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Dq>artmen t  o f  Compute r  Scienc e 
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Abst rac t 

We analyze a tradeoff between early warnings of plan 
failure s an d fals e positives .  I n general ,  a  decisio n rul e 
tha t  provide s earlie r  warning s wil l  als o produc e mor e 
fals e positives .  Slac k tim e envelope s ar e decisio n rule s 
tha t  war n o f  pla n failure s i n ou r  Phoeni x system .  Unti l 
now,  the y hav e bee n constructe d accordin g t o a d ho c cri -
teria .  I n thi s pape r  w e sho w tha t  goo d performanc e 
unde r  differen t  criteri a ca n b e achieve d b y slac k tim e 
envelope s throughou t  th e cours e o f  a  plan ,  eve n thoug h 
envelope s ar e ver y simpl e decisio n rules .  W e als o 
develo p a  probabilisti c  mode l  o f  pla n progress ,  fro m 
whic h w e deriv e a n algorith m fo r  constructin g slac k 
tim e envek>pe s tha t  achiev e desire d tradeoff s betwee n 
earl y warning s an d fals e positives . 

1 Introduction 

Underlying the judgment that a plan will not succeed is 
a fundamenta l  tradeof f  betwee n th e cos t  o f  a n incorrec t 
decisio n an d th e cos t  o f  evidenc e tha t  migh t  improv e th e 
decision .  Fo r  conoeteness ,  let' s  sa y a  pla n succeed s i f  a 
vehicl e arrive s a t  it s  destinatio n b y a  deadline ,  an d fail s 
otherwise .  A t  an y poin t  i n a  pla n w e ca n correctl y o r 
incorrectl y predic t  tha t  th e pla n wil l  succee d w  fail .  I f 
we predic t  earl y i n th e pla n tha t  i t  wil l  fail ,  an d i t  even -
tuall y fails ,  the n w e hav e a  hit ,  bu t  i f  th e pla n eventu -
all y succeed s w e hav e a  fals e positive .  Fals e positive s 
migh t  b e expensiv e i f  the y lea d t o replanning .  I n gen -
eral ,  th e fals e positiv e rat e decrease s ove r  tim e (e.g. , 
v ^  fe w prediction s mad e immediatel y befor e th e dead -
lin e wil l  b e fals e positives )  bu t  th e reductio n i n fals e 
positive s mus t  b e balance d agains t  th e cos t  o f  waitin g 
t o detec t  failures .  Ideally ,  w e wan t  t o accuratel y predic t 
failure s a s earl y a s possible ;  i n practice ,  w e ca n hav e 
accurac y o r  earl y warning s bu t  no t  both . 

The fals e positiv e rat e fo r  a  decisio n rul e tha t 
at  tim e t  predict s failur e wil l  generall y decreas e a s ( 
increases .  W e analyz e thi s tradeof f  i n severa l  ways . 
First ,  w e describ e a  \er y simpl e decisio n rule ,  calle d a 
slac k tim e envelope ,  tha t  w e hav e use d fo r  year s i n th e 
Phoeni x planne r  (Section s 2  an d 3) .  Then ,  usin g 
empirica l  dat a fro m Phoenix ,  w e evaluat e th e fals e 
positiv e rat e fo r  envelope s an d sho w tha t  envelope s ca n 
maintai n goo d performanc e throughou t  a  pla n (Sectio n 
4) .  A n infinit e numbe r  o f  slac k tim e envelope s ca n b e 

constructe d fo r  an y plan ,  an d th e analysi s i n Sectio n 4 
depend s o n "good "  envelope s constructe d b y hand .  T o 
be generall y useful ,  envelope s shoul d b e constructe d 
automatically .  Thi s require s a  fwrnal  mode l  o f  th e 
tradeof f  betwee n whe n a  failur e i s predicte d (earlie r  i s 
better )  an d th e fals e positiv e rate  o f  th e predictio n 
(Sectio n 5) .  Finall y w e sho w h o w th e conditiona l 
probabilit y  o f  a  pla n failur e give n th e stat e o f  th e pla n 
can b e use d t o construc t  "warning "  envelopes . 

2 Slack Time Envelopes 

Imagine a plan that requires a vehicle to drive 10 km in 
10 minutes .  Figur e I  show s progres s fo r  thre e possibl e 
path s tha t  th e vehicl e migh t  follow ,  labele d A ,  B  an d C . 
Case A  i s successful :  th e vehicl e make s rapid  progres s 
unti l  tim e 3 ,  the n slow s dow n fro m tim e 3  t o tim e 4 , 
the n make s rapi d progres s unti l  tim e 8 ,  whe n i t  com -
plete s th e plan .  Cas e B  i s  unsuccessful :  progres s i s 
slo w unti l  tim e 4 ,  an d slowe r  afte r  that ;  an d th e require d 
distanc e i s no t  covere d b y th e deadline . 

