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DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
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California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 
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Long Wavelength End-Effect Undulator 
Radiation (Transition Undulator Radiation) t 

BRIAN M. KINCAID 

Ernest Orlando Lawrence Berkeley National Laboratory 
1 Cyclotron Road, Berkeley, CA 94720 

ABSTRACT 

As first pointed out by K.-J. Kim [1] undulator radiation contains a broad-band 
component in the long wavelength region. This radiation is due to the change in 
longitudinal velocity of an electron upon entering and leaving an undulator. The 
radiation pattern is a hollow cone, peaked in the forward direction, with an opening 
angle of approximately 1//, with a spectrum covering a wide range, including the 
infra-red and the visible. The radiation is radially polarized, analogous to transition 
radiation, and exhibits interference effects between the entrance and exit ends of the 
undulator, similar to the interference effects observed for transition radiation from 
a thin slab of material. A straightforward application of formulas from Jackson [2] 
results in a closed form exact expression for the low frequency limit of this novel 
radiation effect, Transition Undulator Radiation or TUR. 

t This work was supported by the Director, Office of Energy Research, Office of Basic Energy 
Sciences, Materials Sciences Division, of the U. S. Department of Energy, under contract 
DE- AC03- 76SF00098. 



1. INTRODUCTION 

TUR is produced by the change in longitudinal velocity occurring at the ends 
of an undulator. The electron enters the device with a velocity f3c. The transverse 
deflection of the electron by the undulator magnetic field causes a change in the 
longitudinal velocity according to f3z = .J /3 2 - /3"1: - /3;, since, neglecting radiation 
losses, the energy of the electron is not changed by the magnetic field. For the case 
of a planar undulator, the f3z oscillates at twice the rate of the transverse motion, 
and has an average value given by 

(1) 

Here, 1'" is given by 
.. I 

I = J1 + K2' 
(2) 

where K is calculated from the effective magnetic field strength.[3] For a planar 
undulator, for example, K = Kpeakfy'2. 

Thus, for highly relativistic electrons, even though the value of f3 is dose to 
unity and does not change very much upon entering the undulator, the effective 1 
changes quite a bit, especially in the case of large K undulators and wigglers. 

We are concerned with low-frequency radiation effects, so we may average over 
the high-frequency oscillations in f3z, and the normal transverse motions f3x and /3y, 
which produce the conventional undulator radiation harmonics. The electron's mo­
tion in the z-direction consists of a deceleration at the undulator entrance followed 
by an acceleration at the device exit. These accelerations produce the TUR. 

Another way to visualize the separation of the high frequency motion from the 
longitudinal motion responsible for TUR is to consider a high-K helical undulator, 
where f3x and /3y have the same amplitude. The transverse motion is the normal 
helical trajectory, while the longitudinal motion is exactly the deceleration and 
acceleration described above, without the assumption of averaging over the high 
frequency motion. The normal on-axis radiation consists of only the fundamental 
undulator frequency, and is circularly polarized. The higher undulator harmonics 
are radiated into a hollow cone with an opening angle of K/1, and are also mainly 
circularly polarized. The TUR is confined to a hollow cone on axis with an opening 
angle of 1/1, and is radially polarized. 

Henceforth, only the radiation produced by the longitudinal motion will be 
considered. The longitudinal accelerations are opposite in sign and similar in mag­
nitude for a typical undulator, so the electron radiates a pulse of electric field at 
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the entrance to the device, followed by another pulse with opposite sign at the 
exit. In a moving frame, the electron emits a dipole radiation pattern which, when 
viewed in the lab frame, is transformed into a radially· polarized hollow cone with 
an opening angle of 1/1· A distant observer therefore sees two pulses of electric 
field, of opposite sign. and roughly equal magnitude, with source points separated 
in time and longitudinal distance. This gives rise to Fresnel zone-like ring interfer­
ence patterns and a radiation spectrum at a fixed angle with periodic oscillations. 
Figure 1 shows this schematically. 

z=O z=L 

Figure 1. 

