — (1 + ﬁ) dt” + <1 + ﬁ) dr® +r=dQy_,, (1.3)

where dQ3_, is the line element of the unit sphere S4~'. This choice of coordinate system

covers the entirety of AdS;y;; and makes the time translation and rotational symmetries

manifest. Due to the coordinate transformation (|1.2)), the time coordinate ¢ is periodic with

range 0 < t < 2wL. The physical spacetime is obtained by unwrapping this circle and

allowing the coordinate range to be —oo < t < oo. The conformal boundary in global
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coordinates occurs as 7 — oo and has the topology of a cylinder R x S%!. Gravitational

solutions in global coordinates will therefore be dual to CFTs on spheres.

Another useful set of intrinsic coordinates describing AdS,y is the Poincaré patch defined

by
xo= Lo il
= z
Xd_g(pz_?xz_l)’ b ;(LQ;:CQ 1)7 (1.4)
where 22 = —(2") + Z;.l:(xj)Q and the coordinate range of z is restricted to 0 < z < oo.

For Lorentzian signature, the Poincaré patch only partially covers the spacetime. However,
the patch does cover all of Euclidean AdS,,;. The corresponding metric is conformally flat

and takes the form

2
ds® =

d—
= [d2® — (da®)? + (da')* + ... (da""")?] | (1.5)
making the d-dimensional Poincaré symmetry of the {z° 2!, ... 2971} coordinates manifest.
The metric furthermore makes the scaling symmetry z — Az, 2° — A\a®, 27 — A2/ apparent.
The conformal boundary of the Poincaré patch occurs as z — 0 and is given by d-dimensional

Minkowski space where the dual CF'T occurs.

Pure AdS spacetimes are dual to CFTs in their vacuum state. In order to study CFTs
in other states, we must consider asymptotically AdS spacetimes whose metrics approach

that of AdS near their boundaries. A simple example is provided by the AdS-Schwarzschild



black hole

f(r)
) (1.6)

where 7y is related to the black hole mass. In the limit r — oo, we recover AdSg,;
in the global coordinates . As an aside, the (d + 1)-dimensional asymptotically flat
Schwarzschild black hole can be obtained from this solution in the limit of infinite radius of
curvature L — oo. Similar to the asymptotically flat case, charged and rotating asymptoti-
cally AdS black hole solutions exist. In the case of black holes, the dual CF'T is in a thermal
state whose temperature is identified with the Hawking temperature T" = x/2m, where & is

the surface gravity of the black hole [18].

1.1.2 Conformal Field Theory

Conformal field theories are quantum field theories invariant under conformal transforma-
tions. They appear as fixed points of the renormalization group flow, some of which describe
condensed matter systems at criticality. Ordinary quantum field theories can be viewed as
points along the renormalization group flow arising from perturbing some CFT. An intro-

duction to CFTs is provided by [19).

A conformal transformation preserves the form of the metric up to a possibly position

dependent scale factor

ot — Tt
(1.7)
v — gw/ = Q(x)Qg;w-

These transformations preserve angles and the causal structure of spacetime, but not neces-



sarily distances. For d-dimensional Euclidean space with d > 2, the most general infinitesimal

conformal transformation is given by

ot — ot 4 at + w e, + Aot 4 22— 2(x - b)a, (1.8)

where a* is the parameter corresponding to translations, w,, = wj,] to rotations, A to
scaling transformations, and b* to special conformal transformations. A special conformal
transformation can be obtained from an inversion z# — x#/x?  followed by a translation
¥ — x#* — b*, and then finally an additional inversion. In d = 2, conformal transformations

are described by the infinite dimensional set of holomorphic functions.

Using the action of conformal transformations on the spacetime coordinates x*, one can
determine the corresponding generators of the conformal algebra and their commutation

relations. Doing so gives the commutation relations

[Muw Mpa] =1 (nl/pMuU - nupMua + nMO'Ml/p - nVUMHP) 5
[Muw Pp] =1 (anPu - WPPV) ) [Muw Kp] =1 (nVPK# - WpKz/> ) (1'9)

(K, P, =2i(nuD — M,,), D, P, =iP,, D, K,| =—iK

s

where M, and P, are the generators of the special Euclidean group, D is the dilatation
operator, and K, are the special conformal generators. These commutation relations are

isomorphic to the commutation relations of SO(d + 1, 1)

[Jab7 ch] =1 (nbcjad - nacjbd + 77adec - 77deac) s (110)



under the identifications

1
S = My, S = ) (Pu - Ku) )
] (1.11)
Jo10=D, Jou =5 (B + Ky),

with a,b € {-1,0,1,...,d} and n, = diag(—1,1,1,...,1). After a Wick rotation to

Minkowski space, the conformal group becomes SO(d, 2).

Irreducible representations of the conformal group are labeled by their spin s and scaling
dimension A, the eigenvalue of the dilatation operator D. Operators annihilated by K, at
the origin are called primary and transform covariantly under conformal transformations.
Primary operators behave as highest weight states with respect to —A and all states can be
generated by repeatedly applying the momentum operator P, to obtain descendant states.
As can be seen from the conformal algebra , the derivative operator P, acts as a raising
operator for the scaling dimension and K, acts as a lowering operator. Unitarity bounds
restrict the allowed scaling dimensions of operators such as A > (d—2)/2 for scalar operators

other than the identity for which A = 0.

Conformal symmetry strongly constrains the form of correlation functions. For a collec-
tion of scalar primary operators Ox, (), the one-point, two-point, and three-point correlation

functions are fixed up to field re-definitions to be

(On,(2)) =0,
(05108, = s (112)
(Oa,(2)O0a,(y)Onr,(2)) = Cijk

|£E _ y|A72Ak|$ _ Z‘AfZAj‘y _ Z|A72Ai’

where A = A;+A;+ Ay, for operators with non-zero scaling dimension. The dynamics of the



CFT are contained in the collection of scaling dimensions A; and the three-point coefficients

cijk- Operators in a CFT satisfy the operator product expansion (OPE)

Oa,(2)0a,(0) =Y MAC% 04, (0) + 129,04, (0) +...], (1.13)
k

where the sum is over primary operators and the coefficients of the descendant operators
are fixed by conformal symmetry [20]. The OPE is understood to hold inside correlation
functions and operators with spin will also appear in the OPE of two scalar operators in
general. The OPE has a radius of convergence equal to the distance to the nearest operator
insertion other that Oa,(x). Using the OPE, higher-point correlations functions can be
reduced to expressions involving the correlation functions appearing in and their
derivatives. Applying the OPE to a four-point correlation function and decomposing it into
different channels leads to strong constraints on the allowed spectrum and OPE coefficients

of the CFT and forms the basis of the conformal bootstrap approach [20-23].

An important operator present in all CFTs is the symmetric and conserved stress tensor
T,,, with scaling dimension A = d. The stress tensor appears in the Ward identities following
from conformal symmetry and encodes how the theory couples to a background metric.
Conformal symmetry implies the stress tensor is traceless 7' = 0 and constrains the two-

point function to be

(T (@) Too (y)) = 2o = (d = D) (TppTuo + TuoTup)] m (1.14)

where 7, = 0,0, — 1,0 and c is a central charge of the CFT. When coupled to a curved



background metric, the stress tensor suffers a trace anomaly in even dimensions given by

C
d=2: (TV')=-—R,
12
1.15
d=4: (T =——w>— L g e
- <“>_167r2 S 16r2

where a is an additional central charge, R is the Ricci scalar, W,,,, the Weyl tensor, and
E,p0 the Euler density of the background metric. The central charge a also appears in the

three-point function of the stress tensor [24].

Conformal symmetry is compatible with supersymmetry and superconformal field the-
ories (SCFTs) exist in dimensions d < 6 [25]. These theories are invariant under a super-
conformal algebra that contains additional fermionic generators S, that are related to the
conformal generators D and K,. We will be primarily interested in superconformal field
theories arising in three and four dimensions. In d = (2+ 1) dimensions, the superconformal
group is OSp(N]4) and in d = (3 + 1) dimensions, it is SU(2,2|N). The classification of

superconformal groups in other dimensions can be found in [25,26].

1.1.3 AdS/CFT from the Top-Down

The canonical example of the AdS/CFT correspondence is the duality between type 11B
string theory on an AdSs; x S° background and AN/ = 4 Super Yang-Mills theory. The
bosonic symmetries of these two theories can be matched in a straightforward manner. The
four-dimensional conformal group SO(4, 2) and the SU(4) = SO(6) R-symmetry of N' = 4
Super Yang-Mills are realized by the isometries of the AdSs and S® factors, respectively.
This matching of bosonic symmetries further extends to the fermionic symmetries with
both theories invariant under the supergroup SU(2,2|4). After performing a Kaluza-Klein

reduction on S°, the SU(2,2|4) representations of the type IIB fields were matched to the



spectrum of operators in AN/ = 4 Super Yang-Mills in [27]28]. By studying the near-horizon
limit of a stack of NV coincident D3-branes, Maldacena showed that the parameters of the
two theories are related by

2
L* = a'?gE N, gs = gZ—WM, (1.16)

where L is the radius of curvature for both the AdS; and S° factors, (2ra’)™! is the string
tension, gy, the Yang-Mills coupling constant, N the number of colors, and g5 the string
coupling [4].

Type IIB supergravity is a good approximation to type IIB string theory when higher
derivative corrections proportional to powers of o/ can be ignored. This requires o < L? or
equivalently large 't Hooft coupling g%,,N > 1. Quantum effects in type IIB supergravity
will be suppressed for g, < 1 or g¥,;, < 1. Therefore, classical type IIB supergravity will
be a good approximation to N’ = 4 Super Yang-Mills in the limit of large 't Hooft coupling
and many colors. By studying type IIB supergravity in this limit, it was conjectured that
the radiative corrections to the three-point coefficients of a class of chiral primary operators

vanished. This conjecture was later confirmed and represented one of the first new results

about N' = 4 Super Yang-Mills obtained from the AdS/CFT correspondence [29-34].

1.1.4 AdS/CFT from the Bottom-Up

The AdS/CFT correspondence provides a mapping between classical fields in the bulk and
operators in the dual CFT. The boundary values of the bulk fields determine the one-point

correlation functions and sources of the dual operators [35]. In Poincaré coordinates, the

10



metric of Euclidean AdSy,; with unit radius of curvature takes the form
1
@2:;§w£4wm§+~'+dﬁ), (1.17)

with z > 0. The conformal boundary of Euclidean AdS;; is d-dimensional Euclidean space

and occurs as z — 0. As a simple example, consider a free massive scalar with action

Sbulk[gb] = /dd+1$\/§ (%gm,@“gb@”(ﬁ —|— %TI’LngQ) s (1.18)

where we ignore the backreaction on the metric. By expanding about the boundary z = 0 and

solving the classical equations of motion for ¢, we obtain two linearly independent solutions
¢ = go()27% + dr ()2 + .., (1.19)

where

A= % (d+ V& am?), (1.20)

is the scaling dimension of the scalar operator Oa(z) dual to ¢. Similar formulas relating
the scaling dimension of the dual operator to the mass of the bulk field exist for higher
spin fields. Unitary requires A to be real which implies the Breitenlohner-Freedman bound
m? > —d?/4 [36,]37]. The coefficient ¢(x) of the non-normalizable term 2z%~2 is identified
with the source of O () and appears in the CFT action as [ d%x ¢o(z)Oa(x). The coefficient
¢1(x) of the normalizable term 22 is identified with the vacuum expectation value (Oa(z)).
By adding interactions such as A3¢® or \4¢* to the action , the operator Oa(x) develops

an anomalous dimension.

Higher-point correlation functions can be computed using the identification of the on-shell

11



bulk action with the CFT partition function [35]
e~ Son-shen[d] _ Zopr = <effdd:r ¢0(w)0A(x)>_ (1.21)

Correlation functions are then given by varying the on-shell bulk action with respect to the

boundary values of the field

5 5 Son—shell [Cb] . ( 1. 22)

(Oa(@1)...Oa(za)) = (—1)"" dpo(x1) " do(zs) $0=0

The two previous expressions are formally divergent and require renormalization. The on-
shell action Synsnen|[¢] diverges due to an integration over infinite space, but can be holo-
graphically renormalized. The action is first regularized by imposing a cutoff z > e and
then renormalized by adding covariant, local counterterms on the boundary z = € to ab-
sorb divergences [38,/39]. Generically, the divergences are of the form 1/€*, but for even
dimensions d there are logarithmic divergences (log€)" related to the trace anomaly [40]. In
addition to the counterterms, the Gibbons-Hawking-York term [41],42] must be included in
the regularized action in order to maintain the variational principle. Taking the limit € — 0

then gives finite correlation functions and on-shell action.

In addition to correlation functions of local observables, the AdS/CFT correspondence
allows us to compute non-local quantities such as the entanglement entropy which is of
interest in condensed matter systems and quantum information theory. The entanglement
entropy is a measure of the amount of entanglement occurring between two subsystems.
Given a bipartite Hilbert space H = H 4 ® Hp and a state specified by the density matrix p,

the reduced density matrix p4 describing solely the subregion A is obtained by tracing out

12



the degrees of freedom contained in B
ﬁA = trp [3 (123)

Even if the state p is pure, the reduced state p, is generically mixed. The entanglement

entropy Sa of region A is then given by the von Neumann entropy
SA = —tr /3A logﬁA. (124)

For quantum field theories, the entanglement entropy diverges due to the short range correla-
tions between degrees of freedom near the boundary of A and B. In two-dimensional CFTs,
the entanglement entropies of vacuum and thermal states have been computed by making

use of the replica trick and exhibit a universal form proportional to the central charge [43,/44].

Entanglement entropies can be computed holographically through the AdS/CFT corre-
spondence using the Ryu-Takayanagi prescription [45,/46]. The leading contribution to the

entanglement entropy of a subregion A in the CFT is given by the expression

B Area(vya)

S
A 4GN )

(1.25)

where v,4 is an extremal codimension-two bulk surface intersecting the boundary on 0A
such that v, is homologous to A. If multiple surfaces satisfying these criteria exist, the
surface with minimal area is chosen. The Ryu-Takayanagi prescription is reminiscent of
the Bekenstein-Hawking formula for the entropy of a black hole [47]. Intuitively, the en-
tangling surface v, acts as a horizon shielding the region A from the rest of spacetime.
The Ryu-Takayanagi prescription gives a divergent entanglement entropy due to the surface

~v4 stretching to the infinitely distant boundary. This prescription satisfies the property of

13



strong subadditivity |48] from which many properties of entanglement entropy can be de-
rived. Using the AdS/CFT correspondence, this holographic prescription was proven in [49],

where additional subleading corrections were found.