The solid ,  heav y lin e i s a  slac k tim e envelop e 
fo r  thi s problem .  Ou r  Phoeni x planne r  (Cohe n e t  sd. , 
1989 ;  Hart ,  Anderson ,  &  Cohen ,  1990 )  construct s suc h 
an envelop e fo r  ever y pla n an d check s a t  eac h tim e 
interva l  t o se e whethe r  th e progres s o f  a  pla n i s withi n 
th e envelope .  Cas e A  remain s withi n th e envelop e un -
ti l  completion ;  cas e B  violate s th e envelop e a t  tim e 6 . 

slac k tim e 

distanc e 
remainin g 

2 3  4  5  6  7 
elapse d tim e 

Figur e 1 .  IHustratio n o f  envelope s 

10 
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W h en a n envelop e violatio n occurs ,  th e 
Phoeni x planne r  modifie s o r  completel y replace s it s 
plan .  I t  shoul d no t  wai t  unti l  th e deadlin e ha s expire d 
t o begin ,  bu t  should  star t  replannin g a s soo n a s i t  i s 
reasonabl y sur e tha t  th e pla n wil l  fail .  Clearly , 
envelope s ca n provid e earl y warnin g o f  pla n failure ;  fo r 
example ,  i n cas e B ,  th e envelop e warne d a t  tim e 6  tha t 
th e pla n woul d fail .  Th e proble m i s tha t  progres s 
migh t  pic k u p afte r  a n envelop e violation ,  a s show n i n 
cas e C .  A t  tim e S  th e envelop e i s violated ,  bu t  b y tim e 
8,  th e pla n i s bac k withi n th e envelope .  I f  i n thi s cas e 
th e Phoeni x planne r  abandone d it s pla n a t  tim e S ,  i t 
woul d hav e incurre d needles s replannin g costs .  Cas e C 
i s a  fals e positiv e a s w e define d i t  earlie r  a  pla n 
predicte d t o fai l  tha t  actuall y wil l  succeed .  Not e tha t  a 
differen t  envelope ,  show n b y th e heav y dotte d line ,  wil l 
avoi d thi s problem .  Unfortunately ,  i t  doesn' t  detec t  th e 
tru e failur e o f  cas e B  unti l  tim e 8 ,  tw o minute s afte r  th e 
previou s envelope .  Thi s illustrate s th e tradeof f  betwee n 
earl y warning s an d fals e positives .  (Thi s an d othe r 
concept s i n th e pape r  deriv e fro m signa l  detectio n 
theory ,  e.g. ,  (McNicol ,  1972 ;  C o o m b s ,  Dawes .  & 
Tversky .  1970). ) 

Slac k tim e envelope s ge t  thei r  nam e fro m th e 
perio d o f  n o progres s tha t  the y permi t  a t  th e beginnin g 
of  a  plan .  Th e Phoeni x planne r  add s slac k tim e t o 
envelope s s o tha t  plan s wil l  hav e a n opportunit y t o 
progres s befor e the y ar e abandone d fo r  lac k o f  progress . 
Unti l  recently ,  thi s wa s al l  th e justificatio n fo r 
envelope s w e coul d offer .  I n th e followin g sections , 
however ,  w e sho w w h y th e simpl e linea r  for m o f 
envelope s achieve s hig h performance ,  an d ho w t o selec t 
a valu e o f  slac k time . 

3 The Data Set 

One way to evaluate slack time envelopes is to generate 
hundred s o f  plans ,  monito r  thei r  executio n a t  regula r 
intervals ,  and ,  a t  eac h intn^al ,  us e a n envelop e t o pre -
dic t  succes s o r  failure .  W e generate d 113 9 trave l  plans , 
( X paths ,  fo r  vehicle s i n ou r  Phoeni x simulation . 
Phoeni x i s base d o n a  machine-readabl e m a p o f  Yellow -
ston e Nationa l  Par k tha t  include s roads ,  obstacles ,  a 
variet y o f  elevation s an d groun d covers ,  an d othe r  terrai n 
features .  Th e Phoeni x planne r  fight s simulate d fores t 
fires  i n thi s environmen t  b y surroundin g th e fire s wit h 
firelin e buil t  b y bulldozers .  Envelope s i n Phoeni x 
monito r  fir e sprea d rate ,  fu-elin e digging ,  an d progres s 
i n diffCTen t  bulldoze r  tasks .  Th e focu s o f  thi s paper , 
however ,  i s  a  simple r  problem :  gettin g fro m on e poin t 
on th e m a p t o anothe r  b y a  deadline .  T o genwat e ou r 
dat a set ,  w e repeatedl y selecte d pair s o f  point s 7 0 k m 
apar t  a s th e cro w flies ,  an d aske d th e Phoeni x planne r  t o 
construc t  a  pat h betwee n eac h pair .  The n w e simulate d 
th e traversa l  o f  eac h path ,  monitorin g i t  ever y 100 0 
simulate d seconds .  A t  eac h monitorin g ste p w e 
estimate d th e distanc e remainin g t o th e destination . 
Becaus e o f  obstacles ,  terrain ,  an d s o on ,  th e distributio n 
of  renaainin g distance s a t  a  give n monitorin g interva l 

