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Devwudfw

Olqhdu fruuhodwlrq lv rqo| dq dghtxdwh phdqv ri ghvfulelqj wkh ghshqghqfh ehwzhhq wzr udqgrp

yduldeohv zkhq wkh| duh mrlqwo| hoolswlfdoo| glvwulexwhg1 Zkhq wkh mrlqw glvwulexwlrq ri wzr ru pruh

dvvhwv lv qrw hoolswlfdo wkh olqhdu fruuhodwlrq frh�flhqw ehfrphv mxvw rqh ri pdq| srvvleoh zd|v

ri vxppdulvlqj wkh ghshqghqfh vwuxfwxuh ehwzhhq wkh yduldeohv1 Lq wklv sdshu zh pdnh xvh ri

d wkhruhp gxh wr Vnodu +4<8<,/ zklfk vkrzv wkdw dq q0glphqvlrqdo mrlqw glvwulexwlrq ixqfwlrq

pd| eh ghfrpsrvhg lqwr lwv q pdujlqdo glvwulexwlrqv/ dqg d frsxod/ zklfk frpsohwho| ghvfulehv

wkh ghshqghqfh ehwzhhq wkh q yduldeohv1 Zh yhuli| wkdw Vnodu*v wkhruhp pd| eh h{whqghg wr

frqglwlrqdo glvwulexwlrqv/ dqg dsso| lw wr wkh prghoolqj ri wkh wlph0ydu|lqj mrlqw glvwulexwlrq ri wkh

Ghxwvfkh pdun 0 X1V1 groodu dqg \hq 0 X1V1 groodu h{fkdqjh udwh uhwxuqv1 Zh �qg hylghqfh wkdw wkh

frqglwlrqdo ghshqghqfh ehwzhhq wkhvh h{fkdqjh udwhv lv wlph0ydu|lqj/ dqg wkdw lw lv dv|pphwulf=

ghshqghqfh lv kljkhu gxulqj dssuhfldwlrqv ri wkh X1V1 groodu djdlqvw wkh pdun dqg wkh |hq wkdq

gxulqj ghsuhfldwlrqv ri wkh groodu1 Zh dovr �qg vwurqj hylghqfh ri d vwuxfwxudo euhdn lq wkh

frqglwlrqdo frsxod iroorzlqj wkh lqwurgxfwlrq ri wkh hxur1

NH\ZRUGV= wlph vhulhv/ frsxodv/ h{fkdqjh udwhv/ ghshqghqfh1

M1H1O1 Frghv= F65/ F84/ F85/ I641
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Wkh frqfhsw ri ghshqghqfh lv ri fhqwudo lqwhuhvw wr doo hfrqrplvwv/ sudfwlwlrqhuv dqg dfdghplfv

dolnh1 Olqhdu fruuhodwlrq/ wkh prvw zlgho| xvhg dqg txrwhg phdvxuh ri ghshqghqfh/ lv mxvw rqh

vlpsoh phdqv ri vxppdulvlqj wkh ghshqghqfh ehwzhhq wzr udqgrp yduldeohv1 Iru yduldeohv wkdw

kdyh dq hoolswlfdo mrlqw glvwulexwlrq olqhdu fruuhodwlrq lv vx�flhqw wr ghvfuleh wkhlu ghshqghqfh/

krzhyhu li wkhlu mrlqw glvwulexwlrq lv qrw hoolswlfdo/ wkhq olqhdu fruuhodwlrq ehfrphv mxvw rqh ri pdq|

srvvleoh zd|v ri vxppdulvlqj wkh ghshqghqfh vwuxfwxuh1 Lq wklv sdshu zh pdnh xvh ri d wkhruhp gxh

wr Vnodu +4<8<,/ zklfk vkrzv wkdw dq q0glphqvlrqdo mrlqw glvwulexwlrq ixqfwlrq pd| eh ghfrpsrvhg

lqwr lwv q pdujlqdo glvwulexwlrqv/ dqg d frsxod/ zklfk frpsohwho| ghvfulehv wkh ghshqghqfh ehwzhhq

wkh q yduldeohv�1

E| xvlqj dq h{whqvlrq ri Vnodu*v wkhruhp zh duh deoh wr h{sorlw wkh vxffhvv zh kdyh kdg lq wkh

prghoolqj ri xqlyduldwh glvwulexwlrqv e| �uvw vshfli|lqj prghov iru wkh pdujlqdo glvwulexwlrqv ri d

pxowlyduldwh glvwulexwlrq ri lqwhuhvw/ dqg wkhq vshfli|lqj d frsxod1 Dv dq h{dpsoh/ ohw xv frqvlghu

wkh prghoolqj ri wkh mrlqw glvwulexwlrq ri wzr h{fkdqjh udwhv= wkh Vwxghqw*v w glvwulexwlrq kdv

ehhq irxqg wr surylgh d uhdvrqdeoh �w wr wkh frqglwlrqdo xqlyduldwh glvwulexwlrq ri gdlo| h{fkdqjh

udwh uhwxuqv/ vhh Eroohuvohy +4<;:, iru h{dpsoh1 D qdwxudo vwduwlqj srlqw lq wkh prghoolqj ri wkh

mrlqw glvwulexwlrq ri wzr h{fkdqjh udwhv pljkw wkhq eh d elyduldwh w glvwulexwlrq1 Krzhyhu/ wkh

elyduldwh Vwxghqw*v w glvwulexwlrq kdv wkh uhvwulfwlyh surshuw| wkdw erwk pdujlqdo glvwulexwlrqv kdyh

wkh vdph ghjuhhv ri iuhhgrp sdudphwhu1 Vwxglhv vxfk dv Eroohuvohy +4<;:, kdyh vkrzq wkdw gl�huhqw

h{fkdqjh udwhv kdyh gl�huhqw ghjuhhv ri iuhhgrp sdudphwhuv1 Lq Vhfwlrq 716 ehorz zh vkrz wkdw

hyhq wkh yhu| �h{leoh EHNN prgho iru wkh frqglwlrqdo yduldqfh0fryduldqfh hvwlpdwhg dvvxplqj d

elyduldwh w ghqvlw| iru wkh vwdqgduglvhg uhvlgxdov idlov jrrgqhvv0ri0�w whvwv ri wkh vshfl�hg ghqvlw|

zkhq hvwlpdwhg rq wkh Ghxwvfkh pdun 0 X1V1 groodu dqg wkh \hq 0 X1V1 groodu h{fkdqjh udwhv1

Wkh frqglwlrq wkdw erwk h{fkdqjh udwh uhwxuqv kdyh wkh vdph ghjuhhv ri iuhhgrp sdudphwhu lv

vlpso| wrr uhvwulfwlyh1 Qrwh dovr wkdw wklv lv srvvleo| wkh prvw lghdo vlwxdwlrq= zkhuh erwk dvvhwv

kdyh xqlyduldwh glvwulexwlrqv iurp wkh vdph idplo|/ wkh Vwxghqw*v w/ dqg yhu| vlplodu ghjuhhv ri

iuhhgrp/ 8=; iru wkh pdun dqg 7=7 iru wkh |hq1 Zh frxog lpdjlqh vlwxdwlrqv zkhuh wkh wzr yduldeohv

ri lqwhuhvw kdyh txlwh gl�huhqw pdujlqdo glvwulexwlrqv= d vwrfn uhwxuq dqg dq h{fkdqjh udwh/ iru

h{dpsoh/ zkhuh qr reylrxv fkrlfh iru wkh elyduldwh ghqvlw| h{lvwv1 Ghfrpsrvlqj wkh pxowlyduldwh

glvwulexwlrq lqwr wkh pdujlqdo glvwulexwlrqv dqg wkh frsxod doorzv iru wkh frqvwuxfwlrq ri ehwwhu

prghov ri wkh lqglylgxdo yduldeohv wkdq zrxog eh srvvleoh li zh frqvwudlqhg rxuvhoyhv wr orrn rqo|

dw h{lvwlqj pxowlyduldwh glvwulexwlrqv1

Ghvslwh wkh idfw wkdw frsxodv zhuh lqwurgxfhg dv d phdqv ri lvrodwlqj wkh ghshqghqfh vwuxfwxuh

�
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ri d pxowlyduldwh glvwulexwlrq ryhu iruw| |hduv djr/ wkh| kdyh qrw ehhq zlgho| xvhg lq hfrqrphwulfv1

Rqh srvvleoh uhdvrq iru wklv lv wkdw/ lq jhqhudo/ qr dqdo|wlfdo h{suhvvlrqv h{lvw iru wkh sdudphwhuv

ri d sduwlfxodu frsxod/ dqg vr pd{lpxp olnholkrrg/ ru vrph rwkhu hvwlpdwlrq phwkrg/ lv xvxdoo|

uhtxluhg1 D ixuwkhu uhdvrq pd| olh lq wkh idfw wkdw lqwhuhvw lq prghoolqj +dqg iruhfdvwlqj, wkh hqwluh

ghqvlw| ri d udqgrp yduldeoh kdv rqo| ulvhq lq wkh odvw ihz |hduv1 Zlwk wkh frpsxwdwlrqdo uhvrxufhv

qrz dydlodeoh/ dqg wkh jurzlqj lqwhuhvw lq ghqvlw| dqg txdqwloh prghov/ wkh wlph vhhpv ulsh iru

frsxod wkhru| wr eh dssolhg wr hfrqrplf sureohpv1

Wkh dlp ri wklv sdshu lv wzr0irog1 Iluvwo|/ zh vkrz lq Vhfwlrq 5 wkdw wkh h{lvwlqj wkhru| ri

+xqfrqglwlrqdo, frsxodv pd| eh h{whqghg wr wkh frqglwlrqdo fdvh/ wkxv doorzlqj xv wr xvh frsxod

wkhru| lq wkh prghoolqj ri wlph0ydu|lqj frqglwlrqdo ghshqghqfh1 Wlph yduldwlrq lq wkh frqglwlrqdo

�uvw dqg vhfrqg prphqwv ri hfrqrplf wlph vhulhv kdv ehhq zlgho| uhsruwhg/ dqg vr doorzlqj iru

wlph yduldwlrq lq wkh frqglwlrqdo ghshqghqfh ehwzhhq hfrqrplf wlph vhulhv vhhpv qdwxudo1 Wkh

vhfrqg dlp ri wklv sdshu lv wr vkrz krz zh pd| dsso| wkh wkhru| ri frqglwlrqdo frsxodv lq wkh

prghoolqj ri wlph0ydu|lqj h{fkdqjh udwh ghshqghqfh1 Zh h{dplqh gdlo| Ghxwvfkh pdun 0 X1V1 groodu

+GP0XVG, dqg Mdsdqhvh |hq 0 X1V1 groodu +\hq0XVG, h{fkdqjh udwhv ryhu wkh shulrg Mdqxdu| 4<<4

wr Rfwrehu 53331 Wkh prghoolqj ri wkh hqwluh frqglwlrqdo mrlqw glvwulexwlrq ri wkhvh h{fkdqjh

udwhv/ udwkhu wkdq mxvw/ vd|/ wkh frqglwlrqdo phdqv/ yduldqfhv dqg olqhdu fruuhodwlrq/ kdv d qxpehu

ri dwwudfwlyh ihdwxuhv= wkh �uvw lv wkdw jlyhq wkh frqglwlrqdo mrlqw glvwulexwlrq zh fdq/ ri frxuvh/

rewdlq wkh frqglwlrqdo phdqv/ yduldqfhv dqg fruuhodwlrq/ vr wklv w|sh ri prghoolqj qhvwv vroho|

prghoolqj frqglwlrqdo prphqwv1 Vhfrqgo|/ zh fdq rewdlq wkh wlph0sdwkv ri dq| rwkhu ghshqghqfh

phdvxuh ri lqwhuhvw/ vxfk dv udqn fruuhodwlrq/ zklfk fdq fdswxuh qrq0olqhdu ghshqghqfh/ ru phdvxuhv

ri ghshqghqfh lq wkh h{wuhphv/ vxfk dv wdlo ghshqghqfh21 Ghshqghqfh gxulqj h{wuhph hyhqwv kdv

ehhq wkh vxemhfw ri pxfk uhfhqw dqdo|vlv lq wkh �qdqfldo frqwdjlrq olwhudwxuh1 Ixuwkhu/ wkhuh duh

hfrqrplf vlwxdwlrqv zkhuh wkh hqwluh frqglwlrqdo mrlqw ghqvlw| lv uhtxluhg/ vxfk dv wkh sulflqj ri

�qdqfldo rswlrqv zlwk pxowlsoh xqghuo|lqj dvvhwv/ vhh Urvhqehuj +5333,/ ru lq wkh fdofxodwlrq ri

sruwirolr Ydoxh0dw0Ulvn +YdU,/ vhh Kxoo dqg Zklwh +4<<;,1

Lq rxu hpslulfdo dssolfdwlrq zh �qg wkdw wkh ghshqghqfh ehwzhhq wkh GP0XVG dqg \hq0

XVG h{fkdqjh udwhv lv dv|pphwulf/ lq wkdw wkh| duh pruh ghshqghqw gxulqj dssuhfldwlrqv ri wkh

X1V1 groodu +ru dowhuqdwlyho|/ gxulqj ghsuhfldwlrqv ri wkh pdun dqg wkh |hq, wkdq wkh| duh gxulqj

ghsuhfldwlrqv ri wkh X1V1 groodu1 Zh dovr uhsruw hylghqfh wkdw wkh frqglwlrqdo ghshqghqfh ehwzhhq

wkhvh h{fkdqjh udwhv lv wlph0ydu|lqj/ wkrxjk irupdoo| whvwlqj wklv lv frpsolfdwhg e| wkh suhvhqfh ri d

qxlvdqfh sdudphwhu1 Ilqdoo|/ zh �qg vwurqj hylghqfh ri d vwuxfwxudo euhdn lq wkh frqglwlrqdo frsxod

iroorzlqj wkh lqwurgxfwlrq ri wkh hxur lq Mdqxdu| 4<<</ zlwk wkhvh wzr h{fkdqjh udwhv h{klelwlqj

pxfk zhdnhu ghshqghqfh diwhu wkh euhdn wkdq ehiruh1

Wkh vwuxfwxuh ri wkh uhpdlqghu ri wklv sdshu lv dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh wkhru| ri

wkh frqglwlrqdo frsxod/ dqg Vhfwlrq 6 glvfxvvhv vrph ri wkh lvvxhv uhjduglqj wkh hydoxdwlrq dqg

2
A��t 4i@t�hi ��** Mi _�tU�tti_ �? 4Lhi _i|@�* �? 5iU|�L? e�

7



frpsdulvrq ri frsxod prghov1 Lq Vhfwlrq 7 zh dsso| wkh wkhru| ri frqglwlrqdo frsxodv wr wkh

prghoolqj ri wkh wlph0ydu|lqj mrlqw glvwulexwlrq ri wkh Ghxwvfkh pdun 0 X1V1 groodu dqg \hq 0 X1V1

groodu h{fkdqjh udwhv1 Lq wkdw vhfwlrq zh glvfxvv krz zh doorz iru wlph yduldwlrq lq wkh frqglwlrqdo

ghshqghqfh/ dqg krz wkh frpshwlqj frsxodv frpsduh1 Lq Vhfwlrq 8 zh vxppdulvh rxu uhvxowv/ dqg

glvfxvv rwkhu srwhqwldo dssolfdwlrqv ri frqglwlrqdo frsxodv lq hfrqrplfv1 Ilqdoo|/ zh surylgh wkh

surriv ri dq| wkhruhpv lq Dsshqgl{ D1

� �
� �
���� �� �
� ����
�
���� ������

Lq wklv sdshu zh zloo irfxv rq elyduldwh glvwulexwlrqv/ exw lw vkrxog eh qrwhg wkdw wkh wkhru| ri

frsxodv lv dssolfdeoh wr wkh pruh jhqhudo pxowlyduldwh fdvh1 Wkh wzr udqgrp yduldeohv frqvlghuhg

zloo eh ghqrwhg [ dqg \ / zlwk glvwulexwlrqv I dqg J uhvshfwlyho|1 Wkhlu mrlqw glvwulexwlrq zloo eh

ghqrwhg K1 Zh zloo dvvxph lq wklv sdshu wkdw wkh pdujlqdo glvwulexwlrq ixqfwlrqv/ I dqg J/ duh

frqwlqxrxv1 Wkh dvvxpswlrq ri frqwlqxlw| lv qrw uhtxluhg/ exw vlpsol�hv vrph ri wkh suhvhqwdwlrq1

Wkurxjkrxw wklv sdshu zh zloo ghqrwh wkh glvwulexwlrq +ru f=g=i=, ri d udqgrp yduldeoh xvlqj dq

xsshu fdvh ohwwhu/ dqg wkh fruuhvsrqglqj ghqvlw| +ru s=g=i=, xvlqj wkh orzhu fdvh ohwwhu1 Dovr qrwh

wkdw zh zloo ghqrwh wkh h{whqghg uhdo olqh dv �U � U ^ i	4j1

Lq Vhfwlrq 514 ehorz/ zh lqwurgxfh wkh frsxod yld vwdqgdug wkhru| rq wkh glvwulexwlrq ri udqgrp

yduldeohv1 Iroorzlqj wkdw/ wkh pruh jhqhudo wkhru| ri frqglwlrqdo frsxodv lv suhvhqwhg1

��� �
� ������ ��� �����������
��� �� ������ ���
�����

Frqvlghu wzr udqgrp yduldeohv X dqg Y / hdfk d sduwlfxodu wudqvirupdwlrq ri [ dqg \ = ohw X @

I +[, dqg Y @ J +\ ,1 Wkdw lv/ X dqg Y duh wkh suredelolw| lqwhjudo wudqvirupv ri [ dqg \

uhvshfwlyho|1 +Wkh suredelolw| lqwhjudo wudqvirup zloo eh glvfxvvhg ehorz1, Zh zloo qrz dwwhpsw

wr �qg wkh mrlqw ghqvlw| ri X dqg Y dffruglqj wr edvlf uhvxowv lq pdwkhpdwlfdo vwdwlvwlfv rq wkh

glvwulexwlrq ri wudqvirupdwlrqv ri udqgrp yduldeohv1 Rqh vwdqgdug uhihuhqfh iru wklv lv Fdvhood dqg

Ehujhu +4<<3,1 Zh zloo ghqrwh wkh mrlqw ghqvlw| ri X dqg Y dv f/ zklfk wxuqv rxw wr eh wkh cfrsxod

ghqvlw|*1

Vlqfh I dqg J duh vwulfwo| lqfuhdvlqj dqg frqwlqxrxv/ zh kdyh wkdw [ @ I
3� +X, dqg \ @