1.2 Supergravity

Supergravity is the supersymmetric extension of Einstein’s theory of general relativity. In ad-
dition to the massless spin-2 graviton, all supergravity theories contain at least one massless
spin-3/2 superpartner called the gravitino. These gravitinos can be viewed as the gauge field
associated with local supersymmetry transformations. The number of gravitinos present is
determined by the amount of supersymmetry. Supergravity theories may also contain addi-
tional fields such as vectors, fermions, and scalars that necessarily form supermultiplets of the
relevant supersymmetry algebra. In minimal supergravity, only the graviton supermultiplet
is present. Matter-coupled supergravities contain additional supermultiplets such as chiral,
vector, hyper or tensor multiplets in addition to the graviton multiplet. An introduction to
supergravity is provided by [50].

Although supersymmetry improves the ultraviolet behavior of scattering amplitudes in
the quantized theory, supergravity theories are still non-renormalizable. In the following, we
treat supergravity as an unquantized classical field theory. For a purely bosonic background,
the condition of unbroken supersymmetry is determined by the vanishing of fermionic su-
persymmetry variations. These are first-order differential equations that can be simpler to
solve than the second-order equations of motion. The supersymmetry equations imply a a
subset of the equations of motion and spacetimes satisfying the supersymmetry conditions

often satisfy all the equations of motion.

14



1.2.1 Minimal D =4, N =1 Supergravity

Supergravity theories are specified by the spacetime dimension, type of supersymmetry, and
the presence or absence of coupled matter multiplets. One of the simplest and most familiar
supergravity theories is minimal D = 4, N = 1 supergravity [51]. Both chiral and vector
multiplets can be coupled to this minimal supergravity. The only fields present are a graviton

e;, and a Majorana gravitino ¢,. The frame field e}, is related to the metric g,, by

Guv = 6,36?/%177 (1'26)

where 7,, is the Minkowski metric. By convention, curved/spacetime indices are denoted
by Greek letters and flat/tangent space indices by Latin letters with both ranging over four
possible values. Curved and flat indices are raised/lowered with the metrics g, and 7g,
respectively. In order to write the action or discuss spinors in curved space, it is necessary

to introduce the Clifford algebra

Ya Vo + Vo Va = 277ab7 (127)

where v, are complex four by four matrices. By convention, gamma matrices with multiple
indices are antisymmetrized with weight one such as Ya = Y = 3(Ya% — WVa). The

curved gamma matrices 7, are related to the Clifford algebra basis 7, through the vielbein
by V. = €%a-

The supergravity action is given by

B 1
T 2K2

S / a7 (B — 6" Dty — = (570) (G + 200
16 (1.28)

b3 (un?) (,07) ),

15



where D, = 0,4, + iwzb%blpy and wzb is the torsion-free spin connection defined by the
structure equation de® + w% A €® = 0. The first two terms appearing in this action are the
Einstein-Hilbert and Rarita-Schwinger Lagrangians describing spin-2 and spin-3/2 fields,
respectively. The presence of the additional four-gravitino interaction terms are required by

supersymmetry. The action is invariant under the N = 1 supersymmetry transformations

a 1 —.,a
56u = 56’)/ Yy,
(1.29)
5 o a 1 ab Kab

Vu = M€+Z (wu T, ) Yave,

with €(z) a Majorana spinor. In the above, the variation of the gravitino includes torsion
with

1. - _ _
K,uz/p = _Z (%%T/Ju - %’Wﬁp + prun) . (130>

We will be interested in classical solutions for which all fermionic fields vanish and there-
fore the torsion vanishes as well. The gravitino variation then takes the form of a gauge
transformation and shifts by a covariant derivative. For supergravity theories in general,
the variation of bosonic (fermionic) fields only involve fermionic (bosonic) fields for classical

solutions.

A solution is called supersymmetric if there exists a Majorana spinor €(x) such that
all supersymmetry variations vanish. For a classical solution, the variations of all bosonic
fields automatically vanish. The amount of unbroken supersymmetry is then determined by
the number of linearly independent Majorana spinors €(x) such that d¢, = 0 and can be
expressed as a fraction of the total number of real supercharges. Minkowski space which
has vanishing spin connection is a maximally supersymmetric vacuum of this theory with

e(x) = € a constant Majorana spinor.

Motivated by the AdS/CFT correspondence, we will be interested in supergravity theories
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with a supersymmetric AdS vacuum. A simple modification of the theory (1.28]) given by

- 1
Dy — Dy =D, — BYALE (1.31)

leads to a theory with an AdS vacuum with radius of curvature L [52]. Ignoring four-gravitino

interaction terms, the action is given by
1 4 T wp L 6
S = 22 d'zy—g | R =" Dy, — Z@/);ﬁ Yy + 72 ) (1.32)

where a negative cosmological constant has been added to maintain supersymmetry. The

action is invariant under the N = 1 supersymmetry transformations

a 1— a
ey, = 57 Yy,
. ) (1.33)
0, = 0,6+ szb%be — Z’yue,
and contains a mass-like term for the gravitino with m = L~!. In the AdS, vacuum,

however, the equations of motion for the field v, are those of a massless particle [53]. AdS,
is a maximally supersymmetric vacuum of this theory and the supersymmetry parameter

€(z) was found in [36].

1.2.2 Higher Dimensional Supergravity Theories

The largest spacetime dimension permitting the existence of a supergravity theory with one
timelike direction is D = 11 [54]. Theories with N = 1 supersymmetry in larger spacetime
dimensions have more than thirty-two real supercharges. After dimensional reduction to
D = 4, these theories would lead to interacting theories of massless particles with spin greater

than two for which no consistent interactions are known [25]. The D = 11 supergravity
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theory can be viewed as the low energy effective field theory of M-theory. The theory
contains a three-form field A,,, under which the M2-brane and M5-brane are charged. The
maximal D = 11 supergravity is fixed and does not contain any matter multiplets or possible
modifications such as a cosmological constant. Similar to the D = 11 theory, type IIA and
IIB supergravity in D = 10 are the low energy effective theories of type IIA and IIB string
theory, respectively. Both theories contain higher-form fields under which the relevant branes

are charged.

By performing a Kaluza-Klein reduction of these higher dimensional theories, one can
generate many lower dimensional supergravity theories. This procedure will lead to an
infinite tower of Kaluza-Klein modes for each higher dimensional field. As a simple example,
consider the dimensional reduction of a free complex scalar field ¢ on R*P~2 x S where the
circle has radius R. If we parameterize the circle by y with 0 < y < 27 R and expand the

scalar in modes

o(a!,y) = Z e/ By (1), (1.34)

k=—o0
the D-dimensional Klein-Gordon equation (p — m?) ¢(2#,y) = 0 reduces to

2
(DD_l S m2) o) = 0, (1.35)

for each mode k. The higher dimensional scalar field ¢(z*,y) has given rise to the infinite
collection of lower dimensional scalar fields ¢y (x#) with masses m? = m? + k?/R?. Similar
results apply to reductions on spheres S™ where the scalar field is expanded in the relevant
spherical harmonics. The reduction of non-scalar fields proceeds similarly and leads to a
collection of lower dimensional fields transforming in multiple representations of the Lorentz
group. For example, the S! reduction of a D-dimensional metric includes fields transforming

as a (D — 1)-dimensional metric, vector, and scalar field.
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In special cases, one can consistently truncate this infinite tower of Kaluza-Klein fields
to some finite subset. For example, the maximally supersymmetric AdS; x S7 Freund-
Rubin vacuum of D = 11 supergravity and the AdSs; x S® vacuum of type IIB supergravity
lead to the maximally supersymmetric SO(8) and SO(6) gauged supergravity theories in
dimensions D = 4 and D = 5, respectively [55-59]. In order for this to be possible, the
surviving fields may not appear as sources for the removed fields in the equations of motion.
Determining the reduction formulas for how the higher dimensional fields descend into the
lower dimensional fields is highly non-trivial. When a consistent truncation exists, solutions
of the lower dimensional theory can be uplifted to the higher dimensional theory. Finding
solutions in lower dimensional supergravity theories is often convenient due to the ability of
choosing simpler ansatze. Even if the lower dimensional theory is not a consistent truncation,
it is still worthwhile to study its solutions which can teach us about strongly coupled CFTs

and potentially provide a guide for constructing higher dimensional solutions.

1.2.3 Gauged Supergravity

Motivated by the AdS/CFT correspondence, we will be interested in gauged supergravity
theories with an AdS vacuum. In a gauged supergravity theory, a cosmological constant or
scalar potential must be added to the Lagrangian in order to maintain supersymmetry. A
supergravity theory is considered gauged if a subgroup Gg of the global symmetry group G
is gauged. If the lower dimensional theory is a truncation of some higher dimensional theory,
the gauge group can arise from the isometries of the compactified manifold. For example,
type IIB supergravity on the AdSs x S® vacuum can be truncated to maximal SO(6) gauged

supergravity in D = 5.

A simple situation in which a supergravity theory can be gauged is provided by minimal
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D = 4,N = 2 supergravity [60]. The field content of this theory is a graviton e, two
Majorana gravitinos ( }L, @bﬁ), and a U(1) gauge field A,. It is convenient to combine the
two Majorana gravitinos into a single Dirac gravitino 1,, = %IL‘FW,%' The R-symmetry of the
D =4, N = 2 supersymmetry algebra is SU(2). If the vector A, gauges a U(1) subgroup of
this SU(2), the Dirac gravitino v, becomes charged and in order to preserve supersymmetry
of the action, a negative cosmological constant must be added to the Lagrangian. In this

gauged theory, AdS, is a maximally supersymmetric vacuum.

In supergravity theories with sufficient supersymmetry, the scalars parameterize a sym-
metric space G/H where G is a non-compact global symmetry group and H is its maximal
compact subgroup. For theories with large global symmetry groups G, it is convenient to
specify the gauging through the use of embedding tensors. The embedding tensors project
the full global symmetry group GG down to a subgroup G and explicitly parameterize the
group generators that are gauged. The embedding tensors satisfy consistency conditions of

which several are reminiscent of the Jacobi identity.

1.3 Conformal Defects

Quantum field theories often contain interesting non-local operators in addition to their
usual local operators. Examples include Wilson lines [61,/62] or surface defects [63,/64] in
N = 4 Super Yang-Mills, surface defects in six-dimensional (0,2) theories [65], and confor-
mal defects in two-dimensional CFTs [66,67]. These extended objects can serve as order [6§]
or disorder parameters [63] classifying the phases of the theory and are capable of prob-
ing non-perturbative phenomena. A special class of non-local operators in CFTs known as
(super)conformal defects preserve a subgroup of the (super)conformal symmetry. The cor-

relation functions of local operators in the presence of conformal defects can be calculated
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holographically through the AdS/CFT correspondence.

1.3.1 Non-Local Operators in Gauge Theory

SU(N) gauge theory in d = 4 contains both electric and magnetic gauge-invariant line oper-

ators. For the electric case, the Wilson line operator [69] is given by

W(C) = Tr P exp <z fo A#dx“) , (1.36)

where P denotes path-ordering, C'is a closed loop, and A, is the gauge field in an irreducible
representation R of SU(N) that is not necessarily the adjoint representation. The Wilson
line is an an electric operator since it is constructed from fundamental fields appearing in
the path integral. It can be thought of as creating a loop of electric flux and serves as an
order parameter for confinement. In a confining phase, the expectation value of the Wilson

line operator behaves as

log (W (C)) = —o Area(C), (1.37)

where Area(C') is the area of the minimal surface with boundary C' and o is some constant

with units of inverse area. In the Higgs phase, the expectation value takes the form
log (W(C')) = —u Length(C), (1.38)

where Length(C) is the length of the loop C' and p has units of inverse length.

't Hooft operators [70] are the magnetic dual of Wilson lines and correspond to the
insertion of a magnetic monopole. They can not be constructed from the fundamental fields
appearing in the path integral as was the case for Wilson lines. 't Hooft operators can be

inserted into correlation functions by specifying the singularities of the integrated fields that
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appear in the path integral such as

Ag—>+ g 1—.(30507
d7r  sind (1.39)
g 1+ cosf '
AS s -2 -
¢ Ar  sinf

asr — 0 for a U(1) gauge field. In the above, g is the charge of the magnetic monopole located
at the origin r = 0 in spherical coordinates ds? = dr? 4+ r?(df#?* +sin® 0 d¢?). The superscripts
N and S refer to the northern and southern hemispheres, respectively. The gauge field A,
differs by a gauge transformation between the northern and southern hemispheres. Since the
insertion of a 't Hooft operator creates singularities in the fundamental field A,,, it is known

as a disorder operator.

Surface or codimension-two operators in d = 4 gauge theories are special as they can
be both electrically and magnetically charged due to electromagnetic duality [71]. Surface
operators can be thought of as probing a theory with charged strings. Since the field strength

F'is a two-form, it can be integrated over a surface ¥ and inserted into the path integral in

exp (m /E F) (1.40)

for a U(1) gauge theory with F' = dA analogous to Wilson lines (1.36). For ¥ an infinite

the gauge-invariant form

plane, it is convenient to choose coordinates

ds® = da? + das + dr® 4 rdf?, (1.41)

with z1, x5 parallel to ¥ and 7,6 polar coordinates around ¥. The surface operator will be
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magnetically charged if we integrate over fields in the path integral with the singularity

A= adb, (1.42)

where d(df) = 27§(D) is the two-form Dirac delta function supported on ¥. The classifi-
cation of 1/2-BPS surface operators in N’ = 4 Super Yang-Mills was performed in [64] and

depends on additional parameters § and v related to singularities appearing in the scalar

fields.