•  eventua l  succes s 
X eventua l  failur e 

tim e 4 

28 

27 

26 

25 

distanc e 
remainin g 

Figur e 2 .  H o w w e generate d distribution s o f  D R fo r  suc -
cesse s an d failure s a t  eac h tim e interval . 

was considerabl e (includin g man y greate r  tha n 7 0 km) . 
For  example ,  afte r  500 0 seconds ,  th e mea n remainin g 
distanc e wa s abou t  5 4 k m wit h a  rang e o f  13. 6 t o 79. 1 
km.  W e generated ,  execute d an d monitore d 113 9 path s 
i n thi s manner . 

3.1 Distributions of Eventual Successes and 
Failure s Befor e th e Deadlin e 

We chose a deadline of 15,0(X) seconds to divide the 
path s int o tw o groups :  path s tha t  reache d thei r  goal s b y 
th e deadlin e wer e c^le d successes ,  an d thos e tha t  di d no t 
wer e caile d failures .  O f  113 9 paths ,  65 4 succeede d an d 
48 5 failed .  W e looke d a t  eac h pat h 1 5 times ,  onc e 
ever y 100 0 seconds ,  an d recorde d a n estimat e o f  th e 
number  o f  "distanc e imits "  remainin g t o th e goal .  Fo r  a 
variet y o f  reasons ,  a  distanc e uni t  i s  2  k m ,  s o th e dis -
tanc e remainin g t o th e goal ,  abbreviate d D R ,  i s 3 5 a t 
th e beginnin g o f  th e pla n an d zer o f w successfu l  path s 
at  th e en d o f  th e plan .  Henceforth ,  w e us e "tim e x "  a s 
shorthan d fo r  " x thousan d second s els^sed. "  Fo r  exam -
ple ,  i n Figur e 2 ,  a t  tim e 4 ,  al l  th e path s wit h D R =  2 8 
ar e failures ;  a t  tim e 5 ,  al l  th e path s wit h 2 6 ̂  D R ^  2 8 
ar e failures ;  bu t  a t  tim e 5 ,  D R =  25 ,  thre e path s ar e suc -
cesse s an d tw o ar e failures . 

We plotte d frequency  polygon s fo r  D R fo r  suc -
cesse s an d failure s a t  eac h o f  th e 1 5 tim e intervals . 
Figur e 3  show s th e distributio n o f  successe s an d failure s 
at  tim e 5 .  Not e tha t  mos t  failure s stil l  hav e a  lon g wa y 
t o trave l  a t  tim e 5 :  th e bul k o f  th e distributio n lie s t o 
th e right  o f  D R =  3 0 (th e mea n D R fo r  failure s a t  tim e 
3 i s  33) .  Th e distributio n o f  successes ,  however ,  i s 
made u p o f  path s wit h relativel y shor t  remainin g dis -
tance s t o th e goa l  (mea n D R =  17) . 

3.2 Empirical Hit Rates and False Positive 
Rate s fo r  D R Threshold s 

Let' s predic t  tha t  a  pat h wil l  fai l  t o reac h it s goa l  b y it s 
deadlin e if ,  a t  tim e 5 ,  th e remainin g distanc e t o th e goa l 
i s  3 0 o r  more ,  tha t  is ,  th e threshol d D R ^  30 .  Th e 
dar k shade d are a i n Figur e 3  represent s fals e positiv e 
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30.  • 
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Distributio n o f  D R fo r  successe s an d failure s 
(heav y line) ,  tim e -  5 . 