J
3� +Y ,/ dqg Yf

YL
@

�
YL

Yf

�
3�

@

�
Y8 Ef�
Yf

�
3�

@ i +[,
3�

dqg
Yt

YT
@

�
YT

Yt

�
3�

@

�
YCEt �
Yt

�
3�

@ j +\ ,
3�

1

Qrwh dovr wkdw
Yf

YT
@

Yt

YL
@ 31 Wkhq/

f +x> y, @ k +[ +x, > \ +y,, �

�����
Yf

YL

Yf

YT

Yt

YL

Yt

YT

�����

@ k
�
I3�

+x, > J3�
+y,

�
�

C[

CX
�

C\

CY

f +x> y, @
k
�
I3�

+x, > J3�
+y,

�
i +I3� +x,, � j +J3� +y,,

+4,

Htxdwlrq +4, vkrzv wkdw wkh frsxod ghqvlw| ri [ dqg \ lv htxdo wr wkh udwlr ri wkh mrlqw ghqvlw|/
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k/ wr wkh surgxfw ri wkh pdujlqdo ghqvlwlhv/ i dqg j1 Iurp wklv h{suhvvlrq zh fdq rewdlq d �uvw

uhvxow rq wkh surshuwlhv ri frsxodv= li [ dqg \ duh lqghshqghqw/ wkhq wkh frsxod ghqvlw| wdnhv

wkh ydoxh 4 hyhu|zkhuh/ vlqfh lq wkdw fdvh wkh mrlqw ghqvlw| lv htxdo wr wkh surgxfw ri wkh pdujlqdo

ghqvlwlhv1 Zh fdq dovr xvh wkh deryh htxdwlrq wr ghulyh dq h{suhvvlrq iru k dv d ixqfwlrq ri { dqg

| lqvwhdg=

k
�
I
3� +x, >J3� +y,

�
@ i

�
I
3� +x,

�
� j

�
J
3� +y,

�
� f +x> y,

k +{> |, @ i +{, � j +|, � f +I +{, > J +|,, +5,

Htxdwlrq +5, lv wkh cghqvlw| yhuvlrq* ri Vnodu*v +4<8<, wkhruhp= wkh mrlqw ghqvlw|/ k/ fdq eh

ghfrpsrvhg lqwr surgxfw ri wkh pdujlqdo ghqvlwlhv/ i dqg j/ dqg wkh frsxod ghqvlw|/ f1 Vnodu*v

wkhruhp krogv xqghu pruh jhqhudo frqglwlrqv wkdq wkh rqhv zh lpsrvhg iru wklv looxvwudwlrq/ dqg

ehorz zh glvfxvv wkh jhqhudo surri1

��� �
� �
���� �� �
� ����
�
���� ������

Iru dq lqwurgxfwlrq wr wkh jhqhudo wkhru| ri frsxodv wkh uhdghu lv uhihuuhg wr Qhovhq +4<<<, ru

Fkdswhu 9 ri Vfkzhl}hu dqg Vnodu +4<;6,1 Zh zloo vwduw zlwk d ihz yhu| edvlf/ exw yhu| lpsruwdqw/

gh�qlwlrqv edvhg rq wkrvh lq Qhovhq +4<<<,1 Wkh vhrqg frqglwlrq ehorz uhihuv wr wkh cK0yroxph*

ri d uhfwdqjoh ^{�> {2`� ^|�> |2` lq �U2/ ghqrwhg e| YM 1 Wklv lv vlpso| wkh suredelolw| ri revhuylqj

d srlqw lq wkh uhjlrq ^{�> {2`� ^|�> |2`1 Lw lv h{suhvvhg lq wkh iroorzlqj zd| dv lw jhqhudolvhv pruh

hdvlo| wr wkh pxowlyduldwh fdvh1

Gh�qlwlrq 4 D frqglwlrqdo elyduldwh glvwulexwlrq ixqfwlrq lv d uljkw frqwlqxrxv ixqfwlrq K = �U2 $

^3> 4` zlwk wkh surshuwlhv=

41 K+{>�4mI, @ K+�4> |mI, @ 3> dqg K+4>4mI, @ 4

51 YM +^{�> {2`� ^|�> |2`, � K +{2> |2mI,�K +{�> |2mI,�K +{2> |�mI,.K +{�> |�mI, � 3 iru doo

{�> {2> |�> |2 5
�U/ dqg {� � {2/ |� � |2=

zkhuh I lv vrph frqglwlrqlqj vhw1

Wkh �uvw frqglwlrq vlpso| surylghv wkh xsshu dqg orzhu erxqgv rq wkh glvwulexwlrq ixqfwlrq1

Wkh vhfrqg frqglwlrq hqvxuhv wkdw wkh suredelolw| ri revhuylqj d srlqw lq wkh uhjlrq ^{�> {2`�^|�> |2`

lv qrq0qhjdwlyh�1 Wkh frqglwlrqdo pdujlqdo glvwulexwlrqv ri [ dqg \ duh gh�qhg dv I +{mI, �

K +{>4mI,/ dqg J +|mI, � K +4> |mI,1 Zh qrz gh�qh wkh irfxv ri wklv sdshu> wkh frqglwlrqdo

frsxod1

�
Wu �i ti| %2 ' %� n 0 @?_ +2 ' +� n 0 @?_ *i| 0 < f

n
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Gh�qlwlrq 5 D wzr0glphqvlrqdo frqglwlrqdo frsxod lv d ixqfwlrq F = ^3> 4`� ^3> 4`$ ^3> 4` zlwk wkh

iroorzlqj surshuwlhv=

41 F+x> 3mI, @ F+3> ymI, @ 3/ dqg F+x> 4mI, @ x dqg F+4> ymI, @ y/ iru hyhu| x> y lq ^3> 4`

51 Y� +^x�> x2`� ^y�> y2` mI, � F +x2> y2mI, � F +x�> y2mI, � F +x2> y�mI, . F +x�> y�mI, � 3 iru

doo x�> x2> y�> y2 5 ^3> 4`/ vxfk wkdw x� � x2 dqg y� � y21

zkhuh I lv vrph frqglwlrqlqj vhw1

Wkh �uvw frqglwlrq ri Gh�qlwlrq 5 surylghv wkh orzhu erxqg rq wkh glvwulexwlrq ixqfwlrq/ dqg

hqvxuhv wkdw wkh pdujlqdo glvwulexwlrqv/ F +x> 4mI, dqg F +4> ymI,/ duh xqlirup1 Wkh frqglwlrq wkdw

Y� lv qrq0qhjdwlyh kdv wkh vdph lqwhusuhwdwlrq dv wkh vhfrqg frqglwlrq ri Gh�qlwlrq 4= lw vlpso|

hqvxuhv wkdw wkh suredelolw| ri revhuylqj d srlqw lq wkh uhjlrq ^x�> x2`� ^y�> y2` lv qrq0qhjdwlyh1

E| gudzlqj rq wkh deryh frqglwlrqv iru wkh frqglwlrqdo frsxod/ dqg h{whqglqj lwv grpdlq wr

�U2/ zh pd| dowhuqdwlyho| gh�qh d frqglwlrqdo frsxod dv wkh frqglwlrqdo elyduldwh glvwulexwlrq ri d

sdlu ri udqgrp yduldeohv +X>Y , kdylqj pdujlqv wkdw duh Xqli +3> 4,1 Wkh h{whqvlrq ri wkh grpdlq

wr �U2 lv dffrpsolvkhg dv iroorzv=

Ohw F
W +x> ymI, @

;AAAAAAA?
AAAAAAA=

3 iru x ? 3 ru y ? 3>

F +x> ymI, iru +x> y, 5 ^3> 4`� ^3> 4` >

x iru x 5 ^3> 4` > y A 4>

y iru x A 4> y 5 ^3> 4` >

4 iru x A 4> y A 4=

<AAAAAAA@
AAAAAAA>

Wklv dowhuqdwlyh gh�qlwlrq ri wkh frqglwlrqdo frsxod dv wkh frqglwlrqdo elyduldwh glvwulexwlrq ri

d sdlu ri udqgrp yduldeohv +X> Y , kdylqj pdujlqv wkdw duh Xqli +3> 4, ehfrphv hyhq pruh lqwxlwlyh

zkhq zh frqvlghu d wudqvirupdwlrq nqrzq dv wkh suredelolw| lqwhjudo wudqvirupdwlrq1 Wkh udqgrp

yduldeoh X| @ I +[|mI, lv wkh suredelolw| lqwhjudo wudqvirup ri [|/ dqg lv nqrzq wr kdyh wkh

Xqli +3> 4, glvwulexwlrq/ uhjdugohvv ri wkh ruljlqdo glvwulexwlrq/ I 1 Wklv uhvxow zdv �uvw lqwurgxfhg

e| Ilvkhu +4<65,/ vhh Fdvhood dqg Ehujhu +4<<3, iru pruh ghwdlove1

Wkh olqn ehwzhhq wklv wudqvirupdwlrq dqg wkh wkhru| ri frsxodv qrz ehfrphv fohdu= wkh frsxod

lv wkh mrlqw glvwulexwlrq ixqfwlrq ri wkh suredelolw| lqwhjudo wudqvirupv ri hdfk ri wkh yduldeohv [

dqg \ zlwk uhvshfw wr wkhlu pdujlqdo glvwulexwlrqv/ I dqg J1 Zh qrz pryh rq wr dq h{whqvlrq ri

wkh wkh nh| uhvxow lq wkh wkhru| ri frsxodv= Vnodu*v +4<8<, wkhruhp iru frqglwlrqdo glvwulexwlrqv=
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Wkhruhp 6 +Vnodu*v Wkhruhp iru Frqwlqxrxv Frqglwlrqdo Glvwulexwlrqv, Ohw K eh d frq0

glwlrqdo elyduldwh glvwulexwlrq ixqfwlrq zlwk frqwlqxrxv pdujlqv I dqg J/ dqg ohw I eh vrph

frqglwlrqlqj vhw1 Wkhq wkhuh h{lvwv d xqltxh frqglwlrqdo frsxod F = ^3> 4` � ^3> 4` $ ^3> 4` vxfk

wkdw

K+{> |mI, @ F+I +{mI,>J+|mI,mI,> ;{> | 5 �U +6,

Frqyhuvho|/ li F lv d frqglwlrqdo frsxod dqg I dqg J duh wkh frqglwlrqdo glvwulexwlrq ixqfwlrqv

ri wzr udqgrp yduldeohv [ dqg \ / wkhq wkh ixqfwlrq K gh�qhg e| htxdwlrq +6, lv d elyduldwh

frqglwlrqdo glvwulexwlrq ixqfwlrq zlwk pdujlqv I dqg J1

Wkh ghqvlw| ixqfwlrq htxlydohqw ri +6, lv xvhixo iru pd{lpxp olnholkrrg dqdo|vlv/ dqg lv rewdlqhg

txlwh hdvlo|/ surylghg wkdw I dqg J duh gl�huhqwldeoh/ dqg K dqg F duh wzlfh gl�huhqwldeoh1

k +{> |mI, �
C2K +{> |mI,

C{C|

@
C2F +I +{mI, > J +|mI, mI,

C+I +{mI, C +J +|mI,,
�
CI +{mI,

C{
�
CJ +|mI,

C|

@
C2F +x> ymI,

CxCy
� i +{mI, � j +|mI,

k +{> |mI, @ f +x> ymI, � i +{mI, � j +|mI, > ;{> | 5 �U +7,

zkhuh x � I +{mI,/ dqg y � J +|mI,1

Zh fdq dovr rewdlq d fruroodu| wr Wkhruhp 6/ dqdorjrxv wr wkdw ri Qhovrq*v +4<<<, fruroodu| wr

Vnodu*v Wkhruhp/ zklfk hqdeohv xv wr h{wudfw wkh frqglwlrqdo frsxod iurp dq| frqglwlrqdo elyduldwh

glvwulexwlrq ixqfwlrq/ exw �uvw zh qhhg wkh gh�qlwlrq ri wkh ctxdvl0lqyhuvh* ri d ixqfwlrq1

Gh�qlwlrq 7 Wkh txdvl0lqyhuvh/ I E3��/ ri d glvwulexwlrq ixqfwlrq I lv gh�qhg dv=

I E3��+x, @ lqii{ = I +{, � xj/ iru x 5 ^3> 4`= +8,

Li I lv vwulfwo| lqfuhdvlqj wkhq wkh deryh gh�qlwlrq uhwxuqv wkh xvxdo ixqfwlrqdo lqyhuvh ri I /

exw pruh lpsruwdqwo| lw doorzv xv wr frqvlghu lqyhuvhv ri qrq0vwulfwo| lqfuhdvlqj ixqfwlrqv1

Fruroodu| 8 Ohw K eh dq| frqglwlrqdo elyduldwh glvwulexwlrq zlwk frqwlqxrxv pdujlqdo glvwulex0

wlrqv/ I dqg J/ dqg ohw I E3��
dqg JE3��

ghqrwh wkh +txdvl0, lqyhuvhv ri wkh pdujlqdo glvwulex0

wlrqv1 Ilqdoo|/ ohw I eh vrph frqglwlrqlqj vhw1 Wkhq wkhuh h{lvwv d xqltxh frqglwlrqdo frsxod

F = ^3> 4`� ^3> 4`$ ^3> 4` vxfk wkdw

F +x> ymI, @ K

�
I E3��

+xmI, >JE3��
+ymI, mI

�
> ;x> y 5 ^3> 4` +9,

;



Wklv fruroodu| frpsohwhv wkh lghd wkdw d elyduldwh glvwulexwlrq ixqfwlrq pd| eh ghfrpsrvhg lqwr

wkuhh sduwv1 Jlyhq dq| wzr pdujlqdo glvwulexwlrqv dqg dq| frsxod zh kdyh d mrlqw glvwulexwlrq/ dqg

iurp dq| jlyhq mrlqw glvwulexwlrq zh fdq h{wudfw wkh lpsolhg pdujlqdo glvwulexwlrqv dqg frsxod1

Wr surylgh vrph lghd dv wr wkh �h{lelolw| wkdw wkh deryh iudphzrun jlyhv xv/ zh qrz frqvlghu

ydulrxv mrlqw glvwulexwlrqv/ doo zlwk vwdqgdug qrupdo pdujlqdo glvwulexwlrqv dqg doo lpso|lqj d

olqhdu fruuhodwlrq frh�flhqw/ �/ ri 3=81 Wkh frqwrxu sorwv ri wkhvh glvwulexwlrqv duh suhvhqwhg lq

Iljxuh 41 Lq wkh xsshu ohiw fruqhu ri wklv �jxuh lv wkh vwdqgdug elyduldwh qrupdo glvwulexwlrq

zlwk � @ 3=81 Wkh rwkhu hohphqwv ri wklv �jxuh vkrz wkh ghshqghqfh vwuxfwxuhv lpsolhg e| rwkhu

frsxodv/ zlwk hdfk frsxod fdoleudwhg vr dv wr dovr |lhog � @ 3=81 Lw lv txlwh fohdu wkdw nqrzlqj

wkh pdujlqdo glvwulexwlrqv dqg olqhdu fruuhodwlrq lv qrw vx�flhqw wr ghvfuleh d mrlqw glvwulexwlrq=

Fod|wrq*v frsxod/ iru h{dpsoh/ kdv frqwrxuv wkdw duh txlwh shdnhg lq wkh mrlqw orzhu wdlo/ lpso|lqj

juhdwhu ghshqghqfh wkhuh wkdq lq wkh mrlqw xsshu wdlo1 Jxpeho*v frsxod lpsolhv mxvw wkh rssrvlwh1

Wkh Mrh0Fod|wrq frsxod/ zklfk zh zloo glvfxvv lq pruh ghwdlo ehorz/ lv voljkwo| shdnhg lq erwk mrlqw

wdlov/ wkrxjk pruh vr lq wkh xsshu wkdq wkh orzhu1 Wkh ixqfwlrqdo irupv ri wkh frsxodv suhvhqwhg

lq Iljxuh 4 pd| eh irxqg lq Mrh +4<<:,1

� �������
�� �� 	���
�
���� ����
�� ������

Ehiruh prylqj rq wr ghyhorslqj prghov iru wkh frqglwlrqdo frsxod/ zh pxvw �uvw hvwdeolvk d phdqv

ri hydoxdwlqj wkhlu jrrgqhvv0ri0�w1 Phdvxuhv ri jrrgqhvv0ri0�w duh qrw rqo| ri lpsruwdqfh iru

hydoxdwlqj wkh �w ri d sursrvhg frsxod/ exw iru whvwlqj wkh vshfl�fdwlrq ri wkh pdujlqdo glvwulexwlrqv1

Prghoolqj ri wkh frqglwlrqdo frsxod uhtxluhv wkdw wkh prghov iru wkh pdujlqdo glvwulexwlrqv eh

lqglvwlqjxlvkdeoh iurp wkh wuxh pdujlqdo glvwulexwlrqv1

Dv glvfxvvhg deryh/ d frsxod pd| eh ylhzhg dv wkh mrlqw glvwulexwlrq ri wzr xqlirup udqgrp

yduldeohv/ wkxv wkh hydoxdwlrq ri frsxod prghov lv d vshfldo fdvh ri wkh pruh jhqhudo sureohp ri

hydoxdwlqj +pxowlyduldwh, ghqvlw| prghov1 Wkh ghqvlw| prgho +ru iruhfdvw, hydoxdwlrq olwhudwxuh lv

uhodwlyho| |rxqj/ dqg qr vlqjoh phwkrg kdv hphujhg dv ehvw1 Vwxglhv e| Glherog/ hw do1 +4<<;, dqg

Glherog/ hw do1 +4<<<, irfxv rq wkh suredelolw| lqwhjudo wudqvirupv ri wkh gdwd lq wkh hydoxdwlrq ri

wkh ghqvlw| prgho/ dqg vr duh fohduo| uhohydqw lq hydoxdwlqj frsxod prghov1

Dv phqwlrqhg lq irrwqrwh 7/ wkh suredelolw| lqwhjudo wudqvirup kdv ehhq xvhg lq jrrgqhvv0ri0

�w whvwlqj dv idu edfn dv N1 Shduvrq +4<66,/ dqg vlqfh wkhq lq Qh|pdq +4<6:,/ H1 V1 Shduvrq

+4<6;,/ Gdzlg +4<;7,/ Nolqj dqg Ehvvohu +4<;<, dqg Glherog/ hw do1 +4<<;,1 Glherog/ hw do1 +4<<;,

vkrzhg wkdw iru wkh wlph vhulhv iudphzrun wkh vhtxhqfh ri suredelolw| lqwhjudo wudqvirupv zloo eh

l=l=g= Xqli +3> 4, li wkh vhtxhqfh ri ghqvlwlhv lv fruuhfw/ dqg sursrvhg whvwlqj wkh vshfl�fdwlrq ri

d ghqvlw| prgho e| whvwlqj zkhwkhu ru qrw wkh wudqviruphg vhulhv zdv l=l=g=/ dqg Xqli +3> 4, lq