1.3.2 Conformally Invariant Extended Operators

Due to their non-local nature, it is possible for extended operators to preserve a conformal
subgroup. A p-dimensional conformal defect is an extended operator in a d-dimensional CF'T

that produces the symmetry breaking pattern

SO(d,2) x G — SO(p,2) x SO(d — p) x H, (1.43)

where SO(p, 2) and SO(d — p) are the preserved conformal and transverse rotational sym-
metries of the defect, respectively. The CFT may also be invariant under some flavor or
R-symmetry group G that is broken to a subgroup H C G. If the CFT is supersymmetric
and the defect furthermore preserves a superconformal subgroup, it is called a superconfor-
mal defect. As an example, 1/2-BPS superconformal surface operators in d = 4, N = 2

SCFTs induce the symmetry breaking pattern

SU(2,2|2) — SU(1,1[1) x SU(1, 1]1) x U(1), (1.44)

corresponding to (2,2) supersymmetry in d = 2 [72].
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The conformal defect can be extended along a plane or sphere, but we will focus on
the planar case. Following the notation of [73], let ] and x' be the coordinates parallel
and perpendicular to the defect, respectively. The defect contains local operators @ A, ()
satisfying the properties of a p-dimensional CFT and forming representations of the SO(d—p)
global symmetry. In particular, the defect scaling dimensions A, are independent of the bulk
scaling dimensions A; and represent additional data. When a bulk operator is brought near

the defect, it satisfies a bulk-to-defect OPE of the form
(’)A(xH,xl) = %OA(QJH) + ..., (1.45)
1

where the bulk-to-defect coefficients b5 further characterize the defect. Using this OPE,
the bulk operators can acquire one-point expectation values in the presence of the defect
given by

(Oa (a1,2.)) = %% (1.46)

where 1 is the identity operator on the defect with A=0.

Correlation functions involving bulk and defect primaries are constrained due to con-
formal symmetry. Using the embedding formalism, one can show the two-point correlation
functions of a bulk and defect primary are fixed by conformal symmetry up to a collection
of coefficients [73]. In the embedding formalism, one maps d-dimensional Euclidean space
to the light-cone

P-P=0, (1.47)

of (d+2)-dimensional Minkowski space where the conformal group SO(d+ 1, 1) acts linearly.
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To remove the remaining redundancy, points differing by a rescaling are identified under
AP ~ P, A >0, (1.48)

which is compatible with the restriction to the light-cone. Since the conformal symmetry
acts linearly on the embedding space P, it is then possible to write down all the tensor
structures allowed by conformal symmetry. After these tensor structures are known, they

can then be projected back down to the original physical spacetime.

1.3.3 Holographic Realization

Conformal defects can be constructed and studied holographically using the AdS/CFT cor-
respondence. Motivated by the symmetry breaking pattern ([1.43)), a conformal defect will

be dual to a warped product of the form
ds* = fi(r)dsias,., + f2(r)dQ_,  + fa(r)dr?, (1.49)

such as the Janus ansatz [74]. The isometry group of this spacetime matches the preserved
conformal and rotational symmetries of the defect. If the defect preserves additional flavor
or R-symmetries, these can be realized geometrically as the isometry group of some compact
space or global symmetry of bulk fields. Superconformal defects will correspond to spacetimes

of this form with the relevant amount of unbroken supersymmetry.

As an example, codimension-one operators in A/ = 4 Super Yang-Mills can be described
by the insertion of an AdS, x S? probe D5-brane in the AdS; x S% vacuum of type IIB
supergravity [75]. Outside of the probe approximation, one must take into account the

backreaction of the branes on the metric and solve the full set of supersymmetry equations.
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These solutions were found in [76] as a product of AdS, x S? x 5% warped over a Riemann
surface ¥ that preserves sixteen of the thirty-two supersymmetries. Additional supergravity

solutions corresponding to superconformal defects in various theories include [77-88].
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CHAPTER 2

Minimal D =4, N =2 Gauged Supergravity

Four-dimensional AdS gravitational theories with gauge fields and scalars have been used
to model many strongly coupled three-dimensional condensed matter systems including su-
perfluids and superconductors, see e.g. [89-91]. A simple model for strongly coupled three-
dimensional CFTs is four-dimensional AdS Einstein-Maxwell theory. The presence of a
gauge field allows the construction of charged defect solutions which on the CFT side cor-
responds to turning on a position dependent chemical potential for the charge dual to the
gauge field. Such solutions were constructed in [92] and for general forms of the chemical
potential, it was found that the solutions break conformal invariance. However, for a special
choice of the gauge field there is the possibility to preserve an SO(2,1)x SO(2) subgroup of

the three-dimensional conformal group SO(3,2) and such a solution is of the Janus type.

The goal of the present chapter is to construct four-dimensional conformal defect solu-
tions in gauged N = 2 supergravity. In Section , we embed the solutions [92] into minimal
N = 2 gauged supergravity [60] and generalize the solution to have both non-trivial electric
and magnetic fields. In Section we analyze the BPS conditions for the conformal defect
solution and show that there is a clash between supersymmetry and regularity of the geome-

try. We show that the solution breaks supersymmetry if we demand that there is no conical
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singularity present in both the bulk metric and the boundary metric. In Section [2.3] we
prove that a more general ansatz for a conformal defect starting with an AdS, factor warped
over a Riemann surface Y with boundary reduces to the ansatz used above, i.e. supersym-
metry implies the presence of an additional U(1) isometry and hence the spacetime reduces
to AdS, x S' warped over one spatial coordinate. This result is in line with classification
theorems found in [93,094]. In Section 2.4 we summarize the results of this chapter. We

present our Clifford algebra conventions and basis for AdS, Killing spinors in Appendix [A]

2.1 Dyonic Conformal Defect Solution

The action for Einstein-Maxwell theory with a negative cosmological constant is given by

1 1 3
S = /d4ﬂf\/ —g <ZR — ZFI»WFMV + ﬁ) s (21)

with the equations of motion taking the following form

- 3
Ry, —2(FF,, — igqupon )+ ﬁguv =0,

Ou(V/=gF"™) = 0. (2.2)

The conformal defect solution in the boundary CFT exhibits an SO(2,1)x SO(2) isometry
which can be realized by taking an AdS, x S! space warped over a radial coordinate. We

construct the most general solution which is asymptotically AdS, and has non-zero electric
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and magnetic components in the field strength F),,

L? —dt* + dn? A2 dy?
ds?® = p? + 2 f(y)do?® + : 2.3
e G WA Ty 29
L
A= Tadt + LABy2do, (2.4)
A2 A1
f)=3=3" +y" = 51—y + 5+ 5 (1 -4 (2.5)
This solution is that of the analytically continued Reissner-Nordstrom black hole [93]
2 2 2 79 di? 2
ds* = ¢ (Agr*dv® + 2dvdr) + + P(¢)de?,
() 26
F=adrAdv+ by 2dy A do,
with P(¢) = Ag — ¢(2¢)7! — (a® + b*)yp=2 — A+? /3 under the identifications
Ay = —,0_27
oo 2= N e+ 7))
ASp? ’ (2.7)
a=ap?
b=p,

for ™' = A\(1 — y?) and L = 1. The condition that at y = 0 the space closes off smoothly

without a conical deficit, imposes the condition

4 2

A A
o (o + B%p") =2X + i 3, (2.8)
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on the four parameters «, 5, p and A. With this condition imposed, the function f only
depends on p and A

fly) =3—=3y"+y* - 2—2(1 — 9?4+ (2/\ + 2—2 — 3) (1—y?)3. (2.9)

In general, there is an allowed parameter range for p and A outside of which the function
f(y) develops a zero in the range [0, 1] and the solution becomes singular. For example, the
allowed parameter range for \ is given by 1 < X < 4.43 for p?> = 1. The choice A = p =1
corresponds to the AdS, vacuum with vanishing electromagnetic fields in an AdS, x S?
slicing. As we shall see in the next section, solutions with p? # 1 correspond to boundary

spaces with a conical defect.

2.1.1 Holography

The conformal boundary of the metric (2.3) is located at y = 1, but the metric is not in
Fefferman-Graham (FG) form. However, it is straightforward to construct a FG coordinate

z near the boundary as a power series solution to

dz _ —2dy (2.10)

(=)

This equation can be solved perturbatively to yield

2 2)\2_ 2 32)\4 2 2 4 8)\2 2_17 4
y=1_a P (a? + B°p") + 8X\%p Pl

= o(z° 2.11

and the metric (2.3]) becomes
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dz? L?

ds?® = LZ? + ?<g§?) + z2gg) + zsgi(f) + 0(24)>dxidxj, (2.12)
with

i 1 —dt* + dn?
gz-(](-))dx dv’) = Y5V] <P2T + d¢2> ;

- 1 [ —dt? +dn?  d¢?
gi(]?)dxzdxj = _< j o 92)7

2 U P
40,2 1 B2 4 2 2 4 2 2

() gyiges — 2ANQTH BT + X" —ph) (dtE —dy” | 2, 913
9;; dv'dx 027 pe +p2 o). (2.13)

Following the standard holographic dictionary, ¢(® is the metric of the AdS, x S* boundary
and ¢ is determined by ¢(®. Note that for p?> # 1, the boundary is conformal to R"? with a
conical defect at 7 = 0. The next term in the FG expansion ¢® determines the expectation
value of the stress tensor. Since we have an odd-dimensional boundary, there is no conformal

anomaly and

3 ®3)
T, e 2.14
< J> 167TGN9” ( )

Note that the stress tensor is indeed traceless in agreement with conformal symmetry. The

near boundary behavior of the gauge field in FG coordinates is given by

A= %dt + LAB(1 — 22)dg + O(2?). (2.15)

The standard holographic dictionary for a gauge fields identifies the 2" term as a source and
the 2! term as an expectation value of the dual current j, in the CFT. As discussed in [92],

the first term in (2.15) can be interpreted as a chemical potential for the current. After a
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conformal transformation from AdS, x S to R'?, it takes the form pu(r) = Lay/r. This
corresponds to a point charge defect localized at the origin r = 0. The second term in ([2.15))
can be interpreted as a source and expectation value of j¢ [95-98]. As in [92], the entan-
glement entropy of the defect can be analyzed using the Ryu-Takayanagi prescription [45].
Extremal surfaces centered on the defect at n = 0 are given by n = ny. The entanglement

entropy of a region defined by n < 7y is given by

= [ avdy o - L7 /yAd i (2.16)
_4GN ) gdxbgyy_)\GN 0 y<1_y2)27 .

with yp ~ 1 a UV cutoff. Note, the entanglement entropy S does not depend on 7. We can

study the entanglement entropy of the defect alone by considering the quantity
AS = S5(\) = S(1). (2.17)

Matching the circumference of circles near the asymptotic boundary requires A(1 — 43) =

1 — y3 and leads to a defect entanglement entropy of

w2 1
AS = STeN <1 - X) ) (2.18)

2.2 Minimal Gauged Supergravity

The field content of minimal D = 4, N = 2 gauged supergravity consists of a graviton g,,,
a pair of Majorana gravitini ( }H wi), and a photon A,. The Einstein-Maxwell action |)

is the action of the purely bosonic sector. The full action includes the additional fermionic
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terms

1

1- i A\ MV 1 -
R . —_ pnvp _ po . Ny
\/_—g<£1/1 + Elnt) 2¢H’y Dlﬂ/}ﬂ (F + F) 1/}[)’7[/17 7V]¢U + 2L1/};L’Y 2/}1/7 (219>

8

with gauge covariant derivative D, = 9, + %b . A In the above, the gravitini have
been combined into a Dirac spinor ¢, = wi + M/)i with charge e = 1/L and FW is defined
by F w = Fl, — Im(zﬂuwy). For classical solutions, 1, = 0 and the condition for unbroken

supersymmetry of the background is the vanishing of the gravitino supersymmetry variation
0 = Ve = (Op + 2w,y — LA, + 5o + SFuy®y,) e = 0. (2.20)
Given the AdS, isometry, we decompose the Killing spinors as a tensor product
G_Zd}k (tm) @ Xy (y, ), (2:21)
where w,(f) satisfies the AdS, Killing spinor equation

L. s
(8 + w“”%ﬁ w) v =0, (2.22)

with hatted indices denoting AdS, directions. Integrability requires x> = 1 and for each &
there are two linearly independent solutions labeled by k. A Clifford algebra basis adapted to
this decomposition and the explicit form of w,:f can be found in Appendix . Multiplying the
AdS, Killing spinor equation by the chirality matrix 7, shows we can choose w,f to satisfy
’y*w,f = ;7 which will be needed in the reduction. The reduction will give identical and
decoupled equations for k = 1,2 so any solution is automatically 1/2-BPS. In what follows,

we drop the subscript k.
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Applying the reduction to the following combination of BPS variations

X6}

(51/)t — ’}/0151p7, = —?6, (223)

shows that a = 0 and only a purely magnetic solution can be supersymmetric. The AdS,

components of the BPS equation (2.20)) gives

Kl G y2)) _ AL ?/2)214;02 oY ppd ( § ) osxT,  (2:24)

2 2p ALy C4p dy \ 1 — 2

which requires y* o |j:>y modulo the discrete symmetry A — —\ and xy* — o3x*. We
therefore choose x* = h(y)e™?/? H:>y with n € Z. The ¢ and y components give the

algebraic and differential equations

n 1 VIA—y*) d (yJ/f VIA—v?) yf
———A — hy=|—"——"A, &+ ————— | h
(2 LT T g \1—2) )" iL T o —gy)
dh ( 1 A(L—3?) )
AR + A, ) he,
dy VIQ=y) " 2LyyT )T
(2.25)
respectively. These equations are solved by
2 2 _ P
hi +hZ = =2
. (2.26)
h: —h% =X+ 5/))\ (n—p") (1 -9,
subject to the conditions
A=2n+p7")7
(2.27)
48 =n?—p=2.

34



Thus we have a family of supersymmetric solutions labeled by the parameters n and p. The

conditions of no conical defect in the bulk (2.8))

2
>\452:2)\+)\—2—3,
p

and no conical defect in the boundary ([2.13])

are mutually incompatible with the constraints from supersymmetry (2.27)) with the excep-
tion of vacuum AdS,; with A = p =n =1 and f = 0. Thus a non-trivial supersymmetric

solution must either have a conical defect in the bulk at y = 0 or in the boundary at n = 0.

2.3 Emergence of U(1) Isometry

A more general ansatz incorporating a Riemann surface ¥ is given by

—dt* + dn?
ds* = L*p(z, 2)* (#) + L*f(z, 2)* dzdz,
" (2.28)

A=A,(z,2)dz+ As(z,2)dz.