10 .  20 .  30 .  10 . 
Distanc e remainin g (DR ) 

Figur e 3 .  Frequenc y polygon s fo r  D R a t  tim e 5 . 

errors ,  path s w e predic t  wil l  fai l  bu t  tha t  eventuall y suc -
ceed .  O f  th e 65 4 path s tha t  eventuall y succeed ,  3 7 li e 
i n th e dar k shade d area ;  th e probabilit y  o f  a  fals e posi -
tiv e i s therefor e 37/65 4 =  0.056 .  Th e ligh t  shade d are a 
represent s hits ,  path s tha t  ar e predicte d t o fai l  an d tha t 
actuall y d o fail .  Th e probabilit y  o f  a  hi t  i s  261/48 5 = 
0.538 .  Th e rati o o f  th e probabilitie s i s 9.60 . 

At  tim e 5 ,  th e threshol d D R >  3 0 seem s prett y 
goo d becaus e th e rati o o f  hi t  probabilit y  t o fals e posi -
tiv e probabilit y  i s  high ,  bu t  w e canno t  sa y i t  i s  th e bes t 
threshol d unles s w e kno w th e relativ e value s o f  hit s an d 
fals e positives . 

Thi s i s jus t  par t  o f  th e analysi s o f  ou r  dat a se t 
I n particular ,  w e haven' t  show n ou r  analyse s o f  succes s 
and failur e distribution s a t  othe r  times ;  no r  hi t  an d fals e 
positiv e probabilitie s fo r  differen t  D R threshold s a t 
differen t  times ;  no r  succes s an d failur e distribution s fo r 
stricte r  o r  mor e lenien t  deadlines .  W e ca n summariz e 
thes e analyse s a s follows :  A t  late r  tim e intervals ,  th e 
succes s distributio n i s increasingl y right  skewed ,  wit h 
most  o f  it s  mas s aroun d lo w value s o f  D R .  A t 
intermediat e tim e interval s (e.g. ,  tim e =  7 )  th e failur e 
distributio n i s roughl y uniform .  Later ,  i t  i s  righ t 
skewe d lik e th e succes s distribution ,  bu t  wit h mor e 
mass i n it s tai l  tha n th e succes s distribution .  Shiftin g 
th e D R threshol d t o th e right  decrease s bot h hit s an d 
fals e positives ,  thoug h fals e positive s decreas e faste r  (a s 
i n Fig .  5 ,  onl y mor e s o a t  late r  tim e intervals) .  Thes e 
pattern s hol d fo r  stricte r  an d mor e lenien t  deadlines ;  th e 
mai n effec t  o f  a  stricte r  deadlin e i s t o reduc e th e numbe r 
of  successes .  Th e followin g evaluation s o f  envelope s 
ar e base d o n th e 15,00 0 secon d deadlin e illustrate d abov e 
becaus e i t  produce s a  nearl y eve n spli t  betwee n 
successe s (654 ,  total )  an d failure s (485 ,  total) . 

4. Evaluation of Slack Time Envelopes 

Slack time envelopes are decision rules for predicting 
whethe r  path s wil l  succee d o r  fail .  A s Ulustrate d i n Fig -
ur e 1 ,  i f  th e pat h i s withi n th e boundar y o f  a n envelop e 

at  a  particula r  time ,  the n w e predic t  success ,  otherwis e 
we predic t  failure .  Eac h poin t  o n a n envelop e boundar y 
specifie s a  D R threshol d fo r  a  particula r  time ,  an d s o 
has a n associate d hi t  rat e an d fals e positiv e rate .  I n thi s 
sectio n w e us e slac k tim e envelope s t o predic t  whethe r 
path s i n ou r  dat a set ,  discusse d above .  wU l  succee d o r 
fail .  W e evaluat e th e predictiv e performanc e o f  slac k 
tim e envel(^ s accordin g t o thi s criterion :  A n envelop e 
shoul d provid e performanc e approachin g optima l 
throughou t  a  plan . 

Thi s depend s o f  cours e o n ou r  definitio n o f 
optimal .  Conside r  a  decisio n rul e base d o n distanc e 
remainin g (dr )  t o th e goa l  a t  tim e t : 

Ifl(dr, t) > Pit), then predict plan failure 

wher e lidr^t )  = 
PT(dr \  pla n fails ,  t ) 

Pr(dr\ plan succeeds, t) 

Intuitively ,  w e hav e a n observatio n o f  d r  a t 
tim e t ,  an d w e mus t  decid e whethe r  thi s observatio n ha s 
bee n produce d b y a n eventua l  succes s o r  failure .  W e 
bas e ou r  decisio n o n whethe r  th e likelihoo d i s greate r 

tha n th e threshol d P i t ) .  A  basi c resul t  fro m signa l 

detectio n theor y i s tha t  th e utilit y  o f  thi s decisio n i s 
maximize d i f 