<



wzr vhsdudwh vwdjhv
DcS

1 Ohw xv ghqrwh wkh wzr wudqviruphg vhulhv dv ix
|
jA
|'�

dqg iy
|
jA
|'�

/ zkhuh

x
|
� I

|
+{

|
mI

|3�, dqg y| � J| +||mI|3�,/ iru w @ 4> 5> ===> W dqg I| @ � +{|> ||> {|3�> ||3�> ===,1 Glherog/

hw do1 +4<<;, sursrvh �uvwo| whvwlqj wkh lqghshqghqfh ri wkh �uvw irxu prphqwv ri X| dqg Y|/ e|

uhjuhvvlqj +x| � �x,& dqg +y| � �y,& rq 53 odjv ri erwk +x| � �x,& dqg +y| � �y,&/ iru n @ 4> 5> 6> 7=

Xqghu wkh qxoo wkdw erwk ix|j
A

|'� dqg iy|j
A

|'� uhsuhvhqw l=l=g= vdpsohv doo frh�flhqwv lq wkhvh uh0

juhvvlrqv vkrxog eh }hur1 Li wkh wzr vhulhv ix|j
A
|'� dqg iy|j

A
|'� sdvv wkh whvwv iru vhuldo ghshqghqfh/

wkhq zh pd| whvw wkh k|srwkhvlv wkdw wkh wudqviruphg vhulhv duh Xqli +3> 4, yld wkh Nroprjrury0

Vpluqry +N0V, whvw.1 Glherog/ hw do1 +4<<<, h{whqg wkh uhvxowv ri Glherog/ hw do1 +4<<;, wr wkh

hydoxdwlrq ri pxowlyduldwh ghqvlw| prghov2iruhfdvwv1 Wkh| sursrvh whvwlqj wkh cfrqglwlrqdo* sure0

delolw| lqwhjudo wudqvirup= d elyduldwh glvwulexwlrq pd| eh ghfrpsrvhg lqwr d frqglwlrqdo dqg

d pdujlqdo glvwulexwlrq/ K| +{|> ||mI|3�, @ Ktc| +||m{|>I|3�, � I +{|mI|3�,/ dqg K| +{|> ||mI|3�, @

Kfc| +{|m||>I|3�, � J +||mI|3�,/ zkhuh K
�
fc| +{|m||>I|3�, dqg K

�
tc| +||m{|>I|3�, duh wkh frqglwlrqdo

f=g=i=v ri [ dqg \ uhvshfwlyho|
H
1 Wkh yduldeohv X| dqg Y| duh gh�qhg lq wkh vdph zd| dv deryh/ dqg

wzr qhz yduldeohv duh gh�qhg= X
S
| � Kfc| +[|m\|>I|3�, dqg Y

S
| � Ktc| +\|m[|>I|3�,1 Wkh phwkrg

ri Glherog/ hw do1 +4<<<, lqyroyhv fkhfnlqj wkdw hdfk ri ix|j
A

|'�/ iy| j
A
|'�/ ix

S
|j

A

|'� dqg iy
S
|j

A

|'� duh

glvwulexwhg dv l=l=g= Xqli +3> 4, udqgrp yduldeohv/ xvlqj wkh vdph whvwv dv iru wkh xqlyduldwh fdvh1 Li

wklv krogv/ wkhq doo pdujlqdo dqg frqglwlrqdo glvwulexwlrqv ri wkh elyduldwh glvwulexwlrq duh fruuhfwo|

vshfl�hg/ lpso|lqj wkdw wkh elyduldwh glvwulexwlrq lv fruuhfwo| vshfl�hg1

Wkhuh duh wzr gudzedfnv ri wkh deryh dssurdfk wr hydoxdwlqj d ghqvlw| prgho= wkh pdlq

gudzedfn lv wkdw zh pxvw whvw wkh fruuhfwqhvv ri wkh ghqvlw| prgho vhsdudwho| iurp whvwlqj iru

vhuldo ghshqghqfh lq wkh wudqviruphg yduldeohv
b
1 Wkh vhfrqg gudzedfn lv wkdw wkh idfw wkdw wkh
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�� ì 4@) i4T*L) @ ?�4ih�U@*

@TThL �4@|�L? _�i |L �hittc i| @*� E�bHb� |L LM|@�? |�i T��@*�it ULhhitTL?_�?} |L |�i |it| t|@|�t|�Ut�

H
A�i UL?_�|�L?@* S�_�s� t Lu f @?_ t @hi }��i? M) M

�
fc| E%|�+|c5|3�� '

YMl

wE%wc+w�5w�4�
Y+

@?_ M�
tc| E+|�%|c5|3�� '

YMl

wE%wc+w�5w�4�
Y%

�
b�ih!L��|3 E�bbb� ThLTLti_ L?i tL*�|�L? |L |��t ThLM*i4� Oi t�}}it|i_ |�@| �?t|i@_ Lu |it|�?} |�i t�|�

A

|'� tih�itc

43



Nroprjrury0Vpluqry whvw kdv orzhu srzhu lq wkh wdlov ri wkh glvwulexwlrq wkdq lq wkh fhqwuh/ vhh

Vwhskhqv +4<;9,/ dqg wklv lv d fulwlfdo uhjlrq iru wkh frqvwuxfwlrq ri Ydoxh0dw0Ulvn hvwlpdwhv iru

d sruwirolr dvvhwv/ iru h{dpsoh1 Zh sursrvh khuh dq dowhuqdwlyh whvw/ zklfk gudzv rq wkh lqwhuydo

iruhfdvwlqj olwhudwxuh dqg txdqwl�hv wkh lqwxlwlrq wkdw Glherog/ hw do1 +4<<;, vxjjhvw fdq eh jdlqhg

e| orrnlqj dw wkh hpslulfdo klvwrjudpv ri wkh wudqviruphg gdwd1 Glherog/ hw do1 vxjjhvw wkdw e|

frpsdulqj wkh qxpehu ri revhuydwlrqv lq hdfk elq/ rwkhuzlvh nqrzq dv d cklw* lq wkdw elq/ zlwk

zkdw zrxog eh h{shfwhg xqghu wkh qxoo k|srwkhvlv zh pd| jdlq vrph lqvljkw dv wr zkhuh wkh prgho

idlov/ li dw doo1 Iru h{dpsoh/ wrr pdq| revhuydwlrqv lq wkh elqv qhdu }hur ru rqh zrxog vxjjhvw wkdw

wkh ghqvlw| prgho kdv wdlov wkdw duh wrr wklq1 Wklv irup ri hydoxdwlrq reylrxvo| kdv lwv urrwv lq N1

Shduvrq*v +4<33, "2 whvw/ vhh G*Djrvwlqr dqg Vwhskhqv +4<;9, iru pruh ghwdlov1

Lq wkh iroorzlqj whvw zh ghfrpsrvh wkh ghqvlw| prgho lqwr d vhw ri cuhjlrq* prghov +clqwhuydo*

prghov lq wkh xqlyduldwh fdvh,/ hdfk ri zklfk vkrxog eh fruuhfwo| vshfl�hg xqghu wkh qxoo k|srwkhvlv

wkdw wkh hqwluh ghqvlw| lv fruuhfwo| vshfl�hg1 Wkh vshfl�fdwlrq lqwurgxfhg ehorz lv dq h{whqvlrq

ri wkh cklw* uhjuhvvlrqv ri Fkulvwr�huvhq +4<<;, dqg Hqjoh dqg Pdqjdqhool +4<<<,/ sursrvhg wr

hydoxdwh lqwhuydo iruhfdvwv/ vxfk dv Ydoxh0dw0Ulvn iruhfdvwv1 Zh zloo ghvfuleh wkh whvw ehorz lq d

jhqhudo vhwwlqj/ dqg glvfxvv wkh ghwdlov ri lpsohphqwdwlrq lq Vhfwlrq 7181

Ohw Z| eh wkh +srvvleo| pxowlyduldwh, udqgrp yduldeoh xqghu dqdo|vlv/ dqg gh�qh wkh vxssruw

ri Z| dv V1 Ohw iU�j
g

�'f
eh uhjlrqv lq V vxfk wkdw U� _ U� @ > li l 9@ m/ dqg ^g

�'fU� @ V1 Ohw

��| eh wkh wuxh suredelolw| wkdw Z| 5 U� dqg ohw s�| eh wkh suredelolw| vxjjhvwhg e| wkh prgho�f1

Ilqdoo|/ ohw �| � ^�f|> ��|> ===> �g|`
� dqg S| � ^sf|> s�|> ===> sg|`

�1 Xqghu wkh qxoo k|srwkhvlv wkdw wkh

prgho lv fruuhfwo| vshfl�hg zh kdyh wkdw S| @ �| iru w @ 4> 5> ===> W 1 Ohw xv gh�qh wkh yduldeohv wr

eh dqdo|vhg lq wkh whvwv dv Klw
�
| � 4 i[| 5 U�j/ zkhuh 4 iDj wdnhv wkh ydoxh 4 li wkh dujxphqw/ D/

lv wuxh dqg }hur hovhzkhuh/ dqg P| �
Sg

�'f m � 4 i[| 5 U�j1

Zh pd| whvw wkdw wkh prgho lv dghtxdwho| vshfl�hg lq hdfk ri wkh N.4 uhjlrqv lqglylgxdoo| yld

whvwv ri wkh k|srwkhvlvK
f
= Klw

�
| q l=q=l=g=Ehuqrxool +s�|, yhuvxvK�

= Klw
�
| q l=q=l=g=Ehuqrxool +��|,/

zkhuh ��| lv d ixqfwlrq ri erwk s�|/ dqg rwkhu hohphqwv ri wkh wlph w � 4 lqirupdwlrq vhw wkrxjkw

wr srvvleo| kdyh h{sodqdwru| srzhu iru wkh suredelolw| ri d klw1 Wklv lv zkhuh rxu whvw gl�huv iurp

wkrvh suhvhqwhg lq Fkulvwr�huvhq +4<<;, dqg Hqjoh dqg Pdqjdqhool +4<<<,= wkh iruphu sursrvhg

prghoolqj ��| dv d �uvw0rughu Pdunry fkdlq wr fkhfn iru �uvw0rughu vhuldo ghshqghqfh ri wkh klwv/

zkloh wkh odwwhu sursrvhg xvlqj d olqhdu suredelolw| prgho wr ghwhuplqh li rwkhu yduldeohv/ vxfk

dv odjjhg klwv dqg dovr odjjhg ohyhov ri wkh Ydoxh0dw0Ulvn/ kdg vljql�fdqw suhglfwlyh ydoxh1 Wkh
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pdunry fkdlq dssurdfk vx�huv iurp wkh gudzedfn wkdw lw lv gl�fxow wr fkhfn iru wkh lq�xhqfh ri

rwkhu yduldeohv ru orqjhu odjv/ zkloh Hqjoh dqg Pdqjdqhool*v +4<<<, prgho pd| eh lpsuryhg uhod0

wlyho| hdvlo| e| xvlqj d ehwwhu prgho iru wkh klwv wkdq d olqhdu suredelolw| prgho/ zklfk dvvxphv

qrupdoo| glvwulexwhg huuruv1 Zh sursrvh xvlqj d orjlw prgho iru wkh klwv/ zklfk |lhogv pruh h�0

flhqw sdudphwhu hvwlpdwhv/ dqg wkxv krshixoo| d pruh srzhuixo whvw��1 Iru pruh ghwdlov rq wkh orjlw

prgho/ vhh Gdylgvrq dqg PdfNlqqrq +4<<6, ru Juhhqh +4<<:,1 Wkh prgho zh sursrvh iru ��| lv=
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zkhuh � +{, � �

�ne3%
lv wkh orjlvwlf wudqvirupdwlrq/ ]�| lv d pdwul{ frqwdlqlqj yduldeohv wkrxjkw

wr lq�xhqfh wkh suredelolw| ri d klw/ �� lv d +n� � 4, yhfwru ri sdudphwhuv wr eh hvwlpdwhg/ dqg ��

lv dq| ixqfwlrq ri uhjuhvvruv dqg sdudphwhuv vxfk wkdw �� +]> 3, @ 3 iru doo ]1 Wkh frqglwlrq rq ��

lv lpsrvhg vr wkdw zkhq �� @ 3 zh kdyh wkdw ��| @ �� +]�|> 3> s�|, @ s�|/ dqg wkxv wkh frpshwlqj

k|srwkhvhv pd| eh h{suhvvhg dv �� @ 3 yhuvxv �� 9@ 31 Wkh sdudphwhu �� pd| eh irxqg yld

pd{lpxp olnholkrrg/ zkhuh wkh olnholkrrg ixqfwlrq wr eh pd{lplvhg lv= O
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1 Wkh whvw pd| wkhq txlwh hdvlo|

eh frqgxfwhg dv d olnholkrrg udwlr whvw/ zkhuh OU� � �5 �
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xqghu wkh qxoo k|srwkhvlv wkdw wkh prgho lv fruuhfwo| vshfl�hg lq uhjlrq U�1

Zh pd| whvw zkhwkhu wkh sursrvhg ghqvlw| prgho lv fruuhfwo| vshfl�hg lq doo N.4 uhjlrqv vlpxo0

wdqhrxvo| e| whvwlqj wkh k|srwkhvlvKf =P| qPxowlqrpldo +S|, yhuvxvK� =P| qPxowlqrpldo +�|,/

zkhuh djdlq zh vshfli| �| wr eh d ixqfwlrq ri erwk S| dqg yduldeohv lq wkh wlph w� 4 lqirupdwlrq

vhw wkrxjkw wr srvvleo| lq�xhqfh wkh suredelolw| ri d klw lq rqh ri wkh uhjlrqv1 Zh sursrvh wkh

iroorzlqj vhwxs iru wkh hohphqwv ri �|=
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zkhuh � +{, � �

�ne3%
lv wkh orjlvwlf wudqvirupdwlrq/ ]| � ^]�> ===> ]g `� dqg � � ^��> ===> �g `�1 +Ohw

wkh ohqjwk ri � eh ghqrwhg Nq1, Wklv udwkhu frpsolfdwhg0orrnlqj h{suhvvlrq iru �| lv vshfl�hg

lq vxfk d zd| wkdw �| +]|>3> S|, @ S| iru w @ 4> 5> ===> W iru doo ]|1 Ixuwkhu/ lw doorzv hdfk ri

wkh hohphqwv ri �| wr eh d ixqfwlrq ri d vhw ri uhjuhvvruv/ ]�|/ zkloh hqvxulqj wkdw hdfk ��| � 3

dqg wkdw 	g

�'f
��| @ 41 Djdlq wkh frpshwlqj k|srwkhvhv pd| eh h{suhvvhg dv � @ 3 yhuvxv

� 9@ 31 Wkh olnholkrrg ixqfwlrq wr eh pd{lplvhg wr rewdlq wkh sdudphwhu � lv O +� +]>�> S , mKlw, @

	
A
|'�	

g
�'f oq��| � 4 iP| @ mj1 Wkh mrlqw whvw pd| dovr eh frqgxfwhg dv d olnholkrrg udwlr whvw=

OU�uu � �5 �
�
O +S mKlw,�O

�
�

�
]> a�> S

�
mKlw

��
y "

2

gq
xqghu wkh qxoo k|srwkhvlv wkdw wkh

prgho lv fruuhfwo| vshfl�hg lq doo N uhjlrqv1

� �� ����
	��
�� �� �
� ����
�
���� ������

Wkh wkhru| ri frsxodv kdv ehhq lq xvh lq wkh dssolhg vwdwlvwlfdo olwhudwxuh iru ryhu wzhqw| |hduv1 Rqh

ri wkh hduolhvw dssolfdwlrqv ri frsxodv zdv Fod|wrq*v +4<:;, vwxg| ri idploldo whqghqf| lq fkurqlf

glvhdvh1 Rwkhu vwxglhv kdyh lqfoxghg Frrn dqg Mrkqvrq*v +4<;4, dqg Jhqhvw dqg Ulyhvw*v +4<<6,

dqdo|vlv ri k|gurjhrfkhplfdo gdwd xvhg lq wkh h{sorudwlrq iru xudqlxp dqg Rdnhv* +4<;<, dqdo|vlv

ri Ir{ Ulyhu �rrg gdwd1 Wkh dssolfdwlrq ri frsxod wkhru| wr hfrqrplf sureohpv lv d pxfk pruh

uhfhqw skhqrphqrq1

Shukdsv wkh hduolhvw sdshu wr sursrvh wkh xvh ri wkh wkhru| ri frsxodv lq wkh dqdo|vlv ri hfrqrplf

sureohpv zdv Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq +4<<<,/ ru wkh pruh whfkqlfdo yhuvlrq ri wkh

vdph sdshu= Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq +5333,1 Lq wkhvh sdshuv wkh dxwkruv rxwolqh wkh

csurshuwlhv dqg slwidoov* ri fruuhodwlrq dv d phdvxuh ri ghshqghqfh1 Urvhqehuj +5333, xvhv frsxod

wkhru| lq wkh sulflqj ri d �qdqfldo rswlrq kdylqj wzr xqghuo|lqj dvvhwv/ lq klv fdvh wkhvh dvvhwv zhuh

wkh V)S833 dqg wkh GD[ 63 +wkh odwwhu ehlqj d sulfh lqgh{ ri wkluw| eoxh fkls Jhupdq vwrfnv,1 Mrh

+4<<:, surylghv d ghwdlohg orrn dw krz wkh xvh ri DUPD surfhvvhv wr prgho vhuldo ghshqghqfh pd|

eh jhqhudolvhg wr xwlolvh wkh wkhru| ri frsxodv1 Erx|�h/ hw do1 +5333, h{whqg wklv wkhru| e| xvlqj

frsxodv wr ghvfuleh vhuldo ghshqghqfh lq frqwlqxrxv wlph vwrfkdvwlf surfhvvhv vxfk dv Eurzqldq

prwlrq dqg wkh Ruqvwhlq0Xkohqehfn surfhvv1 Ilqdoo|/ Frvwlqrw/ hw do1 +5333, dsso| +xqfrqglwlrqdo,

frsxodv wr wkh vwxg| ri ghshqghqfh ehwzhhq �qdqfldo pdunhwv gxulqj h{wuhph hyhqwv/ rqh h{dpsoh ri

zklfk lv wkh 4<<:04<<; Dvldq �qdqfldo fulvlv1 Qr sdshu/ wr rxu nqrzohgjh/ kdv frqvlghuhg dsso|lqj

wr wkh prghoolqj ri wlph0ydu|lqj frqglwlrqdo glvwulexwlrqv1

Kdylqj glvfxvvhg wkh h{whqvlrq ri frsxod wkhru| wr wkh frqglwlrqdo fdvh/ zh qrz dsso| wkh

wkhru| ri frqglwlrqdo frsxodv wr wkh prghoolqj ri wkh frqglwlrqdo elyduldwh glvwulexwlrq ri wkh gdlo|