Applying the Killing spinor decomposition to the AdS,; components of the BPS equa-
tions (2.20]) gives the projection conditions Xt =hi(z,2) |£) , modulo a discrete symmetry.
In what follows, we drop the subscript k since identical equations hold for £ = 1,2. The
solution will therefore automatically be 1/2-BPS. As before, a component of the gauge field

of the form A;(n) is inconsistent with the BPS equations. The Riemann surface components
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of the BPS equations 0¢, = d1; = 0 give

oh, 10f i (1 i [0A. 0A. B

G- 9y A —o, (2.30)

+ —A.h, =0, (2.31)

Oh_ 1 0f- - (1 i (0A. 0A:\\; _
B tapat ik i (5o (e ) )= e

Equations (2.30]) and ([2.31)) can be solved to yield

i 0 h_ 0 N4
Ta = L2y 2 Dy () 2.33
- (57) - () 23
This implies we must have
hih_ = g1(2)f, (2.34)
for some anti-holomorphic function g;(2). Taking the linear combination A (2.29)+ A _ (2.30)

+ hy(2.31) + h_(2.32) gives

0 .
91(2) 5 (1> + h_[?) = ilh Pl P, (2.35)

where we have used (2.34) and f = f. Taking the linear combination h (2.29) — h_({2.30)
Ty @31) - h_(232) gives

0 9 N -0 0 |h_|?
52 (|hs > = |ho]?) = Zgl(z)(?z 5 In (|h+|2 : (2.36)
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which can be integrated in z. To obtain this equation, one needs to make use of both ([2.33))

and (2.34)). Setting v = |h,|?, v = |h_]?, and then integrating and complex conjugating the
g +

previous equation gives

01(2) - (u+v) = i,

E ~

u—v+ig(z) " o

for some holomorphic function go(2). After performing the change of variables

and change of coordinates defined by ¢,(z) = dz/dw, equation (2.37)) becomes

ai (2eX cosh Y) = jeX,

w
2¢X sinh Y — Qia—y = de(U)).
ow dw
Reality of X and Y requires
e R L R et R
Z8w+alw Zaw+dw’

which is solved by

Solving for eX using the second line of (2.39) and substituting into the first gives
g

(09N, dg0y 0%
0= (a—w> + Z%a—w — sinh (’L(gg — 92) —+ 2y)w
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Forming the combination (2.42)—([2.42) gives

(dga  dga\ Oy
— ———= ] =—==0. 2.43
! (dw du‘;) ow (2.43)
This equation is solved by go(w) = aw + b with a € R. The case 07/0w = 0 corresponds to
the field strength vanishing identically. Thus, all the fields are only a function of w —w x y.

The Riemann ansatz simplifies to

+ L2 f(y)* (do® + dy?),

—dt® + dip?
ds® = LZp(y)Z<—2 k )

(2.44)
A= Ay)do.

This ansatz is simple enough to use the Einstein-Maxwell equations directly. The ¢ compo-

nent is the only non-trivial component of Maxwell’s equation and is solved by

fly) = clpw%. (2.45)

Next, the difference of the ¢ ¢ and yy components of Einstein’s field equation is solved by

dA — 20(y)
dy ’

(2.46)

Thus, we only have 1 unknown function p(y) and solving the BPS equations will recover
the previous magnetic defect solution. In summary, we showed that a more general ansatz
of an AdS, factor warped over a Riemann surface reduces to AdSs x S' warped over a

one-dimensional interval.
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2.4 Discussion

In the present chapter, we investigated the question of whether supersymmetric conformal
defect solutions exist in four-dimensional AdS gauged supergravity. We considered a simple
ansatz where the four-dimensional geometry is given by an AdS, x S! factor warped over
a single coordinate with non-trivial electric and magnetic field components. For minimal
gauged supergravity without additional matter multiplets, the most general solution of the
equations of motion are double analytic continuations of black hole solutions. We showed
that no supersymmetric solutions other than AdS, exist if we demand the absence of a conical
defect in both the bulk and boundary metrics. An interesting question is whether a more
generalized setup allows for supersymmetric solutions with a non-singular geometry. Two
possible generalizations include adding vector multiplets or hypermultiplets and considering
a non-abelian gauging of their scalar manifold isometries. In the subsequent chapter, we

consider coupling vector multiplets in an attempt to remove the conical singularities.
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CHAPTER 3

Matter-Coupled D =4, N = 2 Gauged Supergravity

In this chapter, we consider matter-coupled D = 4, N = 2 gauged supergravity. We construct
1/2-BPS supergravity solutions which are dual to line defects in three-dimensional N' = 2
superconformal field theories. The metric ansatz is given by AdS, x S! warped over an
interval. The examples appearing in this chapter are generalizations of the solution in the

previous chapter and are free of conical singularities.

The structure of the chapter is as follows. In Section [3.1} we review our conventions for
four-dimensional N = 2 gauged supergravity coupled to vector multiplets. In Section [3.2]
we give a general solution describing a 1/2-BPS line defect, obtained by a double analytic
continuation of the black hole solutions first found by Sabra [99]. Since the behavior of
the vector multiplet scalars can only be determined implicitly, we consider three examples,
namely a single scalar model, the gauged STU model, and the SU(1,n) coset model to obtain
explicit solutions. In Section [3.3] we use the machinery of holographic renormalization
to calculate holographic observables for the solutions, namely the on-shell action and the
expectation values of operators dual to the supergravity fields. In Section [3.4, we explore
the conditions for a regular geometry and determine their consequences. In Section we

summarize the results of this chapter. Our conventions and some details of the calculations
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presented in the main body of the chapter are relegated to Appendices [B] and [C]

3.1 Coupling of Vector Multiplets

In this section, we review four-dimensional N = 2 gauged supergravity coupled to n vector

multiplets. We use the conventions and notations of [94.]1004/101].

The field content of the gauged supergravity theory is as follows. The supergravity
contains one graviton e}, two gravitinos w;iu and one graviphoton Az. The gravity multiplet
can be coupled to N = 2 matter and in particular, we consider n vector multiplets labeled by
anindex a = 1,2,...,n. Each vector multiplet contains one vector field Aj, two gauginos Af,

and one complex scalar 7*. In this chapter we do not consider adding N = 2 hypermultiplets.

It is convenient to introduce a new index I = 0,1,...,n and include the graviphoton
with the other vector fields as Af, The complex scalars 7% parameterize a special Kahler

manifold equipped with a holomorphic symplectic vector

Z(r
v(T) = (7) , (3.1)
Fi(7)

where the Kéhler potential K(7,7) is determined by

e XD — i (v, 70) = —i(Z1F — Fi 21 . (3.2)

In the models we will consider, there exists a holomorphic function F(Z), called the prepo-

tential, that is homogeneous of second-order in Z such that

Fi(r) = 7 F(Z(7)) . (3.3)

ozt
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The supergravity theory is fully specified by the prepotential F(Z) and the choice of gauging
of the SU(2) R-symmetry. We will choose the U(1) Fayet-Iliopoulos (FI) gauging. The only
charged fields of the theory are the gravitinos, which couple to the gauge fields through
the linear combination &;A!, for some real constants &;. The two gravitinos have opposite

charges +¢¢; for each U(1) gauge factor, where g is the gauge coupling.

The bosonic action is

1 _
e M pos = §R — ga/;@“TO‘aﬁﬁ —V(r,7T)
1 1
+ N I EL = S(ReN)ge e L E (3.4

pv= po

where 87Gy = 1, F}fy = 0,Al — 8,,Al€ are the field strengths, and g,5 = 0,05K is the
Kahler metric of the scalar manifold. We use G, to denote the four-dimensional metric, so

e = v/ —det G . The scalar potential is
V(7,7) = —2¢°6&; (ImN) T -85 21 77 (3.5)

where the kinetic matrix N7; is given by

(ImfIL)(Im.F]K)ZLZK 0 0

Niar,7) = Fio 4 2 g TS gt P G0
This is equivalently defined as the matrix which solves the equations
Fr=Ni27 DaFr = N1yDaZ7 (3.7)
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where D is the Kahler covariant derivative

Dov = (On + 0uK)v
ID@’I_J == (a@ + 3@/@17 5
Dot = 0,0 =0,

D&'U = a@'U =0. (38)
The equations of motion are obtained by varying the Lagrangian ((3.4)

; 1
R = 29,50,7°0,7 + VG + (ImN) 1, (—FI#”FJW + ZFI”“FJW GW) ,
; o1
Ou(eg0s077) = ((aagm)a%ﬁaﬂ — 2 0u(Im )1y FW F, + aav)
1
+ éﬁa(Re./\/')Ue“”p"Fin/;f, ,

1
0=0, (e(ImN)IJFJ“” — 5(ReN )IJE“VPUF[;{,) : (3.9)
The supersymmetry transformations are given in Appendix [B]

3.2 Line Defect Solution

In this section, we give a general solution describing a 1/2-BPS line defect in four-dimensional
N = 2 gauged supergravity and construct the solution for three specific choices of the

prepotential.
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3.2.1 Holographic Line Defects

A conformal line defect in three dimensions is a codimension-two defect which breaks the
three-dimensional conformal group SO(3,2) down to an SO(2,1) x SO(2) subgroup. The
subgroup factors represent the unbroken conformal symmetry along the defect and trans-
verse rotations about the defect, respectively. Minkowski space RY? is related by a Weyl

transformation to AdS, x S!, namely

r2

g2 2
—dt? + dr? + r?d¢? = Q(r)? (M + d¢2) : (3.10)

Hence in the holographic dual, the SO(2,1) x SO(2) symmetry can be realized as the isome-
tries of AdS, x S', which we choose as the boundary of the four-dimensional asymptotically
anti-de Sitter space. Therefore we consider a metric ansatz with AdS, x S! warped over a
radial coordinate. We note that the location of the defect at » = 0 in Minkowski space gets
mapped to the boundary of AdS, in the AdS, x S! geometry. Secondly, the absence of a

conical singularity on the boundary fixes the periodicity of the angle ¢ to be 2.

The superconformal algebras in three dimensions are OSp(N]4) where N'=1,2,...,6,8.
For the CFT dual of four-dimensional N = 2 gauged supergravity, the relevant superalgebra
is OSp(2[4) which has four Poincaré and four conformal supercharges. A conformal line
defect is called superconformal if it preserves some supersymmetry. In the present chapter,
we will consider 1/2-BPS defects which preserve an OSp(2|2) superalgebra and hence four

of the eight supersymmetries.
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3.2.2 General Solution

Four-dimensional N = 2, U(1) FI gauged supergravity admits 1/2-BPS black hole solutions
first found in [99]. The line defect solutions with AdSy x S geometry are constructed by a
double analytic continuation of these black hole solution. The metric and gauge fields are

given by

VH
ds® = rQ\/stidsz + —f(r) ds: + (r) dr? |
r

f(r)=—1+8¢*r*H(r),

1
H(T)1/4 = EGK/ZZIH](T) 5

Hl(r):&—i—%, I=0,1,....n,
Al = (“2H(r) VAR ZT 4 1) dg | I=01,...,n, (3.11)

for some real constants ¢; and p;, where Z! = Z!. Given a prepotential F(Z) and choice of
parameterization of the symplectic sections Z/(7), the scalars 7 are given implicitly by the

equation

_ 1
iHYAM 2 (F — Fp) = EHI : (3.12)

At the conformal boundary where 7 — 0o, in order to have asymptotic AdS, we need 2v/2¢6

to be 2m-periodic, i.e.  ~ 6 4+ 7/v/2g. The AdS4 length scale is then given by

L2 =8¢*H(r = c0)"/? . (3.13)

We will set 8g? = 1 to obtain the usual S! periodicity § ~ 6 + 2.

45



The center of the space r = r, corresponds to the largest value of r where f(r) = 0.
In the black hole geometry, this previously corresponded to the location of the horizon. We
consider radii taking values in the range r € [ry, 00). Demanding a regular geometry requires
r4 > 0 and the absence of a conical singularity, both of which can be accomplished by tuning

the ¢ and & parameters. This is explored in further detail in Section [3.4]

3.2.3 Examples

For a general prepotential, equation (3.12)) is complicated and can only be solved numerically.
Consequently, we work out the line defect solution for three specific prepotentials for which
we can find explicit expressions for the scalars. An important requirement is the existence
of an AdS, vacuum, which not all prepotentials admit, see e.g. [100,102].

As our first model, consider a single (n = 1) vector multiplet with the prepotential
F(Z) = —iZ°Z'. This theory has a single complex scalar 7 and the scalar manifold is
SU(1,1)/U(1). Using the parameterization (Z°, Z') = (1,7), we can calculate the Kahler

potential, kinetic matrix, and scalar potential

ke L
T ot
T 0
N(7,7)=—i ,
0 1/7
1
V(T, 77') = —m(fg + 25051(7’ + ’7’) ‘l‘&%T%) . (314)

The potential has extrema at 7 = ££,/&;, but only 7 = & /&, maintains e* > 0 for & > 0.
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The cosmological constant at this extremum gives the AdS, length scale

L72 == %gogl. (315)

We choose & = 2/&, to set the AdS, length scale to unity. The line defect solution ([3.11])

has the explicit form

vH
ds? = r>V H ds? +id321+_d7«2 ,
AdSso \/ﬁ S ](‘

Fr) = ~1 4+ H()

1
\ H(T’) = §HOH1 y

Hi(r)=&+% .,  1=0.1,
Al = (—%ﬂ/)de, I=0,1. (3.16)
The scalar is given by
. % | (3.17)

We have verified that the above fields obey the equations of motion (3.9)).