Pr  (  pla n succeeds ,  t ) 
P i t )  =  iPayoffit) ) 

where 

Payoff it) = 

Ptipla n fails,t ) 

Valicorrect rej,t)+Costifalse pos,t) 

Valihit,t)+Costimiss,t ) 

I n th e simples t  case .  P i t )  i s  constan t  ove r  th e 

cours e o f  a  plan .  A  mor e realisti c assessmen t  require s 

analysi s o f  th e term s i n P i t ) .  Th e first  term ,  th e pri w 

probabilities ,  decrease s wit h time ,  a s plan s begi n t o 
succeed .  Th e secon d ter m Payoff(t )  determine s th e rela -
tiv e importanc e o f  hits ,  fals e positives ,  correc t  rejec -
tions ,  an d misses .  Th e valu e o f  correctl y predictin g a 
pla n failur e decrease s ove r  time ;  earl y warning s ar e 
wort h more .  A t  th e sam e tim e th e cos t  o f  a  fals e 
positiv e increase s ove r  time ;  i f  w e ar e goin g t o 
unnecessaril y  abando n a  plan ,  i t  i s  bette r  t o d o s o earl y 
i n th e pla n tfian  late r  whe n w e hav e investe d a  lo t  o f 
tim e i n th e plan .  I t  i s  mor e difficul t  t o asses s th e valu e 
of  a  correc t  rejectio n an d th e cos t  o f  a  miss ,  bu t  i f  w e 
assume the y ar e constan t  relativ e t o th e othe r  parame -
ters ,  the n th e valu e o f  th e secon d ter m i n Payoff(t ) 
increase s ove r  time .  W e conside r  th e case s i n whic h 
Payoff(t )  i s  constan t  an d als o i n whic h Payoff(t ) 
increase s linearl y wit h time . 
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Envelope s (dar k line ) 
and contour s 

pay(t)= 5 

pay(t)= l 

Figur e 4 .  Hand-constructe d slac k tim e envelope s superim -
pose d o n constan t  Payoff(t )  contours . 
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Figur e 5 .  Slac k tim e envelope s o n linea r  Payoff(t )  con -
tours . 

4.1. Comparing Slack Time Envelopes with 
Empir ica l  Utilit y  Contour s 

Becaus e envelope s ar e jus t  straigh t  lines ,  i t  '. s  unclea r 
whethe r  the y ca n satisf y th e optima l  performanc e crite -
rion.  I n particular ,  fo r  constan t  o r  linea r  payof f  func -
tions ,  th e D R threshol d require d t o maintai n a  constan t 
rati o o f  hi t  probabilit y t o fals e positiv e probabilit y 
migh t  no t  chang e linearl y ove r  time .  T o fin d out ,  w e 
calculate d utilit y  contour s fro m th e empirica l  dat a fo r 
differen t  Payoff(t) ,  a s show n i n I^gure s 4  an d S .  A  con -
tou r  rqjTcsent s a  fixe d Payoffft )  function ;  eac h poin t  o n 
a contou r  i s th e D R threshol d ( y axis )  tha t  i s  require d a t 
a particula r  tim e ( x axis )  t o ensur e tha t  th e utilit y  o f  th e 
decisio n i s maximized .  I n Figur e 4  w e le t  Payoff(t )  b e 
constan t  a t  1  an d 5 ,  an d i n Figur e 5  w e le t  Payoff(t ) 
var y a s a  functio n o f  time . 

A n importan t  characteristi c o f  thes e contour s 
i s tha t  the y requir e hig h D R threshold s fo r  th e flrst  fe w 
tim e intervals ,  bu t  the n graduall y smalle r  threshold s fo r 
late r  tim e intervals .  Utilit y  contour s ar e roughl y linear , 
whic h suggest s tha t  a  slack-tim e envelope ,  fi t  t o on e o f 
thes e contours ,  ough t  t o provid e performanc e approach -

in g optimal ,  give n ou r  payof f  function .  Fo r  ou r  dat a 
set .  a t  least .  Figure s 4  an d 5  tell s u s tha t  a n envelop e 
ca n b e constructe d t o satisf y ou r  performanc e criterion . 
We wil l  formaliz e thi s resul t  i n th e nex t  section . 

5. Constructing Slack Time Envelopes: 

H ow Muc h Slack ? 