Ghxwvfkh pdun 0 X1V1 groodu +GP0XVG, dqg Mdsdqhvh |hq 0 X1V1 groodu +\hq0XVG, h{fkdqjh udwh

uhwxuqv ryhu wkh shulrg Mdqxdu| 5/ 4<<4 wr Rfwrehu 45/ 53331 Wklv uhsuhvhqwv wkh srvw0xql�fdwlrq

hud lq Jhupdq| +wkh frxqwulhv zhuh xqlwhg lq Qryhpehu ri 4<;</ dqg vrph �qdqfldo lqwhjudwlrq

zdv vwloo ehlqj fduulhg rxw gxulqj 4<<3, dqg lqfoxghv wkh �uvw wzhqw|0wzr prqwkv ri wkh hxur*v uhljq
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dv wkh r�fldo fxuuhqf| ri Jhupdq|�21 Wkhvh wzr h{fkdqjh udwhv duh ri lqwhuhvw dv wkh| duh wkh

wzr prvw khdylo| wudghg fxuuhqf| sdluv/ uhsuhvhqwlqj forvh wr 83( ri wrwdo iruhljq h{fkdqjh wudglqj

yroxph +vhh Phoylq/ 5333,1 Jlyhq wkhlu vwdwxv/ wkh GP0XVG dqg \hq0XVG h{fkdqjh udwhv kdyh

ehhq uhodwlyho| zlgho| vwxglhg/ vhh Dqghuvhq dqg Eroohuvohy +4<<;,/ Glherog hw do1 +4<<<,/ Dqghuvhq

hw do1 +5333,/ dprqjvw rwkhuv1

Lq dgglwlrq wr wkh hfrqrplf lqwhuhvw lq wkhvh vhulhv/ wkh| dovr uhsuhvhqw d vwdwlvwlfdoo| lqwhuhvwlqj

sdlu ri vhulhv1 Zkloh wkhuh lv jhqhudoo| yhu| olwwoh wlph yduldwlrq lq wkh frqglwlrqdo phdqv ri h{fkdqjh

udwhv/ lw lv zhoo grfxphqwhg wkdw wkh frqglwlrqdo yduldqfhv ri h{fkdqjh udwhv ydu| v|vwhpdwlfdoo|

ryhu wlph/ vhh wkh sdshuv phqwlrqhg deryh/ dqg dovr Eroohuvohy +4<;:,/ Eroohuvohy +4<<3,/ Hqjoh hw

do1 +4<<3,/ dqg Nhduqh| dqg Sdwwrq +5333,/ dprqjvw pdq| rwkhuv1 Wkxv zh kdyh dq dexqgdqfh ri

hylghqfh wkdw wkh frqglwlrqdo pdujlqdo glvwulexwlrqv ydu| ryhu wlph1 Hylghqfh dovr h{lvwv wkdw wkh

ghshqghqfh ehwzhhq wkhvh wzr dvvhwv ydulhv ryhu wlph= wkh pxowlyduldwh JDUFK olwhudwxuh/ ri zklfk

pdq| ri wkh suhylrxvo| phqwlrqhg sdshuv duh d sduw/ surylghv dpsoh hylghqfh wkdw wkh frqglwlrqdo

fruuhodwlrq ehwzhhq wkhvh wzr h{fkdqjh udwhv ydulhv ryhu wlph/ vxjjhvwlqj wkdw shukdsv wkh hqwluh

ghshqghqfh vwuxfwxuh pd| eh wlph0ydu|lqj/ wkrxjk dv phqwlrqhg deryh/ wkhuh pd| eh ehwwhu zd|v ri

fdswxulqj wklv wlph yduldwlrq lq ghshqghqfh wkdq wkurxjk frqglwlrqdo fruuhodwlrq1 Wkh vshfl�fdwlrq

ri d frqglwlrqdo mrlqw glvwulexwlrq yld wkh frpelqdwlrq ri wzr wlph0ydu|lqj frqglwlrqdo pdujlqdo

glvwulexwlrqv dqg d srwhqwldoo| wlph0ydu|lqj frqglwlrqdo frsxod/ wkhq/ vhhpv shuihfwo| vxlwhg wr wkh

sureohp dw kdqg1

Xs xqwlo wklv srlqw zh kdyh qrw pxfk glvfxvvhg wkh frqglwlrqlqj vhw/ I / zh kdyh phuho| vkrzq

wkdw wkh h{lvwlqj uhvxowv lq wkh vwdwlvwlfv olwhudwxuh krog zkhq wkhuh h{lvwv vxfk d frqglwlrqlqj vhw1

Iru wlph vhulhv dssolfdwlrqv wkh qdwxudo frqglwlrqlqj vhw wr frqvlghu lv wkh vljpd dojheud jhqhudwhg

e| doo suhylrxv revhuydwlrqv/ l1h1/ I| @ �+{|> ||> {|3�> ||3�> ===> {�> |�,1 Zlwk I| gh�qhg lq wklv zd|

zh wkhq uh0zulwh htxdwlrq +6, dv

K|+{|> ||mI|3�, @ F|+I|+{|mI|3�,> J|+||mI|3�,mI|3�,> {> | 5 �U> w @ 4> 5> ===> W +44,

Wkh deryh htxdwlrq pdnhv lw fohdu wkdw wkh mrlqw glvwulexwlrq ri +[|> \|, pd| gl�hu iurp wkh

mrlqw glvwulexwlrq ri +[|3�> \|3�,1 Wkxv d vdpsoh ri sdluv ri revhuydwlrqv/ i+{|> ||,j
A

|'�
/ pd| qrw

uhsuhvhqw W revhuydwlrqv ri wkh vdph mrlqw glvwulexwlrq/ exw W revhuydwlrqv iurp W gl�huhqw mrlqw

glvwulexwlrqv1 Reylrxvo|/ zlwkrxw dvvxplqj vrph vwuxfwxuh zh fdqqrw dwwhpsw wr hvwlpdwh wkh

irup ri K/ ru wkdw ri F/ I / ru J1 Zkdw lv riwhq dvvxphg lv wkdw wkh ixqfwlrqdo irup ri wkh

glvwulexwlrq uhpdlqv frqvwdqw ryhu wlph/ zkloh wkh sdudphwhuv ri wkh glvwulexwlrq ydu| dffruglqj

wr vrph htxdwlrq1 Lq prghoolqj wkh pdujlqdo glvwulexwlrqv/ iru h{dpsoh/ zh zloo dvvxph wkdw wkh

frqglwlrqdo phdqv hyroyh dffruglqj wr dq dxwruhjuhvvlyh surfhvv/ dqg wkdw wkh frqglwlrqdo yduldqfhv

�2
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hyroyh dffruglqj wr d JDUFK+4/4, surfhvv1 Wkh glvwulexwlrqv ri wkh vwdqgduglvhg lqqrydwlrqv lq

erwk pdujlqv duh dvvxphg wr eh Vwxghqw*v w glvwulexwlrqv iru wkh hqwluh vdpsoh shulrg1

Zh fdq vlploduo| wklqn derxw wkh hyroxwlrq ri F|1 Wkhuh duh wkuhh srvvleoh wlph sdwkv iru F|=

Wkh �uvw lv wkh ghjhqhudwh fdvh wkdw lw grhv qrw ydu| dw doo1 Wkh vhfrqg fdvh lv wkdw wkh ixqfwlrqdo

irup ri wkh frqglwlrqdo frsxod uhpdlqv �{hg zkloh wkh sdudphwhuv ri wkh frqglwlrqdo frsxod hyroyh

wkurxjk wlph> dq dqdorjrxv irup ri wlph0yduldwlrq wr wkdw dvvxphg iru wkh pdujlqdo glvwulexwlrqv

lq wklv sdshu1 Wkh wklug irup ri wlph0yduldwlrq lqyroyhv fkdqjhv lq erwk wkh irup ri wkh frqglwlrqdo

frsxod dqg wkh sdudphwhuv ri wkh frqglwlrqdo frsxod1 Qhovhq +4<<<, vkrzv wkdw dq| frqyh{ olqhdu

frpelqdwlrq ri frsxodv lv dovr d frsxod��/ dqg vr rqh srvvleoh zd| ri prghoolqj wkh odwwhu irup ri

wlph0yduldwlrq zrxog eh wr vhw wkh frqglwlrqdo frsxod wr d zhljkwhg vxp ri ydulrxv w|shv ri frsxodv/

hdfk zlwk sdudphwhuv wkdw pd| ru pd| qrw ydu| wkurxjk wlph/ dqg doorz wkh zhljkwv wr ydu| ryhu

wlph1 Lq wklv sdshu zh zloo frqvlghu rqo| wkh �uvw dqg vhfrqg w|shv ri yduldwlrq lq wkh frqglwlrqdo

frsxod1

���  ��	�
��
�� �� �
�  ���

Dv phqwlrqhg deryh/ wkh gdwd vhw xvhg iru wklv dqdo|vlv frpsulvhv gdlo| Ghxwvfkh pdun 0 X1V1 groodu

dqg Mdsdqhvh |hq 0 X1V1 groodu h{fkdqjh udwhv ryhu wkh shulrg 5 Mdqxdu| 4<<4 wr 45 Rfwrehu/ 5333/

jlylqj xv 5846 revhuydwlrqv1 Wkh gdwd zhuh wdnhq iurp wkh gdwdedvh ri Gdwdvwuhdp Lqwhuqdwlrqdo1

Dv xvxdo/ zh wdnh wkh orj0gl�huhqfh ri hdfk h{fkdqjh udwh/ dqg pxowlso| e| 4331 Wdeoh 4 ehorz

suhvhqwv vrph vxppdu| vwdwlvwlfv ri wkh gdwd1

^ LQVHUW WDEOH 4 KHUH `

Wkh deryh wdeoh vkrzv wkdw qhlwkhu h{fkdqjh udwh kdg d vljql�fdqw wuhqg ryhu wkh vdpsoh

shulrg/ erwk phdqv ehlqj yhu| vpdoo uhodwlyh wr wkh vwdqgdug ghyldwlrq ri hdfk vhulhv1 Erwk vhulhv

dovr h{klelw voljkw qhjdwlyh vnhzqhvv/ dqg vxevwdqwldo h{fhvv nxuwrvlv1 Wkh Mdutxh0Ehud whvw ri

wkh qrupdolw| ri wkh xqfrqglwlrqdo glvwulexwlrq ri hdfk h{fkdqjh udwh vwurqjo| uhmhfwv wkh qxoo/

vxjjhvwlqj wkdw qhlwkhu h{fkdqjh udwh uhwxuq vhulhv lv xqfrqglwlrqdoo| qrupdo1 Zh dovr whvw iru wkh

suhvhqfh ri vhuldo fruuhodwlrq xs wr wkh 53|� odj lq wkh vtxduhg uhwxuqv/ dq lqglfdwlrq ri DUFK0w|sh

khwhurvfhgdvwlflw|/ yld wkh DUFK OP whvw ri Hqjoh +4<;5,1 Dv h{shfwhg/ iru erwk vhulhv wkhuh h{lvwv

vwurqj hylghqfh ri vhuldo fruuhodwlrq lq wkh vtxduhg uhwxuqv/ surylglqj hylghqfh wkdw erwk I| dqg

J| duh wlph0ydu|lqj1

��� �
� !����

Lq vshfli|lqj d prgho ri wkh elyduldwh ghqvlw| ri GP0XVG dqg \hq0XVG h{fkdqjh udwhv zh pxvw

vshfli| wkuhh prghov= wkh prghov iru wkh pdujlqdo glvwulexwlrqv ri hdfk h{fkdqjh udwh/ dqg wkh prgho

iru wkh frqglwlrqdo frsxod1 Wkh prghov iru wkh pdujlqdo glvwulexwlrqv pxvw eh forvh hqrxjk wr wkh
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xqnqrzq wuxh glvwulexwlrqv wkdw zh fdqqrw uhmhfw d whvw wkdw wkh suredelolw| lqwhjudo wudqvirupdwlrqv

ri hdfk ri wkh pdujlqdov lv l=l=g= Xqli+3> 4,1 Ri frxuvh/ zh gr qrw h{shfw wkdw zh zloo eh deoh wr

�qg wkh dfwxdo gdwd jhqhudwlqj surfhvv> zh phuho| zdqw wr jhw dv forvh dv srvvleoh wr lw1 Lq

dgglwlrq wr wkh wudqvirupv ri hdfk pdujlqdo ehlqj lqghshqghqw ri wkhlu rzq odjv/ wkh| pxvw dovr

eh lqghshqghqw ri hdfk rwkhu*v odjv1 Uhfdoo wkdw wkh frqglwlrqlqj vhw iru hdfk pdujlqdo glvwulexwlrq

+dqg wkh frqglwlrqdo frsxod, pxvw eh wkh vdph/ wkxv hdfk wudqviruphg yduldeoh pxvw eh lqghshqghqw

ri wkh lqirupdwlrq lq wkh frqglwlrqlqj vhw ri lwv pdujlqdo glvwulexwlrq1 Whvwv ri wkhvh frqglwlrqv duh

glvfxvvhg lq Vhfwlrq 716 ehorz1

71514 Wkh prghov iru wkh pdujlqdo glvwulexwlrqv

Wkh prghov hpsor|hg iru wkh pdujlqdo glvwulexwlrqv duh suhvhqwhg ehorz1 Zh zloo ghqrwh wkh orj0

gl�huhqfh ri wkh GP0XVG h{fkdqjh udwh dv wkh yduldeoh [|/ dqg wkh orj0gl�huhqfh ri wkh \hq0XVG

h{fkdqjh udwh dv wkh yduldeoh \|1
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@ wv+ +4:,

Wkdw lv/ wkh pdujlqdo glvwulexwlrq iru wkh GP0XVG h{fkdqjh udwh lv dvvxphg wr eh frpsohwho|

fkdudfwhulvhg e| dq DU+4,/ w0JDUFK+4/4, vshfl�fdwlrq/ zkloh wkh pdujlqdo glvwulexwlrq iru wkh

\hq0XVG h{fkdqjh udwh lv dvvxphg wr eh fkdudfwhulvhg e| dq DU+4/43,0w0JDUFK+4/4, vshfl�fd0

wlrq
�e
1 Lq rxu sduwlfxodu fdvh lw kdsshqhg wkdw zh rqo| qhhghg xqlyduldwh prghov iru wkhvh wzr

pdujlqdo glvwulexwlrqv +qr odjv ri wkh crwkhu* yduldeoh dsshdu lq hlwkhu yduldeoh*v prgho,1 Wklv zloo

qrw dozd|v eh vr1
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71515 Wkh prghov iru wkh frsxod

Lq vhohfwlqj d frsxod wr xvh/ zh pxvw kdyh d fohdu lghd ri wkh surshuwlhv ri wkh gdwd xqghu dqdo|vlv1

Pdq| ri wkh frsxodv suhvhqwhg lq wkh vwdwlvwlfv olwhudwxuh duh ehvw vxlwhg wr yduldeohv wkdw wdnh rq

h{wuhph ydoxhv lq rqo| rqh gluhfwlrq= vxuylydo wlphv +Fod|wrq/ 4<:;,/ frqfhqwudwlrqv ri sduwlfxodu

fkhplfdov +Frrn dqg Mrkqvrq/ 4<;4 dqg Jhqhvw dqg Ulyhvw/ 4<<6,/ �rrg gdwd +Rdnhv/ 4<;<,1

Krzhyhu/ h{fkdqjh udwhv kdyh h{wuhphv lq erwk gluhfwlrqv= odujh srvlwlyh dqg qhjdwlyh uhwxuqv1

Iru wkh sxusrvhv ri frpsdulvrq/ zh zloo vshfli| dqg hvwlpdwh wzr dowhuqdwlyh frsxodv/ wkh

Jdxvvldq frsxod dqg wkh Mrh0Fod|wrq frsxod/ erwk zlwk dqg zlwkrxw wlph yduldwlrq1 Wkh �uvw

frsxod frqvlghuhg/ wkh Jdxvvldq +ru Qrupdo, frsxod lv wkh ghshqghqfh ixqfwlrq dvvrfldwhg zlwk

elyduldwh qrupdolw|/ dqg lv h{wudfwhg yld Fruroodu| 81 Lw lv jlyhq lq htxdwlrq +4;, ehorz1

F+x> ym�, @

x3�E��]
3"

x3�E��]
3"

4

5�
s
+4� �2,

h{s

�
�+u2 � 5�uv. v2,

5+4� �2,

�
gu gv/ � 4 ? � ? 4 +4;,

zkhuh �3� lv wkh lqyhuvh ri wkh vwdqgdug qrupdo f=g=i=

Wkh wudqvirupdwlrqv �3� +x, @ �3��I +{, dqg �3� +y, @ �3��J +|, wudqvirup wkh yduldeohv [

dqg \ / zklfk duh glvwulexwhg dffruglqj wr I dqg J/ lqwr vwdqgdug qrupdo udqgrp yduldeohv1 Wkh

qrupdo frsxod wdnhv dv dujxphqwv wkh vwdqgdug qrupdo wudqvirupv ri [ dqg \ / dqg dvvxphv wkdw

wkh| duh mrlqwo| qrupdoo| glvwulexwhg1 Wklv lv krz zh duh deoh wr edfn rxw wkh ghshqghqfh lpsolhg

e| elyduldwh qrupdolw|1 Zh hvwlpdwh wzr irupv ri wkh qrupdo frsxod= rqh dvvxplqj d frqvwdqw

fruuhodwlrq sdudphwhu/ �/ dqg wkh rwkhu doorzlqj �| wr ydu| ryhu wlph1 Zh sursrvh wkh iroorzlqj

hyroxwlrq htxdwlrq iru �
|
=

�
|
@ ��

3
C
$4 . �4 � �|3� . � �

4

43

�f[
�'�

�3� +x|3�, � �
3� +y|3�,

4
D +4<,

zkhuh �� +{, � �3e
3%

�ne3%
lv wkh prgl�hg orjlvwlf wudqvirupdwlrq/ ghvljqhg wr nhhs �

|
lq +�4> 4, dw

doo wlphv1

Htxdwlrq +4<, uhyhdov wkdw zh dvvxph �
|
iroorzv vrphwklqj dnlq wr d uhvwulfwhg DUPD+4/43,

surfhvv= zh lqfoxgh �
|3� dv d uhjuhvvru wr fdswxuh dq| shuvlvwhqfh lq wkh ghshqghqfh sdudphwhu/

dqg wkh phdq ri wkh surgxfw ri wkh odvw whq revhuydwlrqv ri wkh wudqviruphg yduldeohv �3� +x|3�,

dqg �3� +y|3�,/ wr fdswxuh dq| yduldwlrq lq ghshqghqfh1

Wkh vhfrqg frsxod wkdw zloo eh xvhg lv wkh cEE:* frsxod ri Mrh +4<<:,/ zklfk zh zloo uhihu wr

dv wkh Mrh0Fod|wrq frsxod/ dv lw lv frqvwuxfwhg e| wdnlqj d sduwlfxodu Odsodfh wudqvirupdwlrq ri