For the second model, we choose the STU model given by considering n = 3 vector

multiplets with the prepotential

F(Z) = —2iVZ20721 7273, (3.18)

2

This theory has three complex scalars 71,72, 73 and the scalar manifold is three copies of

SU(1,1)/U(1). When all £ = £ > 0 are equal, this theory is a consistent truncation of

N = 8 gauged supergravity [103,/104]. For reference on this model, see [105]. Using the
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parameterization (Z°, 21, Z% 73) = (1,773, 7173, 7172), the Kihler potential is

= 1
K(7,7) _ 1
© (TP + 7Y (2 + 72) (3 + 78) (3.19)

The expressions for the kinetic matrix and scalar potential are complicated, but simplify for

real scalars 7® = 7%, which will be the case for the line defect solution

7_1 7_2 ,7_3

N (7,7 =71) = —idiag (7‘ 273, , > ,

7-27-3’ 7—17-3’ 7172

V(ir,T=1)= (ého(g1 + é + &,) + (T'6&G + &6 + 51527?’)) : (3.20)

The potential has extrema at

ol B e

Positivity of e* requires us to choose the positive root. The cosmological constant at this

extremum gives the AdS, length scale

=66t (3.22)

We choose the non-zero constants £; in a way that sets the AdS, length scale to unity. The
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line defect solution (3.11)) has the explicit form

H
ds? = 7’2\/Edsid82 + L d3§1 + £ dr? ,

vVH f

f(r)=—1+7"H(r)

H(T‘) = HOH1H2H3 s

HI<T):§I+g7 -[:07172737

r
Af:(— = —|—u1)d0 1=0,1,2,3. (3.23)
\/§H1 b ) b )
The scalars are

HyH, 9 HoH, 3 HoHs3
HyH; ' " TV HH " TNV H (3:24)

This solution is also the double analytic continuation of the hyperbolic black hole solution
in |[106]. As consistency checks, we have verified that the above solution obeys the equations
of motion (3.9) and is 1/2-BPS. The latter was done by a direct calculation, independent

of [99], which can be found in Appendix [B]

Another model which admits an AdS, vacuum has the prepotential F(Z) = £Z'n;,Z”
and can be formulated with any number of vector multiplets. 7;; is the Minkowski met-
ric which we choose to be n;; = diag(—1,1,...,1). The scalar manifold of this theory is
SU(1,n)/U(1)xSU(n). Using the parameterization (Z°, Z*) = (1,7%), the Kéhler potential
is

- 1
Keer) = .~ 3.25
BN VR o)

a

Similarly, the kinetic matrix and scalar potential have simpler forms for real scalars 7¢ = 7.
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The matrix 17, is used to lower indices, e.g. Z; = n;;Z”7, and
Niy(r,7=1)= _3771J A AYAN

2
a2
Virg =) = gemtle - S Zeb T

(3.26)

This potential has an extremum at 7% = —¢,/&. The other extrema at & + ), &7* =0
do not admit AdS, vacua while maintaining e positive. The cosmological constant at this

extremum gives us the AdS, length scale
L?2=-¢)2, (3.27)

where &2 = £m!7¢;. We choose a time-like &; with €2 = —2 that will set the AdS, length

scale to unity. The line defect solution (3.11)) has the explicit form

H
ds* = 7“2\/Eds2AdS2 + S ds + £ dr? |

VvH f
fr)=—1+rH(r),
1
H(r) = _§HI77[JHJ ;
Hl(r)zgﬁ%, I=0.1,....n,
\/EUIJHJ
Al = | =L 4 4l ) de I=0,1,...,n. 3.28
( N It (3.28)
The scalars are
H
a__2 2
T 7 (3.29)

We have verified that the above fields obey the equations of motion (3.9).
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3.3 Holographic Calculations

In this section, we use the machinery of holographic renormalization [38,39] to calculate
the on-shell action and one-point functions of CFT operators in the presence of the defect,

namely the stress tensor, scalars, and currents. This is done explicitly for the three examples
in Section 3.2l

3.3.1 General Procedure

First, we put the metric into the Fefferman-Graham (FG) form
ds? = l(dz2 + gi(, z) da* da?) (3.30)
- Z2 gZ] ) 9 .

where 7,j = 1,2, 3 run over the AdS, and S! indices and z — 0 is the conformal boundary.
This is done by taking z = z(r) so that the appropriate coordinate change is obtained by

the solution to the ordinary differential equation

H(r)'/4 _dz
~ T dr = — (3.31)

which can be integrated perturbatively in 1/r. This coordinate change gives the FG expan-

sions of the fields, which we assume take the form

9ij = Goi; + 2292ij + 23g3ij + 0(24) )
Al = Al 4+ 241 + O(2%)
T =78 2t + 22+ 02

O =10 4 2y + 2018 4 O(2°) (3.32)
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where A} and A! are one-forms on the z',2? 2% coordinates. The constants 7§ are the

AdS, vacuum values of the scalars, which depend on the model. There is no gravitational
conformal anomaly (i.e. a term proportional to z*log z in the expansion of g;;) since d = 3

is odd.

In the three-dimensional boundary CF'T, the conformal dimensions of the dual operators
corresponding to the scalars 7@ and vector fields A’ are determined by the linearized bulk
equations of motion near the AdS boundary. For instance, using the expansion 7¢ ~ 7§+ 22
in the linearized equation of motion for the scalar, we find that the scaling dimension of the

dual operator is related to the squared mass of the field by the equation

A(A, —3)=-2. (3.33)

The squared mass is —2 for all scalars of the three examples considered in this chapter. This
mass is within the window where both standard and alternative quantization are possible
[107], which implies that the scaling dimension of the dual operator can be either A, =1 or
A, = 2. Similarly, using the expansion A’ ~ 22471d# in the linearized equation of motion

for the vector field gives us

(Ag—1)(As—2)=0. (3.34)

We must have A4 = 2 as the vector field sources a conserved current of the boundary CFT.

These scaling dimensions naturally fit into the flavor current multiplet Ay A[0] 50) of the
d = 3, N = 2 boundary CFT, using the notation of [108]. This short multiplet contains,
in addition to the spin-1 operator [2]50) with scaling dimension A = 2, two scalar operators

0] §°) and [O]éo) as bottom and top components with scaling dimensions A =1 and A = 2,
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respectively. The stress tensor multiplet 4,4, [2]&0) is also present as usual.

For a well-defined variational principle of the metric in the four-dimensional gauged

supergravity, we must add the Gibbons-Hawking-York boundary term

Thuix =/ d*z Lpes ,
M

Ign = / dPrvV-hTr(h'K) , (3.35)
oM

to the bulk action where h;; is the induced metric on the boundary and Kj;; is the extrinsic

curvature. In FG coordinates, these take the form

1 z
hij = ;glj ) Kij = —§azhij . (336)

The action Iy + Igu diverges due to the infinite volume of integration. To regulate the
theory, we restrict the bulk integral to the region z > € and evaluate the boundary term at
z = €. Divergences in the action then appear as poles 1/¢*. Counterterms I.; are added on
the boundary which subtract these divergent terms. The counterterms have been constructed

in [105] and are compatible with supersymmetry. They are

Iy = /W Bz ~h (W - %R[h]) : W = —V2e82| 627 | (3.37)

where R[h] is the Ricci scalar of the boundary metric and W is the superpotential. In all,

the renormalized action
Lien = Ty + Icu + Lot (3.38)

is finite. We can now perform functional derivatives to obtain finite expectation values of

93



the dual CFT operators. Let T;; be the boundary stress tensor, O, be the operators dual to

7%, and Jy; be the current operators dual to A{L.

The expectation value of the boundary stress tensor is defined to be [109]

—2 5Iren
v =40 5géj '

(Ti;) = (3.39)

The variation decomposes into two contributions: one coming from the regularized action

and one coming from the counterterms. As usual [110], the former is given by

regip1 . —2 0(Tvuk + Iau) ,
T;*h = e - Kt hy Tr(h LK) . (3.40)

The latter is straightforward to compute and is given by

TS [h] = \/%ihgi; — b (W - %R[h]) + Rylh] . (3.41)

Therefore,

—0

(1) = tim [ (73000 + 75700

Z:j . (3.42)

By construction of the counterterms, this limit is finite.

The expectation value of the operator O, is similarly defined by

= lim |2 —1 0Lren
V/—h 0T

} | (3.43)
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The variation has contributions from the bulk action and the counterterms, and is

1 5Iren

ﬁ 5o == gagzaﬁﬁ + (9aW . (344)

For real scalars, supersymmetry implies (O,) = 0. A proof of this statement can be found

in Appendix [C]

The expectation value of the current operator J; is defined by

T P I
Y T ] NV

] | (3.45)

The only contribution to the variation comes from the bulk action and is

1 6len
V—=h 6A

We can evaluate the on-shell action for the line defect solution by further simplifying the

bulk action to a total derivative [111]

Tk = VOI(AdSQ)VOl(Sl) _

on-shell

, (3.47)

where Vol(S!) = 27 and Vol(AdS;) = —27 is the regularized volume of AdS,.

3.3.2 Examples

In this section, we use the general expressions derived in Section to compute observables
for the three examples considered in this chapter. Let us consider the defect solution (3.16]

3.17) of the single scalar model. The FG expansion of the radial coordinate r found from



solving the ordinary differential equation ((3.31)) is

1 - —l—l ( - 2) 24 —16 + (3¢:1&0 + q0&1) (3q0&1 + C]1€0)23
' A=A o (3.48)
(L8 E 080T Thnbh At 0l o).

Using this coordinate change, the metric, gauge fields, and scalar can be expanded in FG

coordinates. The one-point functions in the presence of the line defect can then be evaluated

by computing the limits (3.42] [3.43] [3.45)) directly. For the renormalized on-shell action

(3.38), the finite terms at the conformal boundary cancel, leaving just the term obtained by

evaluating (3.47) at » = r,. In the end, we obtain the following expectation values

Lien = VoI(AdS,)Vol(SY)r, |

1
1 qr —9gadas, 0
Tij) = 5 E - ;
) 2(10€I>

0 s )
(T7) =0,
(0)=0,
(1) = Ly . (3.49)

ok

Next we consider the STU model defect (3.23] [3.24]) for which some of the calculations
are identical to those found in [106]. The FG expansion of the radial coordinate r obtained

from solving the ordinary differential equation (3.31]) is

1 A, —16+ B, +10B ~16A 11 2
1 Aoy 6+B1+10B; 5 —164+Ci+11C;+62Cy ,
.

=ity 64 384

+0(z°),  (3.50)
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where we have defined the constants
’ q ? qrq
A — —I 5 B = <—1> R -
2 ' ,ZZO & ZJs
3 2
qr qr qJ qr49749K
O, = i : C, = =] =, Cy = _— 3.51
! &> 2= <&> 3 1= D ek (3:51)

I<J<K

Using this coordinate change, the fields of the defect solution can be expanded in FG coor-

dinates. We obtain the following on-shell action and one-point functions

Lien = VoI(AdS,)Vol(S)r, |

1y 2) ~gaas, 0
4(§& 0  2g¢
ij
(T}) =0,
(01) = (02) = (03) =0,

(Jr,) = \q/%dw . (3.52)

Note that the expression for I, is identical to that of the single scalar model, but the radius

ry =1y (&1, qr) will be different.

For the SU(1,n) coset defect solution (3.28 [3.29)), the FG expansion of the radial coor-

dinate r is

1 1 1 1 3
1 L IR S NS AvY
o=z QJ§Z 4{ +QQICI 4(QI£)}Z

1 3 3
+ EqIfI |:]_ + inqI — 1(Q[§I)2:| Z4 -+ 0(25) s (353)

where n!7 is used to raise the indices of £; and ¢;. Using this coordinate change and expanding
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the fields in FG coordinates, the on-shell action and one-point functions are

Lien = Vol(AdS,)Vol(SY)r, |

<TA,>__QI§‘I —gads, 0
iy —

2 0 2951 B
ij
(1) =0,
<Oa> =0,
ar
Ty = 2L . 3.54
{J1z) 30 (3.54)
The expression for I, is again unchanged, but the functional form of r. = ry (&, qr)

changes.

3.4 Regularity

In this section, we impose two regularity conditions on the solutions. First, we demand
that the geometry smoothly closes off at the largest positive zero of f(r) without a conical
singularity in the bulk spacetime. This condition is analogous to the regularity condition
imposed on Euclidean black hole solutions. Second, we fix the periodicity of the S! at the
conformal boundary such that when the AdS,; x S! boundary is conformally mapped to
RY2 there is no conical deficit on the boundary. This condition is different from the one
imposed in the holographic calculation of supersymmetric Rényi entropies |112-115], which
use solutions that are related by double analytic continuation. For these solutions, the

periodicity is related to the Rényi index n.

The regularity conditions will impose constraints on the parameters of the solutions.

Since the general solution is only implicit, a detailed analysis is performed for the examples
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presented in this chapter. We will show that for the single scalar and coset models, these

conditions imply a bound on the expectation value of the boundary stress tensor.

3.4.1 General Statements

Given the metric

2 .2 2 f(r) 2 vV H(r) 2
ds® = r*\/H(r) dsygg, + —H(T> dsg + NOR dr® | (3.55)

the center of the space r = r, is defined to be the largest zero of f(r) = r?H(r) — 1. We

can identify four criteria a regular geometry should satisfy:

(a) Positivity of the root: r, > 0,
(b) 0 < H(r) < oo for r € [ry,o0),
(¢) 0 < f(r) < oo forre (ry,0),

(d) Absence of a conical singularity at r = r,.

Criteria (b) and (c) are satisfied if H(r) is continuous: the AdS length scale (3.13)) is well-
defined if and only if the limit H(r = 0o) is positive and finite. Since a zero of H(r) occurs
at f(r) < 0, positivity of H(r) at large r and continuity imply that the spacetime closes off

before a zero of H(r) is ever encountered.

By expanding the metric around the center of the space, criterion (d) is satisfied when

flre)? =4H(ry) . (3.56)
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This can be simplified to

H'(ro)(rd f'(re) +2r) =0

(3.57)

As the second factor is the sum of two positive quantities, a conical singularity can be avoided

if we satisfy the condition H'(r;) = 0. As r, is determined implicitly in terms of ¢; and

&r through the equation f(ry) = 0, this condition can be viewed as a constraint on the

possible values ¢; and £; can take. Additionally, we will see that criterion (a) manifests as

an inequality on ¢; and &; that must be satisfied.

3.4.2 Single Scalar Model

The single scalar model is simple enough that the conditions for a regular geometry can

be solved exactly. Let us define x; = ¢;/&;, but still set the AdS length scale to be unity,

i.e. keep £p&; = 2. The metric functions become

0= (2" 1+ 2)"

flr)y=-1+ le(r + 20)%(r 4 11)?

Let us first satisfy the criterion r, > 0. Solving f(r) = 0, gives

0= (r*+r(zo+z1 — 1) + zom1) (r* + r(wo + 21 + 1) + 2011) .