Our focus now turns to the task of constructing slack 
tim e envelopes .  W e assum e tha t  th e en d point s o f  th e 
envelop e ar e th e distanc e t o th e goa l  an d th e deadline ,  s o 
th e onl y paramete r  i s h o w muc h slac k tim e t o allow . 
Next  w e presen t  a  mode l  tha t  predict s utilit y  fo r  diffid -
ent  value s o f  slac k time .  Th e mode l  als o predict s th e 
earl y warnin g premiu m fo r  value s o f  slac k time .  Earl y 
warnin g premium s accru e when ,  b y constructin g a  tigh t 
envelop e wit h littl e slac k time ,  w e detec t  failure s earlie r 
tha n w e woul d wit h a  loose r  envelope .  Empirically . 
earl y warnin g premium s c o m e a t  th e expens e o f  fals e 
positives .  W e asses s a  cos t  fo r  eac h hi t  proportiona l  t o 
th e tim e interva l  i n whic h i t  i s  detected ;  thi s place s a 
premiu m o n earl y hits .  W e asses s a  constan t  cos t  fo r 
eac h fals e positive .  Thi s i s describe d furthe r  i n th e fol -
lowin g sections . 

5.1. A Probabilistic Model of Progress 

I f  w e kno w th e distribution s o f  distanc e remainin g (DR ) 
fo r  successe s a t  eac h tim e interva l  (e.g. .  thos e i n Hgur e 
3)  the n w e ca n predic t  th e fals e positiv e rat e fo r  a  give n 
D R threshold .  A  simpl e mode l  o f  th e distributio n o f 
D R begin s wit h th e assumptio n tha t  i n eac h tim e inter -
val  a  vehicl e ca n progres s a t  it s  m a x i m u m rat e c  wit h 
probabilit y  p .  o r  make s n o progres s a t  al l  wit h proba -
bilit y q  =  1  -  p .  The n th e distributio n o f  progres s i s 
binomial,  a s show n i n Tabl e 1 :  th e probabilit y  o f  hav -
in g mad e r  unit s progres s b y tim e n  i s jus t  th e binomia l 

probability {')p'q^''~'^-

For  example ,  th e probabilit y o f  on e uni t 

progres s b y tim e 4  i s 4pq 3 becaus e ther e ar e fou r  way s 

t o achiev e thi s result ,  eac h wit h probabilit y  pq^ :  w e 
coul d m a k e n o progres s unti l  tim e 3  (wit h probabilit y 

q3 )  an d the n progres s a t  th e m a x i m u m rat e fo r  on e tim e 

uni t  (tota l  probability ,  pq^) .  O r  w e coul d mak e on e 

Progres s 
Time 
3 4 

q 

p 
<p 
m 

p2 

1 

q^ 
3pq2 

3p2q 

p3 

q^ 
4pq3 

6p2q 2 

4p3q 

P̂  

q5 
5pq4 

10p2q 3 

10p3q 2 

5p4q 

?' 

Oc 

I c 

2c 

3c 

4c 

5c 

Tabl e 1 .  Progres s i n eac h tim e interva l  follow s a  binomia l 
distribution . 
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uni t  o f  progres s b y tim e 3  (wit h probabilit y  Spq^ )  an d 

the n mak e n o progres s fo r  th e remaining  tim e uni t 

(tota l  probabilit y  3pq^) .  Th e su m o f  thes e option s i s 

4pq3 . 

The expecte d progres s afte r  N  lim e unit s i s 
cNp an d th e varianc e i s cNpq .  I f  p  =  q  =  . 5 the n th e dis -
trilMition s of  ixogres s i n eac h tim e interva l  ar e symmet -
ric .  Otherwis e th e mas s of  th e distributio n a t  tim e N 
tend s towar d c N (i f  p  >  q )  ot  zer o (i f  q  >  p) .  Importan t 
characteristic s of  thi s mode l  ar e tha t  progres s i s linea r 
and varianc e change s linearl y wit h time . 

5.2 Utility Contours Using the Model 

This model explains the shape of utility contours and 
slac k tim e envelopes ,  an d i t  predict s th e probabilit y of 
fals e positive s fo r  a  give n envelope .  Le t  u s elaborat e 
th e mode l  a  little :  Ou r  goa l  i s  t o trave l  som e distanc e 
Dg b y a  deadlin e tim e Tg .  A t  an y tim e t ,  w e ca n asses s 

th e progres s tha t  ha s bee n made .  D(t) .  an d th e progres s 
tha t  remains  t o b e made ,  DR(t) ;  an d th e tim e remaining. 
TR: :  T g -  L  A  succes s i s define d a s D(t )  ̂  D g an d 

t  ̂  Tg .  Th e conditiona l  probabilit y  of  a  succes s give n 
DR(t) ,  D g an d T g is : 