4:



Fod|wrq*v frsxod�D1 Wkh xqfrqglwlrqdo yhuvlrq ri wklv frsxod lv

F+x> ym�> �, @ 4�

�q
^4� +4� x,V`3� . ^4� +4� y,V`3� � 4

r
3�*�

��*V

/ � � 4> � A 3 +53,

Mrh +4<<:, dvvhuwv wkdw wklv frsxod kdv d qxpehu ri qlfh surshuwlhv= lw froodsvhv wr Fod|wrq*v

frsxod zkhq � @ 4/ dqg wkh Iu�hfkhw0Krh�glqj xsshu erxqg�S lv dssurdfkhg zkhq hlwkhu sdudphwhu

dssurdfkhv lq�qlw|1 Rqh ri wkh prvw xvhixo surshuwlhv ri wkh Mrh0Fod|wrq frsxod/ iru rxu sxusrvhv/

lv wkh zd| lq zklfk wkh sdudphwhuv ri wkh frsxod uhodwh wr d sduwlfxodu phdvxuh ri ghshqghqfh

nqrzq dv wdlo ghshqghqfh1 Wklv phdvxuh ri ghshqghqfh lv gh�qhg ehorz1

Gh�qlwlrq 9 Li wkh olplw

olp
0<f

Su ^X � %mY � %>I ` @ olp
0<f

Su ^Y � %mX � %>I ` @ olp
0<f

F +%> %mI, @% @ �u

h{lvwv/ wkhq wkh frqglwlrqdo frsxod F h{klelwv orzhu wdlo ghshqghqfh li �u 5 +3> 4` dqg qr orzhu

wdlo ghshqghqfh li �u @ 3= Vlploduo|/ li wkh olplw

olp
B<�

Su ^X A �mY A �>I ` @ olp
B<�

Su ^Y A �mX A �>I ` @ olp
B<�

+4� 5� .F +�> �mI,, @ +4� �, @

�L

h{lvwv/ wkhq wkh frqglwlrqdo frsxod F h{klelwv xsshu wdlo ghshqghqfh li �L 5 +3> 4` dqg qr xsshu

wdlo ghshqghqfh li �L @ 3=

Wdlo ghshqghqfh lv dq lqwhuhvwlqj phdvxuh ri ghshqghqfh dv lw fdswxuhv wkh ehkdylrxu ri wkh

udqgrp yduldeohv gxulqj h{wuhph hyhqwv1 Lqirupdoo|/ lw phdvxuhv wkh suredelolw| wkdw zh zloo revhuyh

dq h{wuhpho| odujh srvlwlyh +qhjdwlyh, uhdolvdwlrq ri rqh yduldeoh/ jlyhq wkdw zh kdyh revhuyhg wkdw

wkh rwkhu yduldeoh dovr wrrn rq dq h{wuhpho| odujh srvlwlyh +qhjdwlyh, ydoxh1 Dv dq h{dpsoh/ wkh

elyduldwh qrupdo glvwulexwlrq +dqg wkxv wkh qrupdo frsxod, kdv �L @ �u @ 3 iru fruuhodwlrq qrw

htxdo wr rqh/ phdqlqj wkdw lq wkh h{wuhph wdlov ri wkh glvwulexwlrq wkh yduldeohv duh lqghshqghqw1

Wkh elyduldwh Vwxghqw*v w glvwulexwlrq/ rq wkh rwkhu kdqg/ kdv erwk �L 9@ 3 dqg �u 9@ 3 iru

fruuhodwlrq qrw htxdo wr rqh/ lpso|lqj wkdw hyhq dw wkh prvw h{wuhph wdlo ri wkh glvwulexwlrq +lqghhg/

wkh olplw ri wkh glvwulexwlrq, wkh yduldeohv duh ghshqghqw1 Wkh Mrh0Fod|wrq frsxod doorzv xsshu

dqg orzhu wdlo ghshqghqfh wr udqjh dq|zkhuh iurp }hur wr rqh1

Mrh +4<<:, zulwhv wkdw wkh wdlo ghshqghqfh sdudphwhuv ri wkh Mrh0Fod|wrq frsxod duh jlyhq

e|= �u +�> �, @ 53�*� dqg �L +�> �, @ 5 � 5�*V1 Qrwlfh wkdw wkh orzhu wdlo ghshqghqfh lv gh�qhg

frpsohwho| e| �/ dqg wkh xsshu wdlo ghshqghqfh lv gh�qhg frpsohwho| e| �1 Zh zloo xvh wkh rqh0

wr0rqh pdsslqj ri hdfk ri wkh sdudphwhuv ri wkh Mrh0Fod|wrq frsxod wr d wdlo ghshqghqfh phdvxuh
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wr dvvlvw xv lq gh�qlqj dq hyroxwlrq htxdwlrq iru wkh sdudphwhuv1 Wkh gl�fxow| lq vshfli|lqj krz

wkh sdudphwhuv hyroyh ryhu wlph olhv lq gh�qlqj wkh iruflqj yduldeoh iru wkh htxdwlrq1 Xqohvv wkh

sdudphwhu kdv vrph lqwhusuhwdwlrq/ dv � grhv lq wkh qrupdo frsxod/ lw lv yhu| gl�fxow wr nqrz

zkdw pljkw +vkrxog, lq�xhqfh lw wr fkdqjh1 Lq ylhz ri wklv/ zh zloo gh�qh wkh wlph yduldwlrq lq wkh

Mrh0Fod|wrq frsxod lq whupv ri wlph yduldwlrq lq wkh xsshu dqg orzhu wdlo ghshqghqfh phdvxuhv/

dqg wkhq �qg wkh sdudphwhuv ri wkh frsxod wkdw fruuhvsrqg wr wkh jlyhq xsshu dqg orzhu wdlo

ghshqghqfh phdvxuhv dw hdfk srlqw lq wlph1 Wkh hyroxwlrq htxdwlrqv iru wkh Mrh0Fod|wrq frsxod
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�ne3%
lv wkh orjlvwlf wudqvirupdwlrq/ xvhg wr nhhs �

L
dqg �

u
lq +3> 4, dw doo wlphv1

Lq wkh deryh htxdwlrqv zh sursrvh wkdw wkh xsshu dqg orzhu wdlo ghshqghqfh sdudphwhuv hdfk

iroorz djdlq dq DUPD+4/43,0w|sh prgho1 Wkh uljkw kdqg vlgh ri wkh prgho iru wkh wdlo ghshqghqfh

hyroxwlrq htxdwlrq frqwdlqv dq dxwruhjuhvvlyh whup/ �L�
L
|3�

dqg �u�
u
|3�

/ dqg d iruflqj yduldeoh1

Lghqwli|lqj d iruflqj yduldeoh iru d wlph0ydu|lqj olplw suredelolw| lv vrphzkdw gl�fxow= olplwv duh

qrw uhdoo| dq hpslulfdo frqfhsw1 Zh sursrvh xvlqj wkh phdq devroxwh gl�huhqfh ehwzhhq x| dqg

y| ryhu wkh suhylrxv whq revhuydwlrqv dv d iruflqj yduldeoh
�.
1 Wkh lqwxlwlrq ehklqg wklv fdq eh

h{sodlqhg zlwk wkh dlg ri Iljxuh 51 Li [ dqg \ duh shuihfwo| srvlwlyho| ghshqghqw +rwkhuzlvh

nqrzq dv cfrprqrwrqlf*, wkhq wkh wudqviruphg yduldeohv X dqg Y zloo doo olh rq wkh pdlq gldjrqdo

ri wkh xqlw vtxduh1 Wkh devroxwh ydoxh ri wkh gl�huhqfh ehwzhhq x| dqg y| lv sursruwlrqdo wr wkh

plqlpxp glvwdqfh iurp wkh srlqw +x|> y|, wr wkh pdlq gldjrqdo/ dqg zh wkxv xvh wkh phdq devroxwh

gl�huhqfh ehwzhhq x| dqg y| ryhu wkh suhylrxv whq revhuydwlrqv dv dq lqglfdwlrq ri krz idu iurp

frprqrwrqlflw| wkh gdwd zhuh1

Dv wkh xsshu dqg orzhu wdlo ghshqghqfh phdvxuhv duh rqh0wr0rqh ixqfwlrqv ri wkh wzr frqglwlrqdo

frsxod sdudphwhuv/ zh fdq frpsxwh wkh �| dqg �| lpsolhg e| d sduwlfxodu �
u
| dqg �

L
| dv iroorzv= �|
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u
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�
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dqg �| @ �+�
L
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�
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L
|

��
3�
1 Wkxv/ lq dgglwlrq wr vshfli|lqj wkh

hyroxwlrq ri wkh wdlo ghshqghqfh sdudphwhuv ryhu wkh vdpsoh/ htxdwlrqv +54, dqg +55, dovr vshfli|

wkh hyroxwlrq ri wkh sdudphwhuv ri wkh frsxod1
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71516 Hvwlpdwlqj wkh prgho

Pd{lpxp olnholkrrg lv wkh qdwxudo hvwlpdwlrq surfhgxuh wr xvh lq wklv frqwh{w= lq vshfli|lqj

prghov iru wkh wzr pdujlqdo glvwulexwlrqv dqg wkh frsxod/ zh kdyh gh�qhg d mrlqw glvwulexwlrq

ixqfwlrq iru wkh wzr h{fkdqjh udwhv/ dqg wkxv d mrlqw olnholkrrg1 Ixuwkhu/ wkh surfhgxuh hpsor|hg

wr ghyhors wkh mrlqw glvwulexwlrq ohqgv lwvhoi qdwxudoo| wr pxowl0vwdjh hvwlpdwlrq ri wkh prgho1

Dowkrxjk hvwlpdwlqj doo ri wkh frh�flhqwv vlpxowdqhrxvo| |lhogv wkh prvw h�flhqw hvwlpdwhv/ wkh

odujh qxpehu ri sdudphwhuv fdq pdnh qxphulfdo pd{lplvdwlrq ri wkh olnholkrrg ixqfwlrq gl�fxow1

Lq wklv sdshu zh pdnh xvh ri wzr0vwdjh pd{lpxp olnholkrrg uhvxowv/ vhh Zklwh +4<<7, iru wkh

jhqhudo wkhru| dqg Sdwwrq +5334, iru wkh ghwdlov rq dsso|lqj wkh wkhru| wr wkh hvwlpdwlrq ri frsxod

prghov1 Xqghu wkh xvxdo frqglwlrqv wkh hvwlpdwhv rewdlqhg yld pd{lpxp olnholkrrg duh frqvlvwhqw

dqg dv|pswrwlfdoo| qrupdo1 Zh dgmxvw wkh vwdqgdug huuruv ri wkh frsxod sdudphwhu hvwlpdwhv wr

uh�hfw wkh idfw wkdw wkh| duh edvhg rq pdujlqdo glvwulexwlrq sdudphwhuv hvwlpdwhg lq dq hduolhu

vwdjh�H1

Wkh Eur|ghq/ Iohwfkhu/ Jrogidue dqg Vkdqqr +EIJV, dojrulwkp zdv xvhg wr pd{lplvh wkh

olnholkrrg1 Wkh Pdwode frgh zulwwhq wr fduu| rxw wkh frpsxwdwlrqv iru wklv sdshu/ dv zhoo dv wkh

gdwd vhw xvhg/ zloo eh dydlodeoh rq wkh dxwkru*v zhe vlwh lq wkh qhdu ixwxuh1 Wkh uhvxowv ri wkh

hvwlpdwlrqv duh suhvhqwhg ehorz1

71517 Iru Frpsdulvrq= Qrupdo dqg Vwxghqw*v w EHNN prghov

Iru wkh sxusrvhv ri frpsdulvrq zh dovr hvwlpdwh wzr dowhuqdwlyh prghov xvlqj h{lvwlqj whfkqltxhv

+wkh uhvxowv duh qrw suhvhqwhg lq wkh lqwhuhvwv ri sduvlprq|/ exw duh dydlodeoh iurp wkh dxwkru

xsrq uhtxhvw,1 Iru erwk ri wkh dgglwlrqdo prghov zh �uvw prgho wkh frqglwlrqdo phdqv ri wkh wzr

h{fkdqjh udwh uhwxuqv vhulhv/ xvlqj wkh prghov lq htxdwlrqv +45, dqg +48,1 Zh wkhq hvwlpdwh rqh ri

wkh pruh �h{leoh pxowlyduldwh JDUFK prghov rq wkh uhvlgxdov= wkh EHNN+4/4, prgho lqwurgxfhg

e| Hqjoh dqg Nurqhu +4<<8,1 Wklv prgho lv zulwwhq dv=
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Wkh wzr prghov gl�hu lq wkhlu dvvxpswlrq uhjduglqj wkh mrlqw glvwulexwlrq ri wkh uhvlgxdov=

wkh �uvw prgho dvvxphg elyduldwh qrupdolw|/ zkloh wkh vhfrqg dvvxphv d elyduldwh Vwxghqw*v w

glvwulexwlrq1
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Wkh sdudphwhu hvwlpdwhv dqg vwdqgdug huuruv iru pdujlqdo glvwulexwlrq prghov duh suhvhqwhg lq

Wdeoh 51 Iurp wklv wdeoh zh vhh wkdw wkh ghjuhhv ri iuhhgrp sdudphwhu iru wkh wzr h{fkdqjh udwhv

duh lqghhg gl�huhqw= 8=;3:6 iru wkh GP0XVG pdujlq dqg 7=6;4: iru wkh \hq0XVG pdujlq/ lpso|lqj

wkdw wkh glvwulexwlrq ri \hq0XVG h{fkdqjh udwh uhwxuqv kdv idwwhu wdlov wkdq wkh fruuhvsrqglqj

glvwulexwlrq iru wkh GP0XVG h{fkdqjh udwh1 Wkh w0vwdwlvwlf iru wkh vljql�fdqfh ri gl�huhqfh lq wkh

ghjuhhv ri iuhhgrp sdudphwhuv lv 4=<4<5/ lqglfdwlqj wkdw wkh| duh qrw vljql�fdqw gl�huhqw dw wkh 8(

doskd ohyho�b +wkrxjk wkh| zrxog eh dw wkh 8=8( doskd ohyho,1

^ LQVHUW WDEOH 5 KHUH `

Lq Wdeoh 6 zh suhvhqw wkh uhvxowv ri wkh OP whvwv iru lqghshqghqfh ri wkh suredelolw| lqwhjudo

wudqvirupv/ X dqg Y / ri wkh ruljlqdo gdwd dqg wkh Nroprjrury0Vpluqry +N0V, whvwv iru wkh fru0

uhfwqhvv ri wkh ghqvlw| vshfl�fdwlrq1 Erwk ri wkhvh whvwv zhuh lqwurgxfhg lq Vhfwlrq 61 Wklv wdeoh

lqglfdwhv qr hylghqfh ri vhuldo fruuhodwlrq lq wkh �uvw irxu prphqwv ri X dqg Y / vxjjhvwlqj wkdw

wkh wkh DU dqg JDUFK prghov sursrvhg iru wkh frqglwlrqdo phdqv dqg yduldqfhv ri wkh wzr

h{fkdqjh udwh uhwxuqv duh dghtxdwh2f1 Wkh Nroprjrury0Vpluqry whvw iru wkh fruuhfwqhvv ri wkh

ghqvlw| vshfl�fdwlrq |lhogv s0ydoxhv ri 3=;:39 dqg 3=<447/ vxjjhvwlqj wkdw wkh ghqvlw| vshfl�fdwlrqv

duh dovr dghtxdwh1

^ LQVHUW WDEOH 6 KHUH `

Lq oljkw ri wkh srvvleoh orz srzhu ri wkh N0V whvw/ zh hpsor| wkh klw whvwv glvfxvvhg lq Vhfwlrq

6 wr fkhfn iru wkh fruuhfwqhvv ri wkh g|qdplf dqg wkh ghqvlw| vshfl�fdwlrqv lq sduwlfxodu uhjlrqv

ri wkh vxssruw1 Zh fkrvh wr xvh wkh �yh iroorzlqj uhjlrqv= wkh orzhu 43( wdlo/ wkh lqwhuydo iurp

wkh 43|� wr wkh 58|� txdqwloh/ wkh lqwhuydo iurp wkh 58|� wr wkh :8|� txdqwloh/ wkh lqwhuydo iurp wkh

:8|� wr wkh <8|� txdqwloh/ dqg wkh xsshu 43( wdlo1 Wkhvh uhjlrqv uhsuhvhqw hfrqrplfdoo| lqwhuhvwlqj

vxevhwv ri wkh vxssruw 0 wkh xsshu dqg orzhu wdlov duh qrwrulrxvo| gl�fxow wr �w/ dqg vr fkhfnlqj iru

fruuhfw vshfl�fdwlrq wkhuh lv lpsruwdqw/ zkloh wkh plggoh 83( ri wkh vxssruw frqwdlqv wkh cdyhudjh*

revhuydwlrqv1 Zh xvh dv uhjuhvvruv +c]�|* lq wkh qrwdwlrq ri Vhfwlrq 6, d frqvwdqw/ wr fkhfn wkdw

wkh prgho lpsolhv wkh fruuhfw sursruwlrq ri klwv/ dqg wkuhh yduldeohv wkdw frxqw wkh qxpehu ri klwv

lq wkdw uhjlrq lq wkh odvw gd|/ zhhn dqg prqwk/ wr fkhfn wkdw wkh prgho g|qdplfv duh fruuhfwo|

vshfl�hg2�1 Wkh �� ixqfwlrqv duh vhw wr vlpsoh olqhdu ixqfwlrqv ri wkh sdudphwhuv dqg wkh uhjuhvvruv=
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�yh uhjlrqv duh suhvhqwhg lq Wdeoh 7 ehorz1 Iru frpsdulvrq/ zh dovr suhvhqw wkh uhvxowv ri wkh klw

whvwv iru wkh Qrupdo EHNN dqg w0EHNN prghov glvfxvvhg lq wkh suhylrxv vhfwlrq1

^ LQVHUW WDEOH 7 KHUH `

Wdeoh 7 vkrzv krz fohduo| wkh dvvxpswlrq ri frqglwlrqdo qrupdolw| iru wkhvh h{fkdqjh udwh

uhwxuqv lv uhmhfwhg1 Wkh mrlqw ghqvlw| prgho irxqg e| hvwlpdwlqj wkh DU prghov iru wkh phdq

dqg d EHNN+4/4, prgho iru wkh yduldqfh/ zlwk d elyduldwh qrupdo glvwulexwlrq dvvxphg iru wkh

vwdqgduglvhg uhvlgxdov idlov lq 6 rxw ri 8 uhjlrqv iru wkh GP0XVG pdujlq dqg lq 7 rxw ri 8 uhjlrqv

iru wkh \hq0XVG pdujlq1 Erwk pdujlqv idlo wkh mrlqw whvw wkdw doo uhjlrqv duh fruuhfwo| vshfl�hg1