Radiation 
Pattern 

2. CALCULATION OF ANGULAR DISTRIBUTION OF RADIATION SPECTRUM 

Starting with the expression for the energy radiated by a single electron per 
unit solid angle and frequency (Jackson 14.67), 

(3) 

Using Jackson (14.66), the integrand, excluding the exponential, is a perfect 
differential, 

ft X ((ft- ,8) X ,8] = .!!_ [ft X (ft X ,8)] . 
( 1 - ft . ,8 )2 dt 1 - ft . ,8 

(4) 
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Substituting, 

(5) 

This is Jackson (15.1). 

Treating the entrance and exit motions separately, we ccan follow the treatment 
in Jackson, Chapter 15, covering the radiation emitted during·collisions caused by a 
change in particle velocity. Separate expressions for the entrance and exit radiation 
pulses can be summed with the appropriate phase later. In the low frequency limit, 
w --+ 0, the exponential factor is a constant equal to unity. The integrand is then a 
perfect differential, and therefore the spectrum of radiation with polarization E is 

lim_!!_!__= ~ ·1€·. ( /32 
_ /31 

) 1
2 

w-o dwdf! 41r2C 1 - ft · {32 1 - ft · {31 
(6) 

Here {32 is the velocity after the acceleration (deceleration) and {31 is the initial 
velocity, and E* is the (complex conjugate) polarization vector. 

Since the accelerations are longitudinal, f3 = j3z. If the angle between .ft and 
f3 is (), then E • f3 = j3 sin() ~ j3(), and 

(7) 

(8) 

(9) 

This gives 

d2 I e2 ( 212 K2() ) 2 
H~ dwdf! = 41l"2C (1 + K2 + 12()2)(1 + 12()2) 

(10) 

In the usual units, (photonslseclmrad2 10.1%/:}.wlw), 

r d
2
N 0_9 a: ( 1 ) ( 212K2o )2 

}!!~ dwlwdn = 1 x 411"2 ; (1 + K2 + 12()2)(1 + 12()2) 
(11) 

Here a: is the fine structure constant and (I I e) is the number of particles per 
second in the electron beam. The expression peaks at 18 ~ 1 I v'3 for small K and 
at ,e ~ 1 for large K. Also note that the expression is independent of K for large 
K. 
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3. INTERFERENCE EFFECTS 

For a single electron, a distant observer sees two electromagnetic wave pulses, 
one from the entrance end of the undulator and another from the exit end. These 
pulses are similar in size and shape and opposite in sign. As shown in Figure 2, 
the time difference between the two pulses at the distant observer at an angle () is 
given by 

L 
c~t = {3* - L cos e. (12) 

Here the first term is the time-of-flight of the electron from the entrance to the 
exit of the undulator, where the second pulse is emitted, and the second term is 
the time for light to travel the length of the undulator. 

ct= 0 L 
ct= W 

Figure 2. 

to observer 

Using the same small angle and large 1 approximations as before, 

(13) 

If the electric field pulse emitted is described by E(t), then the observer detects an 
intensity 

J((), t) <X IE(t)- E( -t + ~t)l 2 • (14) 

The sign of the argument of the second term is due to the time reversed nature of 
the accelerations at the ends of the undulator. In terms of the photon irradiance 
spectrum, 

(15) 

The () dependence of ~t gives rise to Fresnel zone-like interference rings. As long 
as the frequency w is not too large, the expression for the low-frequency limit is 
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a good approximation, and for fixed (), the spectrum oscillates from zero to four 
times the single pulse value. The detailed shape of the electric field pulses, and 
hence the detailed w dependence of the spectrum are not produced by the above 
analysis, since only the low-frequency limit has been examined. For real insertion 
devices, the calculated spectrum is relatively constant from the far infrared well 
into the visible. 