PTisuccess\DRU) )  = 

TR 

I 

r=DRU) 

rTR \ 

v y 

r  iTR-r ) 
P <l 

A simila r  equatio n hold s fo r  th e conditiona l 
probabilit y  o f  a  failure .  I f  PayoffU )  i s fo r  exampl e con -
stant ,  thi s mean s mean s tha t  th e rati o o f  thes e condi -
tiona l  probabilitie s mus t  b e constan t  a s well .  N o w 
imagin e tha t  w e hav e DR(t )  distanc e remainin g a t  tim e t 
and w e extrapolat e forwar d T R tim e unit s t o th e dead -
line .  A t  thi s poin t  w e hav e a  binomia l  distributio n 
wit h N  =  TR ,  divide d int o a  portio n belo w th e D R = 0 
lin e (th e successes ,  thos e case s tha t  hav e arrive d b y th e 
deadline )  an d a  portio n abov e th e lin e (th e failures. )  Th e 
rati o o f  th e area s o f  th e tw o portion s give s u s th e rati o 
of  th e conditiona l  probabilities .  I f  w e wan t  t o fin d a t 
each tim e th e distanc e fo r  whic h thi s rati o i s constant , 
we plo t  a  constan t  z-scor e fo r  distribution s wit h N  rang -
in g fro m T g t o 0 . 

Figur e 6  show s contour s fo r  constan t  Pay -
offit) .  Contour s fo r  comparabl e linea r  Payoffit )  ar e ver y 
similar ,  wit h identica l  slac k times ,  bu t  mor e pro -
nounce d curve .  T o generat e th e figur e w e assume d D g = 

25,  T g =  50 ,  p  =  .5 ,  an d c  =  1 ,  an d applie d th e abov e 

analysi s t o ge t  conditiona l  probabilitie s o f  succes s an d 
failur e fo r  ever y valu e of  L 

Imagin e tha t  a  vehicl e ha s mad e 1 0 unit s o f 
progres s a t  tim e 25 ,  tha t  is ,  DR(25 )  =  15 ,  illustrate d b y 
th e larg e do t  nea r  th e cente r  of  Figur e 6 .  Becaus e thi s 
dot  lie s o n th e contou r  labelle d PayojfU )  =  5 ,  w e kno w 
tha t  Pr(failur e I  DR(25 )  =  15 )  /  Pr(succes s I  DR(25 ) 
=15)  =  5 .  I f  th e vehicl e make s n o progres s fo r  anothe r 

pay-1 4 
pay-4 3 

Figur e 6 .  Contour s o f  constan t  payof f  from  eac h poin t  i n 
th e space . 

five time units, then the dot would lie to the right of 
th e contou r  labele d Payoff(t )  =  43 ,  s o th e probabilit y 
ratio  i s muc h higher . 

These contours vary as\r. At the scale on 
whic h w e monitor ,  linea r  envelope s provid e a  goo d 
approximatio n of  th e contours ,  a s lon g a s th e envelop e 
boundarie s hav e th e right  slope ,  tha t  is ,  i f  the y ar e con -
structe d wit h th e right  amoun t  o f  slac k time .  Note , 
too ,  tha t  Figur e 6  justifie s th e us e of  slac k tim e i n 
envelopes :  Th e contour s associate d wit h hig h payoff s 
(an d thu s hig h rati o o f  hi t  probabilit y  t o fals e positiv e 
probability )  allo w a  perio d of  n o progres s a t  th e begin -
nin g o f  th e plan . 

5.3 Setting Slack Time 

A slac k tim e envelop e i s jus t  a  pai r  of  lines ,  on e repre-
sentin g th e perio d i n whic h n o progres s i s required—th e 
slac k time—an d anoth ^  connectin g th e en d of  th e first 
t o th e deadline ,  a s show n i n Figure s 1  an d 6 .  Slac k 
tim e i s th e onl y paramete r  i n slac k tim e envelopes ,  bu t 
we mus t  stil l  sho w ho w t o se t  i t 

We desir e a  balanc e of  fals e positive s agains t 
earl y warnin g premiums .  W e hav e no t  ye t  derive d fix)m 
our  binomia l  mode l  a  closed-for m expressio n fo r  th e 
expecte d numbe r  of  fals e positive s an d earl y warnings , 
but  w e hav e a n algorith m tha t  produce s thes e expecta -
tions  fo r  a  give n valu e o f  slac k time ,  i f  w e assum e tha t 
Dg=.5Tg : 