Wkh GP0XVG pdujlq ri wkh w0EHNN prgho sdvvhv wkh klw whvw lq doo uhjlrqv/ dqg sdvvhv wkh mrlqw

whvw1 Wkh \hq0XVG pdujlq/ rq wkh rwkhu kdqg/ idlov wkh klw whvw lq wkh orzhu wdlo uhjlrq/ dqg idlov

wkh mrlqw whvw1 Wkxv zh frqfoxgh wkdw hyhq wkh yhu| �h{leoh EHNN prgho lv qrw dssursuldwh zkhq

xvhg zlwk wkh dvvxpswlrq ri d elyduldwh Vwxghqw*v w glvwulexwlrq 0 d pruh �h{leoh vshfl�fdwlrq ri

wkh mrlqw glvwulexwlrq lv uhtxluhg1

Wkh prgho iru wkh GP0XVG pdujlqdo glvwulexwlrq wr eh xvhg zlwk wkh frsxod prghov +ghqrwhg

cFrsxod GP*, sdvvhv erwk wkh lqglylgxdo dqg wkh mrlqw whvwv wkdw doo uhjlrqv duh fruuhfwo| vshfl�hg1

Wkh cfrsxod \hq* prgho idlov lq wkh orzhu wdlo uhjlrq/ exw sdvvhv wkh mrlqw whvw1 Zh wdnh wkh �qglqj

wkdw erwk pdujlqdo prghov iru wkh frsxod glvwulexwlrqv sdvv wkh mrlqw whvw dv hylghqfh wkdw wkh|

duh qhdu hqrxjk wr wkh Xqli +3> 4, glvwulexwlrq iru xv wr pryh rq wr prghoolqj wkh frsxod1 Wkdw

wkh w0EHNN prgho iru wkh \hq0XVG pdujlq idlov wkh mrlqw whvw/ zkloh wkh pruh �h{leoh cfrsxod

\hq* prgho sdvvhv vxjjhvwv wkdw dowkrxjk wkh gl�huhqfh lq wkh ghjuhhv ri iuhhgrp sdudphwhuv ri

wkh GP0XVG pdujlq dqg wkh \hq0XVG pdujlq zdv qrw vljql�fdqw dw wkh 8( doskd ohyho/ lw lv vwloo

lpsruwdqw1

��� �
� #��� !�����$ �������

Zh qrz suhvhqw wkh uhvxowv ri wkh hvwlpdwlrq ri wkh irxu prghov ghvfulehg lq Vhfwlrq 7151 Uhfdoo

wkdw wkh irxu prghov sursrvhg doo dvvxphg wkdw wkh pdujlqdo glvwulexwlrqv ri wkh h{fkdqjh udwhv

duh ghvfulehg e| dq DU0wJDUFK prghov/ dqg gl�hu rqo| lq wkhlu vshfl�fdwlrq ri wkh frqglwlrqdo

frsxod1 Wkh �uvw wzr prghov dvvxph wkdw wkh frqglwlrqdo frsxod lv frqvwdqw/ zkloh wkh vhfrqg

wzr doorz iru wlph yduldwlrq lq wkh sdudphwhu+v, ri wkh frqglwlrqdo frsxod1 Qrwh wkdw hyhq zlwk d

frqvwdqw frsxod wkh uhvxowlqj frqglwlrqdo elyduldwh ghqvlw| lv wlph ydu|lqj gxh wr wkh yduldwlrq lq

wkh pdujlqdo glvwulexwlrqv1 Wkh uhvxowv iru wkh ydulrxv frsxod prghov duh froohfwhg dqg suhvhqwhg

lq Wdeoh 81

71714 Wkh frqvwdqw qrupdo frsxod

Wkh �uvw frqglwlrqdo frsxod prgho hvwlpdwhg zdv wkh qrupdo frsxod zlwk frqvwdqw fruuhodwlrq1 Wkh

sdudphwhu ri wklv frsxod/ �/ lv htxdo wr 3=7893/ lqglfdwlqj d uhodwlyho| kljk dprxqw ri dvvrfldwlrq

ehwzhhq wkhvh wzr h{fkdqjh udwhv1 Zh fdq dovr �qg wkh lpsolhg xqfrqglwlrqdo fruuhodwlrq ehwzhhq
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wkh vwdqgduglvhg uhvlgxdov ri wkh yduldeohv1 Wkh fdofxodwlrq ri wklv fruuhodwlrq lqyroyhv wkh hydoxd0

wlrq ri d grxeoh lqwhjudo/ dqg zh dssur{lpdwh wklv txdqwlw| qxphulfdoo| xvlqj txdgudwxuh221 Wkh

lpsolhg xqfrqglwlrqdo uhvlgxdo fruuhodwlrq lv 3=7474/ d �jxuh txlwh forvh wr wkh xqfrqglwlrqdo fruuh0

odwlrq ri wkh vwdqgduglvhg uhvlgxdov ri wkh wzr prghov/ dqg dovr wr wkdw ehwzhhq wkh udz h{fkdqjh

udwh uhwxuq vhulhv> wkrvh wzr �jxuhv ehlqj 3=779; dqg 3=7668 uhvshfwlyho|1

^ LQVHUW WDEOH 8 KHUH `

71715 Wkh frqvwdqw Mrh0Fod|wrq frsxod

Wkh vhfrqg frqglwlrqdo frsxod prgho zh glvfxvv lv wkh prgho iruphg e| mrlqlqj wkh pdujlqdo

glvwulexwlrqv xvlqj d Mrh0Fod|wrq frsxod zlwk frqvwdqw wdlo ghshqghqfh1 Wkh sdudphwhuv � dqg �

lpso| xqfrqglwlrqdo wdlo ghshqghqfh phdvxuhv ri �
L @ 3=64<: dqg �

u @ 3=4<54/ vxjjhvwlqj wkdw

wkhuh lv juhdwhu ghshqghqfh ehwzhhq wkhvh wzr vhulhv lq odujh cxs* gd|v wkdq lq odujh cgrzq* gd|v1 D

odujh cxs* gd| fruuhvsrqgv wr rqh zkhuh wkh XV groodu dssuhfldwhg khdylo| djdlqvw wkh pdun dqg wkh

|hq/ dqg vlploduo| d odujh cgrzq* gd| fruuhvsrqgv wr d gd| zkhq wkh XV groodu ghsuhfldwhg khdylo|

djdlqvw wkh pdun dqg wkh |hq1 Wdnhq wrjhwkhu/ wkhvh uhvxowv vxjjhvw wkdw wkh olplwlqj suredelolw| ri

wkh groodu dssuhfldwlqj khdylo| djdlqvw wkh pdun/ jlyhq wkdw lw kdv dssuhfldwhg khdylo| djdlqvw wkh

|hq/ lv derxw rqh0wklug1 +Dv wdlo ghshqghqfh lv d v|pphwulf frqfhsw/ lw grhv qrw pdwwhu rq zklfk

ri wkh wzr fxuuhqflhv rqh frqglwlrqv rq wkh groodu kdylqj dssuhfldwhg djdlqvw1, Wkh fruuhvsrqglqj

ghsuhfldwlrq suredelolw| lv derxw rqh0�iwk/ phdqlqj wkdw wkh h{fkdqjh udwhv duh ohvv ghshqghqw

lq edg pdunhwv +iru wkh XV groodu, wkdq lq jrrg pdunhwv1 Zh fdq whvw iru wkh vljql�fdqfh ri

wkh dv|pphwu| lq wkh ghshqghqfh ehwzhhq wkhvh wzr h{fkdqjh udwhv/ e| whvwlqj zkhwkhu �
L lv

vljql�fdqwo| gl�huhqw iurp �
u1 Wkh whvw vwdwlvwlf iru wklv lv vlpso| wkh gl�huhqfh/ 3=45:8/ glylghg e|

wkh vwdqgdug ghyldwlrq ri wklv gl�huhqfh/ zklfk lv dssur{lpdwho|2� 3=376:1 Wklv ohdgv wr d w0vwdwlvwlf

+s0ydoxh, ri 5=<4<: +3 =3368 ,/ lqglfdwlqj wkdw wkh dv|pphwu| lq wkh ghshqghqfh ehwzhhq wkhvh wzr

h{fkdqjh udwhv lv lqghhg vljql�fdqw1

Wkh xqfrqglwlrqdo fruuhodwlrq ehwzhhq wkh vwdqgduglvhg uhvlgxdov lpsolhg e| wkh Mrh0Fod|wrq

frsxod sdudphwhuv lv 3=759:/ txlwh forvh wr wkh fruuhodwlrq lpsolhg e| wkh frqvwdqw Qrupdo frsxod1

Wkxv erwk frsxodv lpso| dssur{lpdwho| wkh vdph olqhdu ghshqghqfh ehwzhhq wkh wzr h{fkdqjh

udwhv/ zkloh gl�hulqj rq wkh rwkhu irupv ri ghshqghqfh wkdw pd| h{lvw1

71716 Wkh wlph0ydu|lqj qrupdo frsxod

Wkh wklug prgho hvwlpdwhg zdv wkh qrupdo frsxod zlwk wlph0ydu|lqj fruuhodwlrq/ dv ghvfulehg

lq htxdwlrqv +4;, dqg +4<,1 Wkh srvlwlyh vljq ri �4 lqglfdwhv/ dv h{shfwhg/ d srvlwlyh uhodwlrqvkls
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ehwzhhq wkh fruuhodwlrq sdudphwhu dw wlph w dqg wkdw dw wlph w.41 D sorw ri wkh lpsolhg frqglwlrqdo

fruuhodwlrq ryhu wkh vdpsoh shulrg/ suhvhqwhg lq wkh wrs sdqho ri Iljxuh 7/ frq�upv wklv1

Iurp wklv judsk zh fdq vhh wkdw wkh �uvw wzr dqg d kdoi |hduv zdv d shulrg ri kljkhu fruuhodwlrq

wkdq wkh dyhudjh +wkh frqglwlrqdo fruuhodwlrq lv jhqhudoo| deryh wkh xqfrqglwlrqdo fruuhodwlrq gudzq

zlwk d gdvkhg olqh,1 Wklv lv iroorzhg e| derxw d |hdu ri orzhu wkdq dyhudjh fruuhodwlrq/ dqg wkhq

dqrwkhu lqfuhdvh lq fruuhodwlrq wkdw odvwv derxw wzr |hduv1 Zh fdq vhh wkdw wrzdugv wkh hqg ri wkh

vdpsoh wkh frqglwlrqdo fruuhodwlrq yrodwlolw| lqfuhdvhv/ dqg �qdoo| lq Iheuxdu| 5333 wkh frqglwlrqdo

fruuhodwlrq zhqw qhjdwlyh1 Wkh shulrg ri kljkhu yrodwlolw| lq wkh frqglwlrqdo fruuhodwlrq fruuhvsrqgv

wr wkh ohdg xs wr wkh lqwurgxfwlrq ri wkh hxur lq Jhupdq|/ zkloh wkh odvw 55 prqwkv ri gdwd uhsuhvhqw

wkh �uvw prqwkv ri wkh hxur*v olih1 Lw pljkw eh uhdvrqdeoh wr h{shfw wkdw d vwuxfwxudo euhdn lq

wkh ghshqghqfh uhodwlrq ehwzhhq wkh GP0XVG dqg \hq0XVG h{fkdqjh udwhv rffxuuhg xsrq wkh

lqwurgxfwlrq ri wkh hxur/ dqg zh lqyhvwljdwh wklv srvvelolw| lq Vhfwlrq 7191 Iurp wkh fxuuhqw uhvxowv

lw fhuwdlqo| grhv dsshdu wkdw wkh ghshqghqfh kdv fkdqjhg/ wkrxjk lw lv qrw fohdu iurp wkh vdpsoh

zkhwkhu wkh ghshqghqfh ehwzhhq wkhvh h{fkdqjh udwhv zloo uhpdlq qhjdwlyh ru uhwxuq wr lwv klvwrulfdo

ohyho1

^ LQVHUW ILJXUH 7 KHUH `

71717 Wkh wlph0ydu|lqj Mrh0Fod|wrq frsxod

Wkh irxuwk dqg �qdo prgho hvwlpdwhg lv wkdw xvlqj wkh wlph ydu|lqj Mrh0Fod|wrq frsxod ghvfulehg

lq htxdwlrqv +53, wr +55,1 Dv h{shfwhg/ wkh frh�flhqwv rq wkh phdq devroxwh gl�huhqfh ehwzhhq

x| dqg y| iru wkh suhylrxv whq shulrgv/ �L dqg �u/ duh qhjdwlyh/ lqglfdwlqj wkdw d vpdoohu phdq

gl�huhqfh ohdgv wr dq lqfuhdvh lq wdlo ghshqghqfh1 Erwk dxwruhjuhvvlyh sdudphwhuv duh srvlwlyh/ dv

h{shfwhg1

Dq lqwhuhvwlqj �qglqj iurp wkhvh uhvxowv lv wkdw wkh xsshu wdlo ghshqghqfh phdvxuh dsshduv

pruh shuvlvwhqw wkdw wkh orzhu wdlo ghshqghqfh phdvxuh= wkh frh�flhqw �
L
lv juhdwhu wkdq �

u
/ dqg

wkh frh�flhqw rq wkh iruflqj yduldeoh lq wkh orzhu wdlo ghshqghqfh htxdwlrq/ �u/ lv juhdwhu wkdq �L 1

Lq Iljxuhv 9 dqg : zh suhvhqw wkh wlph sdwk ri wkh wdlo ghshqghqfh phdvxuhv dqg wkh wlph sdwk ri

wkh lpsolhg frsxod sdudphwhuv1

^ LQVHUW ILJXUH 9 KHUH `

^ LQVHUW ILJXUH : KHUH `

Lq Iljxuh : zh lpphgldwho| vhh wkdw wkh xsshu wdlo ghshqghqfh lv frqvlvwhqwo| kljkhu wkdq wkh

orzhu wdlo ghshqghqfh/ lq idfw/ rq ryhu <<( ri wkh gd|v lq wkh vdpsoh hvwlpdwhg frqglwlrqdo xsshu

wdlo ghshqghqfh zdv juhdwhu wkdq frqglwlrqdo orzhu wdlo ghshqghqfh1 Wkh juhdwhvw gl�huhqfh lq

wkh wdlo ghshqghqfh phdvxuhv zdv ryhu 3=83> d yhu| odujh dprxqw iru d suredelolw|1 Dv zlwk wkh

frqglwlrqdo fruuhodwlrq iurp wkh wlph ydu|lqj qrupdo frsxod/ zh vhh wkdw wkhuh zhuh wzr hslvrghv

ri lqfuhdvhg ghshqghqfh ehwzhhq wkhvh h{fkdqjh udwhv/ hdfk derxw wzr |hduv orqj1 Dovr vlplodu wr
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wkh uhvxowv iurp wkh qrupdo frsxod lv wkh uhgxfhg ghshqghqfh ehwzhhq wkhvh h{fkdqjh udwhv vlqfh

wkh lqwurgxfwlrq ri wkh hxur= erwk wkh xsshu dqg orzhu wdlo ghshqghqfh phdvxuhv zhuh ehorz wkhlu

xqfrqglwlrqdo ohyhov iru wkh �qdo |hdu ri wkh vdpsoh1 Dv wkh Mrh0Fod|wrq frsxod lv sdudphwhulvhg e|

wkh xsshu dqg orzhu wdlo ghshqghqfh phdvxuhv/ lw fdqqrw fdswxuh qhjdwlyh ghshqghqfh= wdlo ghshq0

ghqfh lv d srvlwlyh ghshqghqfh frqfhsw1 Wkh orzhvw srvvleoh wdlo ghshqghqfh lv }hur/ fruuhvsrqglqj

wr lqghshqghqfh1 Wkxv zkloh wkh qrupdo frsxod vxjjhvwv wkdw wkh ghshqghqfh uhodwlrq ehfdph

qhjdwlyh lq wkh odvw whq wr wzhoyh prqwkv ri wkh vdpsoh/ wkh Mrh0Fod|wrq frsxod uhvxowv lpso| wkdw

wkh ghshqghqfh kdv ehhq uhgxfhg/ exw lv vwloo srvlwlyh1 Wklv frqvwudlqw rq wkh Mrh0Fod|wrq frsxod

lv d gudzedfn/ dqg fohduo| li rqh wkrxjkw wkdw wkhuh zdv d vljql�fdqw fkdqfh ri wkh frqglwlrqdo

ghshqghqfh ehlqj qhjdwlyh rqh zrxog kdyh wr fkrrvh d frsxod wkdw frxog fdswxuh wklv fkdqjh lq wkh

gluhfwlrq ri wkh ghshqghqfh1 Zh zloo ghwhuplqh lq wkh qh{w vhfwlrq zkhwkhu wklv frqvwudlqw ri wkh

Mrh0Fod|wrq frsxod ohdg wr lw shuiruplqj zruvh wkdq wkh qrupdo frsxod lq whvwv ri jrrgqhvv0ri0�w1

Lq Iljxuh 8 zh suhvhqw wkh wlph vhulhv ri frqglwlrqdo fruuhodwlrq lpsolhg e| wkh uhvxowv iru wkh

wlph0ydu|lqj Mrh0Fod|wrq frsxod1 Wkh frqglwlrqdo fruuhodwlrq dw hdfk srlqw lq wkh vdpsoh lv frp0

sxwhg yld qxphulfdo lqwhjudwlrq/ dqg zh suhvhqw iru wkh sxusrvhv ri frpsdulvrq wkh xqfrqglwlrqdo

fruuhodwlrq lpsolhg e| wkh frqvwdqw Mrh0Fod|wrq frsxod lq wklv �jxuh dovr1 Zh fdq vhh wkdw wkh

vkdsh ri wkh wlph sdwk ri wkh frqglwlrqdo fruuhodwlrq lv vlplodu wr wkdw revhuyhg iru wkh frqglwlrqdo

wdlo ghshqghqfh/ zlwk wzr surqrxqfhg shulrgv ri lqfuhdvhg ghshqghqfh/ dqg ghfolqlqj ghshqghqfh

wrzdugv wkh hqg ri wkh vdpsoh1 Zh suhvhqw wklv sduwlfxodu phdvxuh ri ghshqghqfh wr vkrz krz

wkh wzr frsxod ixqfwlrqdo irupv gl�hu lq wkhlu suhglfwlrqv ri d frpprq ghshqghqfh phdvxuh1 Wklv

vkrzv mxvw krz ghshqghqw wkh lpsolhg frqglwlrqdo fruuhodwlrq lv rq wkh frsxod ixqfwlrqdo irup dv0

vxpswlrq 0 prvw suhylrxv vwxglhv wkdw hvwlpdwh htxdwlrqv iru wkh frqglwlrqdo fruuhodwlrq dvvxph

elyduldwh qrupdolw|/ dqg vr zrxog rewdlq d uhvxow vlplodu wr wkh wrs sdqho ri Iljxuh 71