When the first factor is zero, we have a solution

1
r o= 5(—(1]0"-531 — 1)+ /(o + 21 — 1)? _4x0x1> 7
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(3.59)

(3.60)



where we choose the positive branch of the square root. This solution exists whenever
(ro + 2y — 1)* — 492y > 0, which is a region in the zyz;-plane bounded by a parabola as
shown in Figure The red shaded region indicates where r; does not exist and the blue
shaded region indicates where r; > 0. When the second factor of is zero, we have

another solution

1
ry = 5(—(% + a1+ 1)+ /(20 + 21 +1)2 — 4$0$1> ; (3.61)

where we again choose the positive branch of the square root. We have also displayed the
regions where this solution exists and is positive in Figure [3.1b] In regions where r; and ro
both exist and r; > 0, we have r; > ro. Therefore, we have r, = r and restrict the (zg, z1)

parameter space to the blue shaded region of Figure [3.1a]

(a) 11 (b) 72

Figure 3.1: Potential r, values for the single scalar model.

Let us now avoid the conical singularity by satisfying H'(ry) = 0. Calculating the
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derivative of H(r) in (3.58)) and plugging in r, = r; from (3.60]), we obtain the condition
0= (IO - .731)2 — 2(LUO + .131) . (362)

This is a parabola indicated by the black curve in Figure in the region where r, > 0.
For the single scalar model to admit a regular geometry, the parameters z; = ¢;/&; must

satisfy this condition. As a corollary, we can note that

This implies that the components of the boundary stress tensor (3.49)) have bounded expec-
tation value. Additionally, the pure AdS, vacuum (2o = x; = 0) is the only solution with

regular geometry and (7;;) = 0.

3.4.3 SU(1, n) Coset Model

The coset model is also simple enough that the conditions for a regular geometry can be

solved exactly. We note that

r 272

H(r) = (1 S qf_ql)Q | (3.64)

has the same form as (3.58|) where

_ —qr&" — \/(@r€)? + 2q1¢"
2 )

_ —qr&" + /(€)% + 2qrq" ‘

5 (3.65)

) €y

This map is always well-defined as (q;67)? + 2¢rq’ > 0, which can be checked by rotating to

the frame where £, = (v/2,0,0,...,0). Thus all our results for the single scalar model can
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be carried over. The bound (3.63)) for the single scalar model translates to the same bound

on (T;;) for the coset model:

0< —qi&f<2. (3.66)

The condition (3.62)) for a regular geometry translates to

0= (qr&")* + 2q1q" +2q:€" . (3.67)

We can show that the only regular geometry with vanishing (7;;) is the AdS,; vacuum. If
we rotate to the frame where &; = (\/5, 0,0,...,0), the only ¢ which satisfies ¢;¢! = 0 and
qrq’ = 01is g = 0. A general € then has a ¢ in the orbit of ¢; = 0, which is still the zero

vector.

3.4.4 Gauged STU Model

For the gauged STU model, it is not practical to solve f(r) = 0 to find r, as f is a quartic
polynomial. However, we still expect the criterion ry > 0 to impose an inequality on the
four-dimensional parameter space (zg, 1,2, 23) and the condition of avoiding a conical
singularity to reduce this to a three-dimensional hypersurface. However, note that unlike
the single scalar and coset models, the expectation value (T;;) is unbounded for the STU

model.

A construction of STU models with regular geometry and arbitrarily large xo+x1+x2+ 23
can be found by an approach that is different from that of Section [3.4.2] Instead of solving
the condition f =0 and then H' = 0, we first solve H' = 0 and then f = 0. The advantage

of this approach is that H’ is a lower-degree polynomial that is simpler to solve. However,
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the downside is that this generates spurious solutions: it is possible that the value r we
obtain is not the largest root r, and that r, does not satisfy the equation H' = 0. These
spurious solutions then need to be removed by hand. To summarize the approach, consider

the following construction:

1. Let z¢ be any positive number.

2. Numerically solve the equation

271’1(1‘0 - ZE1)4 = —165(70(1‘0 + 3.’L‘1)2 . (368)

Let x; be the unique solution satisfying —x¢/3 < 27 < 0.

3. Consider an STU model with unit AdS, length scale where

do @i 492 _ 43
To=—, T ======. 3.69
" TeTe & (369
Numerically solve the equation f(r) =0 for r,
(r+z0)(r + 1) = 1% . (3.70)

There exist exactly two solutions: a positive solution greater than —x;, and a negative

solution less than —xy. Let r, be the positive solution.

4. Check that H'(ry) = 0. This is guaranteed by the following argument. Consider
r* = —4xori/(xo + 3x1) > 0 which satisfies H'(r*) = 0. This also satisfies f(r*) = 0,
as plugging r = r* into (3.70)) simplifies to (3.68]), which is satisfied by construction of

x1. But as the positive solution to f = 0 is unique, we must have r, = r*.
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The steps above give a STU model with regular geometry. To prove that xo+3z; is arbitrarily

large, we need a better bound than —z/3 < x; < 0. To satisfy (3.68]) for large x(, we have

16
271’0 ‘

(3.71)

Ty ~ —

Therefore xo+3x1 ~ xg and the expectation value of the stress tensor can be made arbitrarily

large.

3.5 Discussion

In this chapter, we constructed solutions of four-dimensional N = 2 gauged supergravity by
a double analytic continuation of the 1/2-BPS black hole solutions first found by Sabra [99].
While the black hole solutions exist for arbitrary prepotentials, explicit expressions for the
scalars fields involve algebraic equations which can only be solved numerically in general.
We considered three explicit examples of matter-coupled gauged supergravities, namely the
single scalar model, the gauged STU model, and the SU(1,n)/U(1) x SU(n) coset model to

find solutions and calculate holographic observables.

The solutions we found are holographic duals to line defects in three-dimensional SCFTs.
The defect is characterized by a non-trivial expectation value of the R-symmetry and flavor
currents along the S! factor in the AdSy; x S! description of the defect. After conformally
mapping to Minkowski space, this corresponds to a holonomy when encircling the line defect.
The expectation values of the real scalar operators vanish for general models as a consequence

of supersymmetry.

For a conformal defect on AdS, x S!, the expectation value of the stress tensor can be
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parameterized by a single coefficient h,

(Tw) =P goy> , (Too) = —2h goo , (3.72)

in analogy to the scaling dimension of local operators [116,/117]. However, there are in
general no unitarity bounds on A which follow from the superconformal algebra. For line
operators in N = 4 Super Yang-Mills and ABJM theories, h can be related to the so-called
Bremsstrahlung function B [118-122] which has been used in the application of conformal
bootstrap techniques to the study of defects [73,]123-125]. For the single scalar and coset
models studied in this chapter, we found that —2 < h < 0, where the upper bound is
saturated only by the AdS, vacuum. However, such a bound does not seem to generally hold,
since for the gauged STU model, h can become arbitrarily negative. Based on numerical
searches, we conjecture that only the AdS,; vacuum has vanishing h. Recently the relation
of h and B, as well as the negativity of h, has been established on the CFT side for various
defect theories [126-129] and the arguments should carry over to defects dual to the solutions

studied in this chapter.

The solutions we found are related to supergravity solutions [106,/113H115] which are
holographic duals for a supersymmetric version of Rényi entropy first formulated in [112].
We note two differences. First, the solutions we found in Minkowski time signature have
real gauge fields unlike the duals cited above. After analytic continuation to Euclidean
signature, the gauge fields in both cases are real. Second, we imposed the condition that
the periodicity of the circle in AdS; x S! boundary is such that after a conformal map we
obtain flat space without a conical singularity. On the other hand, in the holographic duals
to the Super-Rényi entropy, the conical singularity is related to the Rényi index n. We note

that in [106},113-115] the holographic calculation of the Rényi entropy was compared to a
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localization calculation and agreement was found. It would be interesting to see whether

such a calculation can be performed for the holonomy defects described in this chapter.

Another interesting question is whether more general solutions going beyond the examples
discussed in this chapter can be found. First, it would be interesting to study (numerical)
solutions for more complicated prepotentials. Second, it would be interesting to see whether
one can go beyond the gauged supergravity approximation and find solutions dual to holon-
omy defects in ten- or eleven-dimensional duals of N' = 2 SCFTs. Uplifting the solutions

found in this chapter might prove to be a useful guide in this direction [104].
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CHAPTER 4

Matter-Coupled D =5, N =4 Gauged Supergravity

N = 4 gauged supergravities in five dimensions have sixteen supersymmetries and their
AdSs vacua can be used to describe four-dimensional N' = 2 SCFTs. The pure gauged
supergravity was constructed in [130,|131], whereas the addition of matter multiplets and
general gaugings were constructed in [132,/133]. The AdS; vacua and moduli spaces for these
theories were analyzed in [134]. Some recent papers studying solutions in these theories can

be found in [135H139).

In the present chapter, we study D = 5, N = 4 gauged supergravity solutions which are
dual to surface defects in the N' = 2 SCFTs. The structure of the chapter is as follows: In
Section 4.1, we briefly review the pure D = 5, N = 4 gauged supergravity of Romans. We
consider an ansatz for the defect solution of the form AdS; x S! warped over an interval.
Such an ansatz can be related to a charged black hole by double analytic continuation and
it is shown that there is no global regular solution for the defect as a conical deficit or
excess in either the bulk or boundary cannot be removed. In Section [4.2] we review the
matter-coupled theory and its gaugings, and show that completely regular solutions can be
constructed for this theory. In Section 4.3], we utilize these solutions to calculate holographic

observables, namely the one-point functions of operators in the presence of the defect as well
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as the on-shell supergravity action which is related to the free energy in the presence of the
defect. In Section [4.4] we summarize the results of this chapter. In Appendix [D] we present
details of the spin connection and the form of supersymmetry transformations used in the
main part of the chapter. We also show that the solution in Section [4.2| preserves eight of
the sixteen supersymmetries. In Appendix [E] we present a solution corresponding to a line

defect in the Euclidean N = 4 gauged supergravity.

4.1 Romans’ Gauged N = 4 Supergravity

The field content of Romans’ gauged supergravity [130,/131] is given by the N = 4 gauged
supergravity multiplet

(eﬂr’¢ﬂa’a#7Aan3an7¢) ) (41)

which contains the graviton e, four gravitini ¢,,,, a U(1) gauge field a,,, an SU(2) Yang-Mills

gauge field Af;, two antisymmetric tensor fields B2, four spin-1/2 fermions x,, and a single

>
scalar ¢. In the above, indices a,b = 1,2, 3,4 are Spin(5) = USp(4) indices; I, J, K =1,2,3
are SU(2) adjoint indices; and «, = 4,5 are SO(2) = U(1) indices. All fermionic fields

satisfy the symplectic Majorana condition. We review our conventions in Appendix D]

The bosonic Lagrangian is given by

11 1 1
eIL = —R- 15*4 I fo — 152 (F*™'F!, + B"*B%,) + 50" 008
4.2)
1 1 (
"‘ 16716/“/!)07— (EGQ,BBIO;VDPB:?T - FI{VFPIUGT> + V(¢)7
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where the field strengths and scalar potential take the form

f;w = a,uay - aua,uu

Fl, = 0,AL — 0,A] + goe”F AT AL

pfiy
V= 98_2 (92572 + 2\/5915) ; 43)
§ =exp (\/gd)) ,
The Lagrangian leads to the equations of motion
Ry = 20,00,0 = 3V @) + € (20" = G008
+£2 (QF;ij P4+ 2B B P — ; G (Fi, 177 + BZ‘UBP"O‘)) =0,
~0¢ + \[ & 4fwf”” (Ff F'w + B3, B"*) =0, 4
(€°4%) = Jetem (L R+ B, B) = .
D, (§2F”“1) ;el uepor pl for =0,
e tetrme D B — €2 B = (),
where the covariant derivative acting on a vector representation is
DV =V, V' 4+ gia,e* VP + gQGUKAI{VKO‘. (4.5)
The supersymmetry transformation of the fermions are
0Wua = Do + 7 Tape” — L(w”” —46,7") (Hllpab + Lhypab) ¢,
6v/2 g V2 (4.6)

1 1
O0Xa = E’Y“@@Ga + Aupe” — m’y Y (Hywab — \/_h/wab)
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where the action of the covariant derivative on a spinor is

1 1
D,u€a = V,uea —+ §glau(F45)abeb + 592A£(F[45)ab6b, (47)

and

Hyy = &(F,,(T)™ + By, (Ta)™),

hzl;/ — §_QQabfw/7

1/ 1 1 (4.8)
Tab e -1 - 2 T ab
6 (\/5925 + 2915 ) (Ts5)™,
1 1
Aab — il -1 2) T ab.
e <\/§gzﬁ 91" | (Ts5)
The matrices I'; satisfy the D = 5 Euclidean Clifford algebra
b c b c c
(Co)g (Tg)y "+ (I5), " (1), = 26405, (4.9)
and the charge conjugation matrix Q% = —Q% can be used to raise or lower spinor indices
€ = Q%¢, €a = Qupe’, (4.10)

so that Q.0 = 05 for consistency. I's is chosen such that (F12345)ab = (53. As discussed
in [130], different choices of the parameters g; and g, correspond to different gauged super-
gravities. For the choice g» = v/2¢g; = 2v/2, the theory has an anti-de Sitter vacuum with
radius of curvature Lj4s = 1 and preserves sixteen supersymmetries. These values of the
couplings are used in what follows. The bosonic and fermionic supersymmetries combine into

the supergroup SU(2,2|2) which is also the superconformal group of d = 4, N' = 2 SCFTs.
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4.1.1 1/2-BPS Surface Defect in Romans’ Theory

The supergroup SU(2, 2|2) contains a subgroup SU(1, 1|/1)xSU(1, 1|1)xU(1), which has eight
odd generators and an even SO(2,1)x SO(2,1)xU(1)? = SO(2,2)xU(1)? subgroup. Unbro-
ken superalgebras of this form correspond to 1/2-BPS superconformal surface operators in
d=4,N =2 SCFTs [72]. The even part of the subgroup can be realized holographically by

the ansatz

ds® = fi(r)*dsiys, — fo(r)dse — f3(r)?dr?,

AT = 5B A(r)do.