4. COMPARISON WITH BENDING MAGNET (BM) RADIATION 

The photon irradiance spectrum from a BM source is 

(16) 

where H2 (y) = y2K~13 (y/2), andy= w/wc, as usual. The ratio of TUR to BM 
radiation is given by 

(17) 

For simplicity, the sin2 term has been replaced by it's average value of 1/2, as 
discussed further in the next section. Since the maximum value of 

(18) 

is 1/4, the maximum value of R is given by 

(19) 

For 0.001 < y < 1, .03 < H2 (y) < 1.47, so TUR can have approximately one 
order of magnitude larger 1rradiance than BM radiation. In practice, however, 
this may be difficult to observe, since the fringe field region of the bend magnets 
upstream and downstream of the undulator produce a spectrum with a much lower 
critical energy than the full bend field. This increases the amount of low-frequency 
radiation produced by the bend magnets, and hence reduces the r~tio of TUR to 
BM radiation. 
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5. TOTAL FLUX 

To determine the total flux for a given w, integrate over solid angle, 

.,. ' 

I. dN J d
2 
N . ()d() 

}!?a dwjw = 27r dwjwdf! sm · (20) 

0 

Since the radiation pattern is confined to small angles, this may be approximated 
by 

00 

. dN J ~N 
~1!?o dwjw = 2

7r dwjwdn()d(). (21) 

0 

Changing the integration variable to u = 1 2
()

2
, 

(22) 

If w is large enough for there to be a significant number of interference zones in 
the radiation pattern, the sin2 term can be approximated by it's average value of 
1/2. Evaluating the definite integral, (22) becomes 

I. dN = 2a (I) (-2 1 (1 K 2 ) 2log(1 + J(2)) 
1m dwj + og + + }""" 2 • 

w-+0 w 7r e }. 
(23) 

For small J{, this expression is approximately 

(24) 

As shown in Figure 3, even though the expression diverges logarithmically for 
large J{, for normal values of J{ it is quite well behaved. For J{ = 1 the K 4 

approximation is already incorrect by a factor of two. For !{ up to about 30 the 
value of the K-dependent part of (23) is on the order of three. 
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K4 approx 

K 
Figure 3. 

6. COMPARISON WITH BM RADIATION 

The flux integrated over vertical angle emitted from a BM source is 

where 
co 

G1 (y) = y J Ksf3(y')dy'. 

y 

(25) 

(26) 

Integrating over a horizontal angle of approximately 1//, the ratio of TUR to 
the flux from the BM source is approximately 7/ G1 (y). If one is observing BM 
radiation from the fringe field region of the magnet, G1 (y) can be significant, 
possibly near unity. This says that under these conditions, total flux from TUR 
may be only marginally greater than that from BM radiation. However, depending 
on the details of the fringe field of the BM, and depending on w, the ratio may 
be significantly larger. Of course, a larger horizontal collection angle for the BM 
radiation will reduce this ratio. It should be noted that for long wavelengths, the 
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vertical opening angle of BM radiation can be significantly larger than 1/1· This 
says that TUR is more concentrated in the forward direction than BM radiation, 
but that the total flux is comparable to what is achievable using BM sources and 
large collection angles. 

7. CONCLUSION 

TUR is an interesting effect, and may produce marginally more irradiance and 
flux than BM sources. The exact details of the fringe field region of upstream 
and downstream bend magnets makes the possible advantage of TUR difficult to 
predict, and measurements should be done. Some work has been done predicting 
total power radiated in the fringe field region, [3] and this could be expanded to 
improve the estimates used above. 

M. R. Howells has pointed out that TUR fringe patterns may have some use as 
a electron beam diagnostic. The number of fringes, their contrast, alignment, etc., 
may give some useful information about things like energy and angular spread of 
the electron beam or the trajectory of the beam through the undulator. 

Helpful conversations with M. R. Howells are gratefully acknowledged . 
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