^ LQVHUW ILJXUH 8 KHUH `

71718 Vxppdu| ri uhvxowv

Lq vxppdu|/ wkhvh uhvxowv vkrz wkdw zh kdyh vxevwdqwldo hylghqfh ri dv|pphwulf ghshghqfh/ dqg

txdolwdwlyh hylghqfh ri wlph0ydu|lqj ghshqghqfh1 Dv|pphwu| lq wkh frqvwdqw Mrh0Fod|wrq frsxod

zdv irxqg wr eh vljql�fdqw/ dqg lqglfdwhv wkdw ghshqghqfh lv juhdwhu gxulqj dssuhfldwlrqv ri wkh

X1V1 groodu wkdq gxulqj ghsuhfldwlrqv ri wkh X1V1 groodu1 Ixuwkhu hylghqfh lq vxssruw ri dv|pphwu|

zdv irxqg lq wkh uhvxowv iurp wkh wlph0ydu|lqj Mrh0Fod|wrq frsxod prgho= rq ryhu <<( ri gd|v lq

wkh vdpsoh wkh xsshu wdlo ghshqghqfh phdvxuh zdv juhdwhu wkdq wkh orzhu wdlo ghshqghqfh phdvxuh1

Wlph yduldwlrq lq wkh frqglwlrqdo frsxod vhhpv vljql�fdqw= zkhq wkh sdudphwhuv ri wkh frqglwlrqdo

frsxodv duh doorzhg wr ydu| wkurxjk wlph/ wkh| ghyldwh txlwh vxevwdqwldoo| iurp wkh sdudphwhu

irxqg zkhq frqglwlrqdo ghshqghqfh lv dvvxphg wr eh frqvwdqw1

Zh frpsduhg wkh qrupdo dqg wkh Mrh0Fod|wrq frsxod uhvxowv e| orrnlqj dw wkh uhvlgxdo frqgl0

wlrqdo fruuhodwlrq lpsolhg e| hdfk ri wkh prghov1 Zh irxqg wkdw wkh hvwlpdwh ri wkh frqglwlrqdo
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fruuhodwlrq ydulhg vrphzkdw zlwk wkh fkrlfh ri frsxod prgho/ lqglfdwlqj wkdw zklfk frsxod lv fkrvhq

lv qrw lqqrfxrxv/ hyhq iru vlpsoh phdvxuhv ri ghshqghqfh olnh olqhdu fruuhodwlrq1

Lw vkrxog eh qrwhg/ lqghhg lw lv rqh ri wkh pdlq ehqh�wv ri xvlqj frsxod wkhru|/ wkdw zh frxog

kdyh fkrvhq dq| rwkhu ghshqghqfh phdvxuh wr frpsduh wkh frsxod prghov1 Nqrzohgjh ri wkh

frqglwlrqdo frsxod dqg pdujlqdo glvwulexwlrqv lv vx�flhqw iru rqh wr frpsxwh dq| phdvxuh ri

frqglwlrqdo ghshqghqfh wkdw pd| eh ri lqwhuhvw1

��% ������
�" �
� ��������
�� !�����

Wkh hydoxdwlrq ri wkhvh prghov lv pruh lqyroyhg wkdq xvxdo/ dv zh zlvk wr hydoxdwh wkh hqwluh

frqglwlrqdo elyduldwh ghqvlw| prgho/ qrw phuho| d sduwlfxodu vhw ri frqglwlrqdo prphqwv ri wkh

elyduldwh ghqvlw|1 Ixuwkhu/ wkh idfw wkdw prvw ri wkh prghov frqvlghuhg duh qrw qhvwhg lq rwkhu

prghov dv vshfldo fdvhv phdqv wkdw vwdqgdug k|srwkhvlv whvwlqj wkhru| lv qrw dydlodeoh wr xv1 D

qd��yh hvwlpdwh ri wkh olnholkrrg udwlr vwdwlvwlf frpsdulqj wkh wlph0ydu|lqj Mrh0Fod|wrq wr wkh wlph0

ydu|lqj qrupdo frsxod |lhogv d ydoxh ri 54=94/ jlylqj d s0ydoxh ri 3=3334 lq idyrxu ri wkh Mrh0Fod|wrq

frsxod/ krzhyhu/ wkhvh �jxuhv duh vwulfwo| vshdnlqj qrw ydolg1 Yxrqj +4<;<, suhvhqwv d phdqv ri

frqgxfwlqj olnholkrrg udwlr whvwv ri qrq0qhvwhg k|srwkhvhv/ exw rqo| iru l=l=g= gdwd/ dqg vr zh fdqqrw

gluhfwo| frpsduh wkh olnholkrrgv1

Dgglwlrqdoo|/ whvwlqj iru wkh vljql�fdqfh ri wlph0ydu|lqj ghshqghqfh yhuvxv frqvwdqw ghshqghqfh

lv frpsolfdwhg e| wkh idfw wkdw/ olnh whvwlqj iru krprvfhgdvwlflw| yhuvxv d JDUFK+4/4, dowhuqdwlyh/

dw ohdvw rqh sdudphwhu lv xqlghqwl�hg xqghu wkh qxoo k|srwkhvlv2e1 Khuh wkh qd��yh olnholkrrg udwlr

vwdwlvwlfv +s0ydoxhv, iru wkh vljql�fdqfh ri wlph yduldwlrq lq wkh qrupdo dqg Mrh0Fod|wrq frsxodv

duh ;8=49 +3 =3333 , dqg <9=<< +3 =3333 , uhvshfwlyho|1 Wkhvh �jxuhv/ wkrxjk/ fdqqrw eh lqwhusuhwhg

lq wkh vwdqgdug zd|/ gxh wr wkh suhvhqfh ri wkh xqlghqwl�hg qxlvdqfh sdudphwhu> zh suhvhqw wkh

�jxuhv phuho| iru looxvwudwlyh sxusrvhv1 Zh qrz wxuq wr wkh whvwv ghvfulehg lq Vhfwlrq 61

Lw wxuqhg rxw wkdw doo irxu frsxod prghov sdvv wkh OP dqg Nroprjrury0Vpluqry whvwv +ghvfulehg

lq Vhfwlrq 716, wkdw wkh vhtxhqfhv ixS

|
jA
|'�

dqg iyS
|
jA
|'�

duh l=l=g= Xqli +3> 4,/ lpso|lqj wkdw zh fdqqrw

uhmhfw dq| ri wkh qxoo k|srwkhvhv wkdw d prgho lv fruuhfwo| vshfl�hg2D1 Wklv lv d vxusulvlqj uhvxow/

dv wkh irxu prghov duh fohduo| txlwh gl�huhqw1 Wkh uhvxow wkdw doo prghov sdvv wkh N0V whvw pd|

lqglfdwh wkh srvvleoh orz srzhu ri wklv whvw udwkhu wkdq wkdw doo irxu prghov duh dghtxdwho| vshfl�hg1

Zh wkxv wxuq wr wkh klw whvwv iru +krshixoo|, d pruh srzhuixo whvw ri jrrgqhvv0ri0�w1

Zh glylgh wkh vxssruw ri wkh frsxod lqwr vhyhq uhfwdqjxodu uhjlrqv2S/ hdfk ri zklfk zlwk dq

hfrqrplf lqwhusuhwdwlrq/ dqg rqh cuhpqdqw* uhjlrq1 Wkh uhjlrqv duh suhvhqwhg judsklfdoo| lq Iljxuh
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61 Uhjlrqv 4 dqg 5 fruuhvsrqg wr wkh orzhu dqg xsshu 43( Ydoxh0dw0Ulvn iru hdfk yduldeoh1 Wkh

delolw| wr fruuhfwo| fdswxuh wkh suredelolw| ri erwk h{fkdqjh udwhv wdnlqj rq h{wuhph ydoxhv vl0

pxowdqhrxvo| lv ri fulwlfdo lpsruwdqfh wr sruwirolr pdqdjhuv dqg pdfurhfrqrplvwv/ dprqjvw pdq|

rwkhuv1 Uhjlrqv 6 dqg 7 uhsuhvhqw prghudwho| odujh xs dqg grzq gd|v= gd|v lq zklfk erwk h{0

fkdqjh udwhv zhuh vrphzkhuh ehwzhhq wkhlu 43|� dqg 58|�/ ru :8|� dqg <3|�/ txdqwlohv1 Uhjlrq 8 lv

wkh cphgldq* uhjlrq= gd|v zkhq erwk h{fkdqjh udwhv zhuh lq wkh plggoh 83( ri wkhlu glvwulexwlrqv1

Uhjlrqv 9 dqg : duh wkh h{wuhpho| dv|pphwulf gd|v/ wkrvh gd|v zkhq rqh h{fkdqjh udwh zdv lq wkh

xsshu 58( ri lwv glvwulexwlrq zkloh wkh rwkhu zdv lq wkh orzhu 58( ri lwv glvwulexwlrq1 Wklv sduw ri

wkh vxssruw lv lpsruwdqw iru glyhuvl�fdwlrq uhdvrqv= li zh fdq fruuhfwo| prgho wkhvh duhdv zh pd|

ehwwhu glyhuvli| ulvn1

^ LQVHUW ILJXUH 6 `

Zh djdlq vshfli| d vlpsoh olqhdu ixqfwlrq iru �� / wkdw lv= ��

�
]�|> ��

�
@ ]�| � ��/ dqg zh lqfoxgh

lq ]�| d frqvwdqw whup/ wr fdswxuh dq| ryhu0 ru xqghu0hvwlpdwlrq ri wkh xqfrqglwlrqdo suredelolw|

ri d klw lq uhjlrq m/ dqg wkuhh yduldeohv wkdw frxqw wkh qxpehu ri klwv wkdw rffxuuhg lq wkh sdvw

gd|/ rqh zhhn dqg rqh prqwk/ wr fdswxuh dq| ylrodwlrqv ri wkh dvvxpswlrq wkdw wkh klwv duh vhuldoo|

lqghshqghqw1 Wkh uhvxowv iru hdfk ri wkh vhyhq uhjlrqv/ iru wkh irxu prghov frqvlghuhg duh suhvhqwhg

ehorz1 Iru wkh mrlqw whvw zh gh�qh wkh }hurwk uhjlrq dv wkdw sduw ri wkh vxssruw qrw fryhuhg e|

uhjlrqv rqh wr vhyhq1

^ LQVHUW WDEOH 9 KHUH `

Wdeoh 9 uhyhdov wkdw erwk wkh frqvwdqw wkh wlph0ydu|lqj qrupdo frsxodv sdvv wkh klw whvwv iru

doo uhjlrqv dqg sdvv wkh mrlqw whvw1 Erwk wkh frqvwdqw dqg wkh wlph0ydu|lqj Mrh0Fod|wrq frsxodv

sdvv wkh klwv whvwv lq doo exw uhjlrq 5/ wkh xsshu wdlo uhjlrq/ dqg erwk idlo wkh mrlqw whvw1 Wklv

uhvxow lv vrphzkdw vxusulvlqj/ dv wkh Mrh0Fod|wrq frsxod zdv vhohfwhg iru lqfoxvlrq lq wklv vwxg|

ehfdxvh lw r�huhg wkh delolw| wr �h{leo| prgho wkh xsshu dqg orzhu wdlov ri wkh mrlqw glvwulexwlrq/

zkhuhdv wkh qrupdo frsxod lv pruh uhvwulfwlyh1 Iurp wkhvh uhvxowv lw zrxog dsshdu wkdw dowkrxjk

wkh Mrh0Fod|wrq frsxod |lhoghg d vxevwdqwldoo| kljkhu olnholkrrg/ lw grhv qrw shuirup dv zhoo dv wkh

prgho xvlqj wkh qrupdo frsxod1 Rqh srvvleoh h{sodqdwlrq iru wklv olhv lq wkh idfw wkdw wkh Mrh0

Fod|wrq frsxod/ dv phqwlrqhg deryh/ fdqqrw fdswxuh qhjdwlyh ghshqghqfh1 Wkh wlph sdwk ri wkh

frqglwlrqdo fruuhodwlrq lpsolhg e| wkh wlph0ydu|lqj qrupdo frsxod vxjjhvwhg wkdw wkh ghshqghqfh

ehwzhhq wkhvh wzr h{fkdqjh udwh uhwxuqv ehfdph qhjdwlyh iroorzlqj wkh lqwurgxfwlrq ri wkh hxur/

dqg wkxv wkh Mrh0Fod|wrq zrxog eh lqdssursuldwh1 Lq wkh qh{w vhfwlrq/ zh lqyhvwljdwh wkh ehkdylrxu

ri wkhvh h{fkdqjh udwhv ehiruh dqg diwhu wkh lqwurgxfwlrq ri wkh hxur/ doorzlqj iru d vwuxfwxudo euhdn1

5:
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Rq wkh 4r| ri Mdqxdu|/ 4<<< wkh hxur zdv lqwurgxfhg1 Hohyhq Hxurshdq frxqwulhv2. djuhhg wr dq

luuhyrfdeoh frqyhuvlrq udwh ehwzhhq wkhlu fxuuhqflhv dqg wkh qhz hxur/ wkh frqyhuvlrq udwh iru wkh

Ghxwvfkh pdun lv 4 hxur @ 4=<88;6 pdunv2H1 Lq wklv �qdo vhfwlrq zh h{dplqh wkh lpsdfw wkdw wkh

lqwurgxfwlrq ri wkh hxur kdg rq wkh frqglwlrqdo mrlqw glvwulexwlrq ri wkhvh h{fkdqjh udwhv1

Wkh gdwd xvhg lq wklv vwxg| lv frpsulvhg ri gdlo| Ghxwvfkh pdun 0 X1V1 groodu dqg Mdsdqhvh |hq

0 X1V1 groodu h{fkdqjh udwhv ryhu wkh shulrg 5 Mdqxdu| 4<<4 wr 45 Rfwrehu/ 5333/ zklfk lqfoxghv 794

revhuydwlrqv lq wkh shulrg iroorzlqj wkh lqwurgxfwlrq ri wkh hxur1 Wkhuh duh vxevwdqwldo uhdvrqv wr

eholhyh wkdw erwk wkh pdujlqdo glvwulexwlrq ri wkh pdun dqg wkh mrlqw glvwulexwlrq ri wkh GP0XVG

dqg \hq0XVG h{fkdqjh udwh uhwxuqv xqghuzhqw d vwuxfwxudo euhdn rq Mdqxdu| 4/ 4<<<1 Wkh GP0

XVG h{fkdqjh udwh lv qrz cshjjhg* wr wkh hxur0XVG h{fkdqjh udwh/ zlwk wkh hxur hvvhqwldoo| ehlqj

d sruwirolr ri hohyhq fxuuhqflhv/ dqg wkh shufhqwdjh uhwxuq/ rewdlqhg e| wdnlqj wkh orj0gl�huhqfh ri

wkh ohyho ri wkh h{fkdqjh udwh/ rq wkh GP0XVG h{fkdqjh udwh lv e| gh�qlwlrq h{dfwo| htxdo wr wkdw

rq wkh hxur0XVG h{fkdqjh udwh1 Wkxv zkdw gulyhv wkh g|qdplfv lq wkh revhuyhg GP0XVG uhwxuqv

lq wkh srvw0hxur vdpsoh duh wkh ghwhuplqdqwv ri wkh hxur0XVG h{fkdqjh udwh1 Idfwruv uhodwlqj

wr wkh pdun zloo vwloo kdyh d odujh lpsdfw rq wkh hxur0XVG h{fkdqjh udwh/ gxh wr wkh uhodwlyh

lpsruwdqfh ri wkh Jhupdq hfrqrp| zlwklq wkh hohyhq frxqwulhv/ exw wkh| zloo reylrxvo| qrw eh wkh

vroh ghwhuplqdqwv1

Zh fdq h{dplqh wkh lpsdfw rq wkh lqwurgxfwlrq ri wkh hxur rq wkh mrlqw glvwulexwlrq ri wkh

GP0XVG dqg \hq0XVG h{fkdqjh udwhv e| doorzlqj wkh sdudphwhuv ri wkh mrlqw glvwulexwlrq wr

fkdqjh ehwzhhq wkh suh0 dqg srvw0hxur vxevdpsohv1 Qrwh wkdw doorzlqj wkh sdudphwhuv wr fkdqjh

suh0 dqg srvw0hxur lv htxlydohqw wr lqfuhdvlqj wkh lqirupdwlrq vhw/ suhylrxvo| gh�qhg dv I| @

� +{|> ||> {|3�> ||3�> ===> {�> |�,/ wr lqfoxgh dq h{rjhqrxv lqglfdwru yduldeoh/ Z|/ zklfk wdnhv wkh ydoxh

3 lq wkh suh0hxur vdpsoh dqg 4 lq wkh srvw0hxur vdpsoh1 Wkxv zh qrz gh�qh wkh lqirupdwlrq vhw dv