(4.11)

A solution of this form can be generated by performing a double Wick rotation of the BPS
black hole solution |140,|141] used in [115] to calculate Super-Rényi entropies. The solution

to the equations of motion is then given by

. - f(r) H(r)?
ds? — TQH(T>2/3 (cosh p dt® — dp2 —sinh” p dgpz) — H(T)4/3d92 - ) dr?,
H:1+%, f=rH—1, 412
q
¢ = H1/3, Al = 513 ( _ —) deo.
R+ g)

This solution preserves eight of the original sixteen supersymmetries of the AdS5 vacuum of
Romans’ theory and is a special case of the matter-coupled solution that is presented in the
following section. The number of supersymmetries and the verification of the equations of

motion follow from the more general case considered there.

The minimal value of the radial coordinate ry is determined by the largest root of f(r)

which previously corresponded to the outer horizon of the BPS black hole. Expanding about

72



the origin r( leads to

ds® ~ di* + (1 — 4q) 7d6?,
] (4.13)
f:r—rozr—§(1+ 1—4q>.
The boundary metric is conformal to flat space
ds? = cosh? p dt* — dp* — sinh? p dp? — df? = ds?é,ds3 — de?, (4.14)

which implies that there will be an angular deficit or excess in either the bulk metric or the
boundary metric unless ¢ = 0. Regularity at the origin can be restored by coupling vector

multiplets.

4.2 Matter-Coupled Theory

It is possible to add matter multiplets to the pure Romans’ theory. The N = 4 vector
multiplet

(A, N, 0™), (4.15)

contains a vector field A,,, four fermions \;, and five scalars ¢™. The indices 7 =1,...,4 and
m=1,...,5are USp(4) and SO(5) indices, respectively. The matter couplings and gaugings
are completely determined in terms of embedding tensors {yn and fyyp [132,[133]. The

supersymmetric vacua of such theories were investigated in [134].

These embedding tensors satisfy the quadratic constraints

frpan frgy™ =0, & fonp =0, (4.16)
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and determine the gauging of the R-symmetry. It is convenient to introduce a composite
index M = {0, M} such that the covariant derivative acting on a vector representation is
given by

D VM=V, VM4 g AV X, MVT,
(4.17)

P P N N
XMN = _fMN > XOM = _fM .

The coupling of n vector multiplets is described by a coset representative V of the group

SO(5,n)/SO(5)xSO(n). The coset representative V decomposes as
V=MW" Vu"), (4.18)

where m = 1,...,5 and a = 1,...,n are SO(5) and SO(n) indices respectively. As an

element of SO(5,n), V must satisfy

min = Va"npVn @ = =V "V ™ + Vi Vo, (4.19)
where nyny = diag(—1,—1,—1,—1,—1,1,...,1). The scalar kinetic terms are expressed in
terms of the matrix

MMN — VMmVNm + VMCLVMG, (4.20)

and the bosonic Lagrangian is given by

11 1
e L =-R— S MynHYHN — A0 HO
3 1 B '
— 522 (0,%)° + 76 (Dubu) (D*MMN) — g°V + e Loop,
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where Ly, is a topological term. The covariant field strengths are

HH = A — 0, 1 X AN AT 4 g2V,
(4.22)
ZMN _

L wvn
56

Y

where B, r are two-form fields that are introduced in the process of gauging the theory.

The scalar potential is

1 _ 1 1 1
‘/‘1 — Z_lfMNPfQRSE 2 (EMMQMNRMPS . ZMMQUNRT]PS + 677 nNRnPS> ’
(4.23)
1
— 1_6£MN€PQE4 (MMPMNQ o ,,,}MPnNQ) ’
1
Vg = 6\/—fMNP£QRZMMNPQR
with the completely antisymmetric matrix My/npor taking the form
MMNPQR = 6mnopqvj\/[mVNnVP OVQ pVR ‘. (424)

The SO(5) index M of V), can be converted to a pair of antisymmetric USp(4) indices ij

through the formulas

1 iy 1
v, = QVM’"F%, VM= §VmMFferkinj» (4.25)
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with a sum over m. The matrices

gz] — ﬁzQlevMikVlegMN7

Caij _ ZQVMaVN ZIJEMN7
p = _gzillekVNﬂVPklfMNP7

paij _ ﬁz—lelVMaVN ikvp jlfMNP’

(4.26)

appear in the fermion shift matrices
AV = (427
V6

Af =~ (T4 0). (4:27)

Agij _ (_Caij _i_paij).

N | —

A minus sign has been inserted into AJ relative to [133] to match the BPS equations of
Romans’ supergravity in a mostly plus signature as in [132]. The BPS equations are

i ik M 1 kx1—2140 v, v
577/)“1' = DMEZ' — 6 (QWEVM Hl,p — m(gl > HVP) (fy,u P _ 45“717) €k

g ik
+ =0 A6,
\/6 71 Vu€k

V3 1 ik L o v 4.28
oxi = =i (B710,5) v"ei — Ve (mz-ijf i+ 7 25! Hgy) e (428)

+ ﬁgQijAngk,

. 1 ;
ONG = I (Vi "DV ™) e — 75V Mo € + V29245 e,

with the action of the covariant derivative on a spinor given by
Dyei = Ve — VM0V, e — gAY VY e + gAY funpV Ve (4.29)
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4.2.1 1/2-BPS Surface Defect in the Matter-Coupled Theory

The gauging corresponding to Romans’ supergravity with L4455 = 1 is given by

1
fMNP:_EEMNI% M7N7P€ {172a3}7
) (4.30)
Eun = —3 (030% — Ondi) -
We will couple one vector multiplet and choose the coset element
V = exp(¢3Y3), (4.31)
with the non-compact generator (Y3), =~ = 03,060 + d3n06m. The scalar ¢3 is a singlet

under gauge transformations generated by o3 € su(2). The theory can be truncated to

%, ¢s, A3, A% g,,, and the Lagrangian is

1. 1,1 2 1 2

-1, 2 2 3 6 -2 3 6

e L=gR— X |5 (B, + B )"+ 5e7% (F, — FL)
3

1
SISO L @) 42 (24D (),

(4.32)

where A5 = A, is the vector from the vector multiplet. For ¢3 = AS = 0, we recover
Romans’ theory with the gauge field Az rescaled. The STU model [140] can be embedded

into the matter-coupled theory with the identifications

T = ie"”,
U = ledm
D (4.33)
F.,=F), +F},



The equations of motion are
1 (0% - [0 -
R, + 522 (*®F, Fo + € 7%G *Gay) — 35720,50,% — 0,30, 03
1 4
+ G <ﬁz}2 (2P F Fop 4 e 2 G Gag) + 3 (Z72+ 3 (e + e—¢3))) =0,

1
0, (V=95720"8) + 570 (9,%)" = S8 (7 F" Fy + e 727G G

NS
+§ (e™ +e % —2577) =0, (4.34)
—1_78” (V=90"¢3) — iEQ (X FWE,, — e 255G G,,) + 25 (% — e%) = 0,
1
—?gau (V=gS?*» F*) =0,
1 - 174
0 (Ve =

It is straightforward to verify that the equations are solved by the double Wick rotated two

charge solution of [140]

/ (H,Hj)'*

ds® = r2(H1H2)l/3 (— cosh? p dt? + dp® 4 sinh? p dg02) + Wdé’2 + 7 dr?,
. Q o q 2
H1—1+—2, H2—1+—2, f—THlHQ—l,
r r
H
S = (H,Hy)"/* 2 = 2
( 1 2) ) € H,’
A3+A6: M3 + e — Q do A3 — A8 = M3 — e — q do
r2 +Q ’ r?+q ’
(4.35)

where p15 and jig are the chemical potentials for A% and A respectively. For Q = ¢ and ug = 0,
this solution reduces to that of the previous section (4.12) upon identifying Apew = v/2Aow.

As before, the spacetime closes at the largest root 7o of f(r) which is now given by

ré = 1_‘12_ + = ¢1 Q—q)?—2(Q+q). (4.36)
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After expanding the bulk metric about ry, the absence of an angular deficit or excess in both

the bulk metric and the boundary metric requires

(Q—q)?=2Q+q). (4.37)

It is convenient to redefine the integration constants ¢ and @) as

Q=q + ¢,
(4.38)

q=4q1 — g2,
so that regularity at the origin requires ¢; = ¢3 and the spacetime closes at 72 = 1 —¢3. The

spacetime develops a singularity at » = 0, but this value will be excluded from the physical

range of the radial coordinate for ¢ < 1.

In the solution (4.35)), both scalars have a non-trivial profile. The dilaton ¥ is regular at

the origin, but the additional scalar ¢3 contains a kink

¥ (ro) =0, ¢3(ro) # 0. (4.39)

For generic chemical potentials, the gauge fields have a non-zero holonomy around r = r.
We show in Appendix @ that the bosonic background (4.35]) preserves eight of the sixteen

supersymmertries of the gauged supergravity.

Since our solution has only two non-zero gauge fields and scalars, it can be related to
solutions in D = 5, N = 2 gauged supergravity |[140,|141]. It has been shown in [104] that
these solutions can be uplifted to ten and eleven dimensions, which means that our solution
can be uplifted as well. It was argued in [142] that the truncation used in this chapter

falls into a class of truncations of gauged N = 8 supergravity which can be uplifted to ten
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dimensions [143].

4.3 Holographic Observables

In this section, we use holographic renormalization [38},39] to calculate holographic observ-
ables, namely the free energy and vacuum expectation values of operators in the presence of

a surface defect.

4.3.1 Free Energy

Using the equations of motion, the on-shell action takes the form
1 4
Sbulk = — / d’zy/~g (322 (PP P Fy - e 2P G Gry) + 5 (B2 42 (7 4+ e—¢3))) .
M

The bulk action is divergent and can be renormalized by imposing a cutoff on the spacetime.

In Fefferman-Graham coordinates

dz? 1 i1
d82 = ? + ;gwdx dl'], (440)

one imposes the cutoff z = € and adds boundary counterterms. Since the regularized space-

time contains a boundary, the Gibbons-Hawking-York term

SGH:/ d*rvV—hK = —/ d*x z0.v/ —h, (4.41)
oM )

M

must be included to maintain the variational principle of the metric. In the above formula,
hy. is the induced metric on the boundary and K is the trace of the extrinsic curvature. In

the notation of [137], the bulk fields are expanded as
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9ij = gg)) + ZQgg) + 24 (gg‘) + (log 2)2 hl(-?) + log z hE?) + ...

Y =1+4+2%(blogz+by)+...,

¢3 =2 (cilogz +ca) + ... , (4.42)
F:d(Al+A222+A32210gz+...),

sz(al+a2z2+a3z210gz+...),

and the equations of motion are solved order by order in z. The expansion of the Ricci tensor

18

4 1 _ 1 B 1 L
R..= T2 ETr [g 19”} + gTr [g lg’} + ZTr [g Ld'g 19’} ,

4 1 3 1 _ 1 B
Ry = 2% T 59;; + 2_Zg£j t3 (9’9 19’)“ - ZTr 9] 9 (4.43)

1 _
+ R[g]i; + ZTI l97'9] 95,

where R|[gl;; is the boundary Ricci tensor and primes denote derivatives with respect to z.

The expansion of the volume element

V=7 2 4 1 1
I 14+ @4 2 (t(4) — 22 4 Z(t@))z + (log 2)* u + log 2 u(l)) +...,

A /_g(o) 2 2 2
() — Ty [(gw))—l g(m] ’ 122 — Ty [(g(m)—l 9@ (g0)”" g<2>] 7
u™ = Ty [(gm))*l h(”)] ,

(4.44)
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will be needed when expanding the action. The 75 component of the Einstein field equation

to order O(2°) is solved by

1 1
9% =3 (R[g(o)]ij - gR[g(O)]g§f)) : (4.45)

which implies

1
t(2) = _gR[g(O)L

1 9 (4.46)
(2.2) — — 1. R[4 _ Z Rq(012
029 = (RlgyRlO1 - SRV,
The 22z component of the Einstein field equation to order O(z?) is solved by
0) 2 00 o
u’=—g (367 + 1),
m_ 4
w=-3 (3b1by + c1c2)
(4.47)

4t =22 0 _ 39, (3bf + cf) -

w1l oo

(3()3 + Cg) —4 (3()1[)2 + C102>

1
T <|F|§(o> + |G|3<o>> ;

where |F' |§(O) = F;;F99% g3 is the norm of the boundary field strength and similarly for

|G |§<0). The leading divergence takes the form

1
— d*r/—gO (=14 4), (4.48)

4
€ Jom

where the coefficients come from Sy, and Sqpy, respectively. This is canceled by the coun-

terterm 051 = —3 [, d*z/—h. The subleading divergences are

— | d'a/—g© (—1 +1-— g) 3, (4.49)
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where the coefficients come from Sy, Squ, and 657 respectively. This can be canceled by
the counterterm Sy = —i /. oM d*zv/—hR[h]. The logarithmic divergences are given by
1 (2)\2 (2,2) 1 2 2 1 2 2
Sbulkc ~ 5 ((t ) -t ) % (367 + ) + 3 (’F|g<o> + \f|g<0)> loge,

2
Scu ~ 3 (367 + ¢7) loge,

(4.50)
651 ~ (367 + ¢7) (log €)” + 2 (3b1by + c163) logee,
053 ~ 0-loge.
The logarithmic divergences are canceled by the counterterms
1 - 1 - y
053 :§/d4x\/—hloge [(R[h]”R[h]ij — gR[hP) — FYF;; — G”Gz‘j:|
(4.51)
3 1
d*zv/—h | -3(X —1)* — Y —1)2—¢2 — 20
G e R ]
Putting together the different contributions, the renormalized action
Sren = ll_I)I[l) (Sbulk + Sau + 051 + 65, + (583) , (452)
evaluates to
5
Sren = <§ - q%) Vol(AdSs3)Vol(S?), (4.53)

for the surface defect where Vol(AdS;) is the regularized volume of the AdS;3 factor.
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4.3.2 Vacuum Expectation Values

Using the renormalized action (4.52), the vacuum expectation values can be computed

through differentiation

(Oy) = \/%5;;? - = —3by,
1
)= ™
(T = ﬁﬁln T % (As + 24,)" (4.54)
) = e | =52

€2

2 0Sen .. (1
(Tij) = T /40 600 lim (_T[h]”

) Y
zZ=€

where T'[h];; is the boundary stress tensor. For the surface defect solution, the asymptotic

expansion is

4 3

1 I ¢ ¢ 5 , 108¢3 +63g; — 205 5 6
— — O 4.55
—l—( )z 367 + 3388 2"+ 0(2°), (4.55)

and the expectation values are

<OE> = _q§7
<O¢5> = —(2,
(To) = @2(1 + q2),

(4.56)
(Jo) = (1 — q2),

O gst

ij
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so that there are no conformal anomalies: (T}) = 0. Note that the solution does not contain

any logarithmic divergences and the boundary stress tensor is therefore given by

T[h)ij = Kij — Khqj + 3h; — % (R[h]ij — %R[h]hzj) + (3(X = 1)* + ¢3) hyj. (4.57)

4.4 Discussion

In this chapter, we investigated solutions of D = 5, N = 4 gauged supergravity that are
holographic duals of 1/2-BPS conformal surface defects in N' = 2 SCFTs. The ansatz
for the solution is informed by the unbroken symmetries of such defects and is given by
AdS3 x S! warped over an interval with non-trivial gauge potentials along S*. We showed
for pure Romans’ theory that the only solution in this class which is non-singular is the
AdSs5 vacuum; all non-trivial solutions suffer from a conical defect. This situation can be
improved by coupling vector multiplets to N = 4 gauged supergravity. The simplest case
of one additional vector multiplet already allows for the construction of a one parameter
family of regular solutions dual to conformal surface defects preserving eight of the sixteen

supersymmetries of the vacuum.