For each possible value of DR, drj: 

a.  calculat e te ,  th e tim e a t  whic h th e envelop e 
boundar y wil l  b e crossed ,  give n dr; ;  fo r 

example ,  i n Figur e 1 ,  whe n d q »  5  an d t>8 , 

th e soli d envelop e boundar y i s crossed , 
so fo r  d n =  5 ,  t e =  8 . 
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b.  us e th e binomia l  mode l  t o calculat e pe .  th e 

probabilit y  o f  reachin g te* .  fo r  exampl e i f 

dr j  -  3  an d t e -  5 ,  Tabl e 1  tell s  u s tha t 

Pe-10p2q3 -
c.  us e th e mode l  t o fin d th e probabilit y  o f  a 

fals e positive ,  pf p -  Pr(succes s |  DR(te )  -

dn) . 
d.  P e X  Pf p i s th e probabilit y  o f  a  fals e positiv e 

fo r  thi s valu e o f  d n 

e.  P e X  (T g -  te )  i s  th e expecte d earl y warnin g 

premiumto r  thi s valu e o f  dq . 

Tg - te is the time that remains before the 

deadlin e a t  th e envelop e boundar y a t  dri ;  thi s i s  wh y T g 

-  t e i s calle d th e earl y warnin g premium .  Th e expecte d 

earl y warnin g premiu m fo r  a  valu e o f  dr i  i s  jus t  T g -  t e 

time s th e probabilit y  o f  crossin g th e envelop e 
IxMuidary .  Th e mea n expecte d earl y warnin g premiu m i s 
th e mea n ove r  al l  value s o f  dr i  o f  Pe(T g -  te) .  W e expec t 

i t  t o hav e highe r  value s fo r  lowe r  slac k times ,  becaus e 
th e envelop e boundarie s fo r  lo w slac k time s ar e furthe r 
fro m th e deadline .  Th e mea n probabilit y  o f  fals e 
positive s i s obtaine d b y summin g p e pf p fo r  al l  value s 

of  dr i  an d dividin g b y th e numbe r  o f  thes e values .  W e 

expec t  i t  t o rise,  also ,  a s slac k tim e decreases ,  a s 
suggeste d b y th e contour s i n Figur e 6 . 

Wit h a  tabl e o f  value s fo r  th e mea n prol)abilit y 
of  fals e positive s an d th e mea n expecte d earl y warnin g 
premium ,  an d utilitie s fo r  earl y warnin g an d fals e posi -
tives ,  w e ca n mak e a  rationa l  decisio n abou t  slac k time . 

6 Conclusion 

Although we rely heavily on slack time envelopes in 
th e Phoeni x plaiuier ,  w e hav e alway s constructe d the m 
by heuristi c criteria ,  an d w e di d no t  kno w ho w t o evalu -
at e thei r  performance .  I n thi s pape r  w e showe d tha t 
hig h perfcMTnanc e ca n b e achieve d b y hand-constructe d 
slac k tim e envelopes ,  an d w e presente d a  probabilisti c 
model  o f  progress ,  from  whic h w e derive d a  metho d fo r 
automaticall y constructin g slac k tim e envelope s tha t 
l)alanc e th e Iwnefit s o f  earl y warning s agains t  th e cost s 
of  fals e positives . 

Othe r  wori t  ha s bee n don e i n thi s area ,  e.g. , 
(Miller ,  1989 )  construct s a n executio n monitorin g 
profil e o f  acceptabl e range s o f  senso r  value s fo r  a 
mobUe robo t  (thi s profil e i s  als o calle d a n "envelope") . 
If ,  durin g pla n execution ,  a  senso r  valu e exceed s th e 
envelop e boundaries ,  a  reflex  i s triggere d t o adjus t  th e 
rolxM' s l)ehavio r  i n suc h a  wa y tha t  th e senso r  reading s 
return  t o th e acceptabl e range .  (Sanbor n an d Hendler , 
1988 )  hav e use d monitorin g an d projectio n i n a 
simulate d robo t  tha t  trie s t o cros s a  bus y stree t  Th e 
rotx H ha s a  basi c street-crossin g plan ,  bu t  monitor s 
oncomin g traffl c  an d predict s possibl e collisio n point s 
whic h trigge r  reactiv e avoidanc e actions .  Ou r 
contributio n ha s bee n t o cas t  th e proble m i n 

probabilisti c  term s an d t o develo p a  framewor k fo r  eval -
uation .  W e ar e currentl y extendin g ou r  wor k t o othe r 
model s o f  progres s an d different ,  mor e comple x 
domains .  A  technica l  report  coverin g thi s woi k i n mor e 
detai l  i s  i n preparation . 
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