An important question is whether solutions of lower dimensional gauged supergravities
can be uplifted to ten- or eleven-dimensional solutions for which the dual SCFTs are in
general known from decoupling limits of brane configurations. It has been shown that pure
Romans’ theory is a consistent truncation of type IIB [144}[145], type IIA [104] and M-
theory [146] and hence solutions of this theory can be uplifted. Much less is known about
uplifts of matter-coupled D = 5, N = 4 gauged supergravity. In [142], it was argued that
Romans’ theory coupled to two tensor multiplets is a consistent truncation of an orbifold of

AdS; x S®. The rigidity of supersymmetric N = 4 vacua [134] makes the existence of other
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consistent truncations likely.

Since our solution involves only two gauge fields and scalars, it can be related to solutions
in D = 5, N = 2 gauged supergravity [140,/141]. It has been shown in [104] that these
solutions can be uplifted to ten and eleven dimensions, which means that our solution can
be uplifted as well. It was argued in [142] that the truncation used in this chapter falls
into a class of truncations of gauged N = 8 supergravity which can be uplifted to ten
dimensions [143]. One could also consider applying the construction in this chapter to the
general class of gauged supergravities of [142] which describe Zy orbifolds and investigate
whether in the field theory, the surface operators of the orbifold theory can be obtained from

surface operators of N' = 4 Super Yang-Mills [63,[147]148].

86



APPENDIX A

Minimal D =4, N =2 Supergravity Conventions
We use the metric conventions 7,, = diag(—1,1,1,1). A convenient basis of the four-
dimensional Clifford algebra is given by

Yo =109 ® 1, =01 ®1, V2 = 03 K 01, V3 = 03 & 03, (A1)

where 79 = 109 and 4; = o7 form a basis of the two-dimensional Clifford algebra with

chirality matrix 4, = o3. In this basis, the Killing spinors of

—dt? + dn?
s, = 12 (Z ), (A2
n
are given by
1|1 1 t+n
YE = — , vE = — (A.3)
Vi 41 VI 1t =)
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APPENDIX B

Matter-Coupled D = 4, N = 2 Supergravity Conventions

and Calculations

We use the metric conventions 7,, = diag(—1,1,1,1) and €103 = —€°123 = 1. The chirality

matrix ;5 is defined as

Y5 = 10717273 (B.1)

The two chiral gravitinos can be written in terms of a single complex Dirac spinor ¢, and
likewise for the gauginos A\*. The supersymmetry transformations of the four-dimensional

gauged supergravity are [94]

1 ? ) .
Sty = (aﬂ W e + 5 Qurs + igEr A + g€ P& (Tm 21 + s Re Z)
1 . _
- Zelc/27“b(1m./\/')u (Im(F,"Z7) — ivs Re(FabIZJ))7u> €,
O\ = (7“8M(Re 2% —iys Im 2%) + 2ge™/%¢; (Im(DBZIgo‘B) — 5 Re(DBZIgO‘B)>

+ 52 (Im A ) (m(Fy D327 g% — s Re(Fc;fDﬁZJg“ff)))e . (B2)
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where € is a complex spinor and we have defined

i

Fyl = S(Fhy £ Fy) Fy, = —§€abchICd : (B.3)

The Kéhler connection @), is
Q, = —%(aﬂaaa/c — 9,790:K) . (B.4)

For the gauged STU model defect solution ([3.23)), we can work with the explicit coordinates

(20, 2!, 22 23) = (t,m,0,r) and the metric

ds? —7“2\/_< dt? dn’ ) + \/fﬁdeugdr? . (B.5)

The non-vanishing spin connection one-forms of the metric are

dt 12 d dt
o _ 49 03 _ = (rHYA
w 1 5 W H1/4 d?“ (T ) n
1/2 d d f1/2 d f1/2
s _ S a 174\ 41 23 a
2y (TH ) i w = H1/4dr(H1/4) dé . (B.6)

For the following calculations, we use the parameterization (Z°, Zt, 72, Z3) = (i,12%23, 12123, i212?%).

The BPS equations (B.2]) simplify to

1 . d i d
0=y, = <8 + 4005”%1; + zg&A/{L + \/igVHE(THl/AL) _ 5723%5(}[ 1/4)) ’

dz2 1/2

)
H1/4’)/23)€ . (B?)
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The gaugino equation implies the projector

2\/§gr\/ﬁ )
O=(14+4—"F—73——=72 |€. (B.8)
( vii i )
The = t,n,60 components of the gravitino equation then simplify to
1 7
0= <(9t — 2_7]701 - %%23>€ ;
i
0= <3n - %%23)6 )
1
0= (0 +iV2 (—1+— f))e. B.9
( b g ﬂfm (B.9)

These can be integrated to

e = exp ( NG (—1 + %&,ﬂ)) exp <%m In n) exp (%(%1 + ¢7023))g(r) . (B.10)

We can see that we need ;! € 2¢/27 in order for € to be anti-periodic under the identifi-

cation 6 ~ 6 + 7/+/2g. The 1 = r component of the gravitino equation simplifies to

LSRN SR P

The gaugino projector (B.8)) and the radial equation (B.11]) take the form of the equation

solved in the appendix of [149] by identifying

2v2grvVH _ =i
—F Y=g
Fl =3, FQ =72 . (B12)

T
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The solution is

) = i (VT + 280V VT - Vo VR (- e, (B13)

where ¢ is a constant spinor.
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APPENDIX C

Vanishing of Scalar One-Point Functions from

Supersymmetry

The scalar one-point function is given by

(Og) = lim {l (295@027‘6 + OQW)] ) (C.1)

e—0 62

The derivative of the superpotential W simplifies to

DWW = 0, (—\/ﬁe’c/2|gfzf|)

(C.2)
= (, o 0.2 + <8c-,zc>|&zf|> 7

where 6,272 = ££;Z1(7)Z7 (7). For real scalars, we can choose a parameterization such

that Z! = Z'. This implies

1 _ 1 _
OW = ——=e? (6,0, 27 4 (0:K) |6, 2|) = ——=2¢, D27 | C.3
75 (& (0:K)|E:21)) 73 &1 (C.3)
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for £,Z1 > 0 so that

<@d> = lim |:i (ZgﬁdazTﬁ — %GK/2§IID5Z21>

e—0 62

Z:j . (C.4)

The gaugino BPS variation in FG coordinates is
(273827'5 - 2ige’c/2£1g5d7)@2175) e+0(2*)e=0, (C.5)
since Fy, ~ 1/r* ~ O(2?). At O(z?), the BPS equations imply
20,77 = £2ige™%¢,¢P D 27 (C.6)

Without loss of generality, we can choose the upper sign by sending ¢ — —g if necessary.
After setting g? = 1/8 we have

(Os) = (0a) =0 (C.7)
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APPENDIX D

Matter-Coupled D = 5, N = 4 Supergravity Conventions

and Calculations

The frame field for the metric

ds? = 7“2(H H )1/3 (_ COSh2pdt2 + dpQ +Sinh2pdg02) + f 162 n (H1H2>1/3d7«2

14142 (H1H2)2/3 f )
is chosen to be
e’ = T(H1H2)1/6 cosh p dt el = T’(H1H2)1/6dp, e? = T(H1H2)1/6 sinh p de,
D.l)
1/2 H. H,)/6 (
63 — f—d97 64 — &dr
(H1H2)1/3 f1/2
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The spin connection is then given by

w"! = sinh p dt,

o I ) cosh p

ENCTATETANEE A

w!? = — cosh p do, (D.2)
1/2 d

u_ 1/6

w = —(H1H2)1/6% <T (H1H2> > d/%

24 172 d f12 "
T (H1H2)1/6%((H1H2)1/3) '

All fermions satisfy the symplectic Majorana condition
€ = BQye’, (D.3)

where B is related to the usual charge conjugation matrix C' by B = 7,C. An explicit basis

for the spacetime v matrices in the signature 7,, = diag(—1,1,1,1,1) is

Yo =101 @ 1,
N =02®1,
Y2 = 03K 01,
V3 = 03 ® 02,
V4 = 03 ¥ 03,

B:]1®0'2.
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A basis for the Euclidean Clifford algebra I is

Fl = 01 (9 ]]_,
'y =03 ® o1,
I's = 03 ® o3,
(D.5)
F4 = 09 ® ]]_,
I's = 03 ® 09,
Q= 01 X 9.
In the chosen gauging,
. 1 N
o 221*\1]’
C 2\/5 45
(i =0,
(D.6)
i _ 1 coshgsz_;;
2\/§ 2 45>
gii 1 _,sinhes
Pt = _551 TF3]45-

Using the explicit solution to the equations of motion, the dilatino and gaugino variations

both lead to the projection condition

. 1 , j
(Ty5),” €5 = (H Hy) 1 (734F3 - 2\/?74)2, €;- (D.7)
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Substituting this projector into the AdSs x S! gravitino variations gives

1 ; J
0= (& + 5 sinh pvyp; — %cosh p7034F3> €5,

i J
0= (ap - 5’7134F3) €5,
: . (D.8)

1 1 . J
(acp 5 cosh pyi2 — 3 sinh P7234F3> €5,

1 J
0= (ao - (M?, - 5) I‘345) €j-

These equations can be integrated to

1 J i g
€; = exp («9 (Mg - 5) 1j345) exp (5713415)
i J

. !
it m
X exp (57034F3) exp (%m)l Em(r).
k

0

Anti-periodicity of ¢; under 8 — 6 + 27 requires the chemical potential to be quantized

13 € Z. After multiplying by ~s4I's, the projection condition can be expressed in the form

J
<1 + Z\/?”)/grg + r\/ H1H2734F345> Gj = O (DlO)

Similarly multiplying by I'y5 leads to

T 1 >j
1 —t—————yulas + ———="34I" = 0. D.11
( Zr\/m% 45 rm’m 345 i €; ( )

Using these equations, the radial gravitino equation can be put into the form

&ei = (a —+ b734T345) €;. (D12>
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The solution to equations of this form [149] is

_ 1 [ L [ )’
EZ‘(T’> = W ( T H1H2 + 1 + Z’}/4F45 T HlHQ - 1>Z

x (1— ’Y34Fs45)j]C (€0)p

(D.13)

for some constant symplectic Majorana spinor €. It can be checked explicitly that the above

Killing spinor satisfies the symplectic Majorana condition.
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APPENDIX E

Euclidean 1/2-BPS Line Defect Solution

A 1/2-BPS solution describing a superconformal line defect can be constructed in the Eu-
clidean version of pure Romans’ supergravity. In the notation of [136], the supersymmetry
variations are

?

1 .
0, = D,e — E’YMWO'Q,E + 1

(,y'ul/p - 455,7[)) hupey

, (B.1)
1
0X = ——= (VAN + O\W g + i7" sl ) €,
X o) (Y0, W s + iy Orhy)
with
W =202X + X?),
hyw = X7V (FL 630, + Bf,6_ + Boy) —iX2fu, (E.2)

X = e MVE,

99



The superconformal line defect preserves an SO(1,2)xSO(3) bosonic symmetry which can
be realized by the ansatz

ds* = fi(y)’dsie + f2(y)*dQ5 + f3(y)*dy®,
(E.3)

B~ = C1(y)volgz + Cs(y)volge.

A similar solution containing only these fields was analyzed in [136]. Imposing the projection

condition 3¢ = €, gives

1
0 = D,e — =y,¢,
2 (E.4)

ox =0,
which are the BPS equations describing AdSs;. Thus the tensor field B~ breaks half the

supersymmetries and does not backreact on the metric. C(y) and Cy(y) are determined by

the tensor field equation of motion

dB™ ++*B~ =0. (E.5)
The full solution is
f1 = coshy,
fo = sinhy,
f3 = 17 (E6)
a Y
C, = b h
sinh y <sinhy o y> ’
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Using the coordinates

dr? + da?
2
dSHz = T,

dQ¥ = df* + sin” Od¢?,

the solution can be mapped to Euclidean Poincaré coordinates

ds® = ; (dT2 +d? +drt +1r? (dQ2 + sin? 9d¢2)) ;

through the coordinate transformation

X

z= r = xtanhy.

coshy’

In this coordinate system, the tensor field takes the form

B~ = Cydr A dr + Codr A dz + Cysin6do A do,

~ ~ 2 2
16y = G = af+b<zsmh1 () +_W+Z> ,

T r V4 z

(r2 + 22)3/2
~ z

Cy—at 4 (_h (4) - )

and the leading behavior of the tensor field at the boundary is

B~ <b_r+%> dT/\dT_F(—b;TjL%)sianG/\dQ

z r r2

giving the source and vacuum expectation values of the dual A = 3 operator.

spacetime is Euclidean AdSs, the dual stress tensor vanishes

(E.9)

(E.10)

(E.11)

Since the

(E.12)



The solution can be uplifted to type IIB supergravity or D = 11 supergravity [144.|146], but

the two-form fields become complex when Wick rotating back to Lorentzian signature.
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