I| @ �+{|> ||> z|n�> {|3�> ||3�> ===> {�> |�,1 Rqh ri wkh plqru frpsolfdwlrqv wkdw dulvh zkhq prylqj

iurp wkh vwdqgdug +xqfrqglwlrqdo, frsxod fdvh wr wkh frqglwlrqdo frsxod fdvh lv wkdw doo frpsrqhqwv

ri wkh mrlqw glvwulexwlrq +wkh wzr pdujlqdo glvwulexwlrqv dqg wkh frsxod, pxvw eh edvhg rq wkh vdph

lqirupdwlrq vhw1 Wklv lpsolhv wkdw dowkrxjk zh kdyh qr uhdvrq wr h{shfw wkdw wkh \hq0XVG pdujlqdo

glvwulexwlrq dovr xqghuzhqw d vwuxfwxudo euhdn xsrq wkh lqwurgxfwlrq ri wkh hxur/ zh pxvw doorz

iru lw1

Wkh prgho doorzlqj iru vwuxfwxudo euhdn zdv frqvwuxfwhg e| dvvxplqj wkh vdph ixqfwlrqdo irupv

ri wkh pdujlqdo glvwulexwlrqv dqg frsxod/ exw doorzlqj hdfk sdudphwhu wr fkdqjh lq wkh srvw0hxur

shulrg1 Wr plqlplvh wkh qxpehu ri dgglwlrqdo sdudphwhuv lq wkh qhz prghov/ zh frqgxfwhg whvwv

iru wkh vljql�fdqfh ri wkh fkdqjh lq wkh sdudphwhu/ dqg lpsrvhg frqvwdqf| rq wkrvh sdudphwhuv
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wkdw zhuh qrw vljql�fdqwo| gl�huhqw lq wkh wzr shulrgv1 Zh whvwhg iru ghshqghqfh ri wkh qhz

wudqviruphg yduldeohv/ ghqrwhg X K
| dqg Y K

| / rq wkh hxur lqglfdwru yduldeoh e| uhjuhvvlqj hdfk ri

wkh �uvw irxu prphqwv rq d frqvwdqw +wr uhpryh wkh phdq, dqg wkh lqglfdwru yduldeoh1 Li wkh qhz

prgho lv fruuhfwo| vshfl�hg zlwk uhvshfw wr wkh qhz/ odujhu lqirupdwlrq vhw/ wkhq wkh frh�flhqw rq

wkh lqglfdwru yduldeoh lq wklv uhjuhvvlrq vkrxog eh }hur1

Wkh rqo| sdudphwhu wkdw zdv vljql�fdqwo| gl�huhqw lq wkh GP pdujlq lq wkh suh0hxur dqg srvw0

hxur vdpsohv/ dffruglqj wr OU whvwv/ zdv wkh sdudphwhu iru wkh xqfrqglwlrqdo phdq uhwxuq/ �%1 Lw

wxuqhg rxw/ krzhyhu/ wkdw dowkrxjk wkh frqvwdqw lq wkh JDUFK prgho iru wkh GP pdujlq zdv qrw

vljql�fdqwo| gl�huhqw iurp wkh �uvw shulrg wr wkh vhfrqg/ lw zdv qhhghg lq rughu iru wkh lqglfdwru

yduldeoh wr kdyh qr h{sodqdwru| srzhu iru X K
| 1
2b Zkhq doorzlqj erwk �% dqg $% wr fkdqjh iurp

wkh �uvw shulrg wr wkh vhfrqg X K
| sdvvhg wkh uhjuhvvlrq whvwv ri lqghshqghqfh ri wkh hxur lqglfdwru

yduldeoh1 Wkh OU whvw iru wkh vljql�fdqfh ri wkh vwuxfwxudo euhdn |lhoghg d whvw vwdwlvwlf +s0ydoxh,

ri <=8687 +3 =33;8 ,/ lqglfdwlqj wkdw wkh euhdn lv vljql�fdqw1 Lw vkrxog eh srlqwhg rxw wkdw zh gr

qrw lqfoxgh prqhwdu| srolf| yduldeohv lq rxu prghov1 D fkdqjh lq lqwhuhvw udwh srolf| lq Jhupdq|

iroorzlqj wkh lqwurgxfwlrq ri wkh hxur/ iru h{dpsoh/ pd| h{sodlq dw ohdvw d sduw ri wkh fkdqjh lq

GP g|qdplfv1 Zh ohdyh wkh lqyhvwljdwlrq ri wklv dv d srvvleoh h{sodqdwlrq iru ixwxuh zrun1

Zh frqgxfwhg whvwv iru wkh vljql�fdqfh ri wkh fkdqjhv lq wkh sdudphwhuv ri wkh \hq pdujlq

ehwzhhq wkh suh0 dqg srvw0hxur shulrgv/ dqg irxqg qrqh wr eh vljql�fdqw1 Ixuwkhu/ wkh ruljlqdo

wudqviruphg yduldeoh/ Y|/ sdvvhg wkh uhjuhvvlrq whvwv iru lqghshqghqfh ri wkh hxur lqglfdwru yduldeoh1

Wkh uhvxowv ri wkh hvwlpdwlrq ri wkh prghov doorzlqj iru d vwuxfwxudo euhdn duh suhvhqwhg lq Wdeoh

: ehorz1 Zh kdyh lqfoxghg wkh uhvxowv iru wkh \hq pdujlq hyhq wkrxjk wkh| glg qrw fkdqjh iurp

wkrvh suhvhqwhg lq Wdeoh 5 iru wkh sxusrvhv ri frpsdulvrq zlwk wkh qhz GP pdujlq1

^ LQVHUW WDEOH : KHUH1 `

Wdeoh : uhyhdov wkdw wkh dyhudjh udwh ri ghsuhfldwlrq ri wkh GP djdlqvw wkh XVG urvh iurp

3=345;( shu gd| gxulqj wkh suh0hxur vdpsoh wr 3=3<;4( shu gd|/ d vxevwdqwldo lqfuhdvh1 Wkh

xqfrqglwlrqdo gdlo| yduldqfh ri wkh GP0XVG h{fkdqjh udwh lpsolhg e| wkh JDUFK sdudphwhuv

urvh ryhu 73( iurp 3=8649 wr 3=:9:7/ zkloh wkh dqqxdolvhg xqfrqglwlrqdo vwdqgdug ghyldwlrq�f urvh

iurp 44=8:( wr 46=<4(1 Zh djdlq xvhg wkh OP dqg N0V whvwv wr fkhfn wkh qhz sursrvhg pdujlqdo

glvwulexwlrqv/ lq wkh suh0hxur/ srvw0hxur dqg mrlqw vdpsohv1 Erwk pdujlqv sdvvhg doo whvwv lq doo

wkuhh wlph shulrgv��1 Lq Wdeoh ; ehorz/ zh suhvhqw wkh uhvxowv ri wkh mrlqw whvw wkdw hdfk pdujlq

lv fruuhfwo| vshfl�hg lq wkh �yh uhjlrqv xvhg lq wkh suhylrxv whvwv1 +Erwk pdujlqdo glvwulexwlrqv

sdvvhg doo whvwv iru wkh lqglylgxdo uhjlrqv1, Wklv wdeoh vkrzv wkdw erwk pdujlqv sdvv wkh mrlqw whvw

lq doo wkuhh vdpsohv1
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^ LQVHUW WDEOH ; KHUH1 `

Lq Wdeoh < zh suhvhqw wkh uhvxowv ri doorzlqj wkh sdudphwhuv ri wkh irxu frsxod prghov suhylrxvo|

glvfxvvhg wr fkdqjh iroorzlqj wkh lqwurgxfwlrq ri wkh hxur1 Wkh olnholkrrg udwlr whvw vwdwlvwlfv +s0

ydoxhv, iru wkh vljql�fdqfh ri wkh vwuxfwxudo euhdn iru wkh irxu prghov duh= 467=387; +3 =3333 ,/

43:=:948 +3 =3333 ,/ 9<=66;4 +3 =3333 , dqg 8<=5:4: +3 =3333 , 0 fohduo| wkh vwuxfwxudo euhdn lv yhu|

vljql�fdqw lq doo frsxod prghov1

Wkh uhvxowv iru wkh wzr frqvwdqw frsxodv fohduo| lqglfdwh wkdw wkh ghshqghqfh ehwzhhq wkh GP0

XVG dqg wkh \hq0XVG h{fkdqjh udwh uhwxuqv ghfuhdvhg vxevwdqwldoo| iroorzlqj wkh euhdn1 Wkh

frqvwdqw qrupdo frsxod uhvxowv vxjjhvw wkdw uhvlgxdo fruuhodwlrq ihoo iurp 3=7<5< ehiruh wkh euhdn

wr 3=3::6 diwhu wkh euhdn1 Wkh frqvwdqw Mrh0Fod|wrq frsxod sdudphwhuv vxjjhvw wkdw xsshu dqg

orzhu wdlo ghshqghqfh ihoo iurp 3=6<97 dqg 3=5875 ehiruh wkh euhdn wr 3=3334 dqg 3=334; diwhu wkh

euhdn1 Wkh lpsolhg fruuhodwlrq iurp wkh frqvwdqw Mrh0Fod|wrq frsxod ihoo iurp 3=7<;6 wr 3=3:;4 0

yhu| vlplodu uhvxowv wr wkrvh iurp wkh frqvwdqw qrupdo frsxod1 Dv iru wkh suhylrxv uhvxowv/ zh fdq

whvw wkh vljql�fdqfh ri wkh dv|pphwu| lpsolhg e| wkh frqvwdqw Mrh0Fod|wrq frsxod/ erwk ehiruh dqg

diwhu wkh euhdn1 Wkh whvw vwdwlvwlf +s0ydoxh, iru wkh suh0hxur shulrg lv 6=4636 +3 =334: ,/ uhmhfwlqj

wkh qxoo k|srwkhvlv ri v|pphwu| lq wkh suh0hxur shulrg1 Lq wkh srvw0hxur shulrg wkh whvw vwdwlvwlf

+s0ydoxh, lv 03=359< +3 =<:;8 ,/ lqglfdwlqj wkdw qr hylghqfh ri dv|pphwu| lv suhvhqw lq wkh srvw0hxur

gdwd1

^ LQVHUW WDEOH < KHUH1 `

Wkh wlph sdwkv ri wkh sdudphwhuv dqg lpsolhg fruuhodwlrqv lq wkh prghov ri wkh suhylrxv vhfwlrq

vxjjhvwhg wkdw wkh frqglwlrqdo ghshqghqfh ehwzhhq wkhvh h{fkdqjh udwhv fkdqjhg iroorzlqj wkh

lqwurgxfwlrq ri wkh hxur1 E| doorzlqj wkh wlph sdwkv wr ghshqg h{solflwo| rq zklfk vxe0shulrg wkh

gdwd duh iurp zh rewdlq yhu| vwurqj hylghqfh wkdw wkh ghshqghqfh fkdqjhg1 Zh lqlwldoo| doorzhg

doo sdudphwhuv ri wkh wlph0ydu|lqj frsxodv wr fkdqjh iroorzlqj wkh euhdn/ exw irxqg wkdw wkh uhvxowv

vxjjhvwhg wkdw wkh frqglwlrqdo ghshqghqfh zdv frqvwdqw lq wkh srvw0hxur vdpsoh�21 Vshfl�fdoo|/

wkh wlph sdwk ri wkh sdudphwhuv ri erwk wkh wlph0ydu|lqj qrupdo frsxod dqg wkh wlph0ydu|lqj Mrh0

Fod|wrq pdwfkhg yhu| forvho| wkh ghshqghqfh lpsolhg e| wkh frqvwdqw yhuvlrq ri wkh vdph frsxod

lq wkh srvw0hxur vdpsoh1 Iru erwk wkh qrupdo dqg wkh Mrh0Fod|wrq frsxodv/ wkhq/ zh lpsrvhg wkh

frqglwlrq wkdw ghshqghqfh eh frqvwdqw iroorzlqj wkh euhdn/ wkrxjk lw zdv doorzhg wr ydu| ehiruh

wkh euhdn1 Wkh lpsolhg fruuhodwlrq iurp wkh wzr frsxodv fdq eh vhhq lq Iljxuhv ; dqg < ehorz1

Wkh wlph sdwkv ri wkh sdudphwhuv ri wkh Mrh0Fod|wrq frsxod dqg wkh frqglwlrqdo wdlo ghshqghqfh

duh suhvhqwhg lq Iljxuhv 43 dqg 44 ehorz1

^ LQVHUW ILJXUHV ; WR 44 KHUH1 `
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Lq Iljxuh 44 zh vhh wkdw wkh frqglwlrqdo xsshu wdlo ghshqghqfh lv frqvlvwhqwo| juhdwhu wkdq wkh

frqglwlrqdo orzhu wdlo ghshqghqfh lq wkh suh0hxur vdpsoh1 Lq idfw/ rq qr gd| lq wkh suh0hxur vdpsoh

zdv frqglwlrqdo orzhu wdlo ghshqghqfh juhdwhu wkdq frqglwlrqdo xsshu wdlo ghshqghqfh1 Wkh phdq

gl�huhqfh ehwzhhq wkh wzr wdlo ghshqghqfh phdvxuhv zdv 3=4;8:/ lpso|lqj wkdw wkhvh h{fkdqjh

udwhv zhuh pxfk pruh ghshqghqw gxulqj dssuhfldwlrqv ri wkh XV groodu wkdq wkh| zhuh gxulqj

ghsuhfldwlrqv ri wkh XV groodu1

Iljxuhv ; wkurxjk 44 pdnh lw yhu| fohdu wkdw d odujh fkdqjh lq wkh ghshqghqfh vwuxfwxuh wrrn

sodfh zkhq wkh pdun ehfdph olqnhg wr wkh hxur1 Wkh fkdqjh lq wkh pdujlqdo glvwulexwlrq ri wkh

pdun lv gl�fxow wr ghwhfw judsklfdoo|= wkh fkdqjh lq �
%
/ zkloh vxevwdqwldo/ lv gurzqhg rxw e| wkh

odujh dprxqw ri qrlvh lq wkh uhwxuqv/ dqg wkh fkdqjh lq $% lv qrw vljql�fdqw1 Wkxv wkh vwuxfwxudo

euhdn frxog srvvleo| eh ryhuorrnhg li rqo| frqvlghulqj wkh pdujlqdo glvwulexwlrq ri wkh GP0XVG

h{fkdqjh udwh uhwxuqv1 Wkh vwuxfwxudo euhdn lq wkh frqglwlrqdo frsxod/ krzhyhu/ lv xqplvwdnhdeoh1

Lq Wdeoh 43 ehorz zh suhvhqw d vxppdu| ri wkh uhvxowv ri wkh klw whvwv rq wkh frsxod prghov

zlwk dq lqglfdwru yduldeoh iru wkh hxur1 Doo prghov sdvvhg doo whvwv iru wkh lqglylgxdo uhjlrqv/ dqg

dv Wdeoh 43 ehorz uhsruwv/ doo prghov sdvvhg wkh mrlqw whvw wkdw wkh frsxod lv zhoo vshfl�hg iru doo

hljkw uhjlrqv1

^ LQVHUW WDEOH 43 KHUH1 `

D irupdo phdqv ri vhohfwlqj zklfk ri wkh frsxodv lv ehwwhu jlyhq wkdw doo sdvv whvwv ri jrrgqhvv0ri0

�w lv qrw fxuuhqwo| dydlodeoh1 Dv wkh wlph0ydu|lqj Mrh0Fod|wrq frsxod kdv wkh kljkhvw orj0olnholkrrg/

krzhyhu/ rqh frxog mxvwli| lwv vhohfwlrq dv wkh prgho ri fkrlfh rq lqirupdwlrq wkhruhwlf jurxqgv= d

kljkhu orj0olnholkrrg phdqv wkdw wkh wlph0ydu|lqj Mrh0Fod|wrq frsxod lv forvhu wr wkh wuxh frsxod

wkdq wkh qh{w ehvw dowhuqdwlyh/ dv phdvxuhg e| wkh Nxooedfn0Ohleohu lqirupdwlrq fulwhulrq
��
1 Lw lv

dfnqrzohgjhg wkdw wkh idfw wkdw wkh qrupdo frsxodv sdvv wkh vshfl�fdwlrq whvwv pd| lqglfdwh wkdw

wkh dv|pphwu| lpsolhg e| wkh Mrh0Fod|wrq frsxod lv qrw vljql�fdqw/ dqg wkxv wkdw wkh qrupdo frsxod

lv d jrrg dssur{lpdwlrq1 Krzhyhu/ dv wkh Mrh0Fod|wrq frsxod kdv v|pphwu| dv d vshfldo fdvh/ dqg

v|pphwu| dsshduv wr eh vwurqjo| uhmhfwhg/ zh lqvwhdg lqihu wkdw wkh sdvvlqj ri wkh vshfl�fdwlrq

whvwv e| wkh qrupdo frsxod prghov lv hylghqfh ri wkh gl�fxow| wkh whvwv frqvlghuhg kdyh lq uhmhfwlqj

prghov forvh wr wkh wuxh glvwulexwlrq1

% ���	���
��

Wkh wkhru| ri frsxodv surylghv d phdqv ri wklqnlqj pruh jhqhudoo| derxw wkh ghshqghqfh ehwzhhq

udqgrp yduldeohv1 Wkh olqhdu fruuhodwlrq frh�flhqw surylghv d yhu| frqyhqlhqw vxppdu| ri wkh

dvvrfldwlrq ehwzhhq wzr yduldeohv/ exw lw lv e| qr phdqv wkh rqo| phdvxuh ri lqwhuhvw1 Wkh xvh ri

frsxodv lq wkh dqdo|vlv ri hfrqrplf gdwd lv d txlwh uhfhqw skhqrphrq/ krzhyhu wkh jurzlqj lqwhuhvw
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lq ghqvlw| iruhfdvwlqj dqg lq txdqwloh0edvhg phdvxuhv ri ulvn vxjjhvw wkdw wkh wkhru| ri frsxodv

pd| hqmr| zlghu xvh lq wkh ixwxuh1

Lq wklv sdshu zh vkrzhg wkdw wkh h{lvwlqj wkhru| ri frsxodv pd| eh h{whqghg wr wkh frqglwlrqdo

fdvh/ doorzlqj xv wr xvh lw lq wkh dqdo|vlv ri wlph0ydu|lqj frqglwlrqdo ghshqghqfh1 Zh dssolhg wkh

wkhru| ri frqglwlrqdo frsxodv wr prgho wkh wlph0ydu|lqj frqglwlrqdo mrlqw glvwulexwlrq ri wkh gdlo|

Ghxwvfkh pdun 0 X1V1 groodu dqg \hq 0 X1V1 groodu h{fkdqjh udwhv/ ryhu wkh shulrg iurp Mdqxdu|

4<<4 wr Rfwrehu 53331 DU 0 wJDUFK prghov zhuh hpsor|hg iru wkh pdujlqdo glvwulexwlrqv ri hdfk

h{fkdqjh udwh/ dqg wzr gl�huhqw frsxodv zhuh hvwlpdwhg= wkh frsxod dvvrfldwhg zlwk wkh elyduldwh

qrupdo glvwulexwlrq/ dqg wkh Mrh0Fod|wrq frsxod/ zklfk doorzv iru dv|pphwulf ghshqghqfh lq wkh

mrlqw glvwulexwlrq1 Zh doorzhg iru wlph0yduldwlrq lq wkh ghshqghqfh vwuxfwxuh ehwzhhq wkh wzr

h{fkdqjh udwhv e| doorzlqj wkh sdudphwhuv ri wkh wzr frsxodv wr hyroyh ryhu wkh vdpsoh shulrg/

hpsor|lqj dq hyroxwlrq htxdwlrq vlplodu wr wkh JDUFK prgho iru frqglwlrqdo yduldqfhv1 Iru

frpsdulvrq/ zh dovr hvwlpdwhg frqvwdqw yhuvlrqv ri hdfk ri wkhvh frsxodv1

Vrph dwwhqwlrq zdv sdlg wr whvwv ri wkh uhodwlyh jrrgqhvv0ri0�w ri wkh frsxodv dqdo|vhg1 Jrrgqhvv0

ri0�w whvwlqj lq rxu vwxg| zdv frpsolfdwhg e| wkh idfw wkdw zh zlvkhg wr whvw wkh dghtxdf| ri wkh

hqwluh ghqvlw|/ udwkhu wkdq mxvw d vhw ri prphqwv iurp wklv ghqvlw|/ dqg e| wkh idfw wkdw pdq| ri

rxu prghov zhuh qrq0qhvwhg1 Zh hpsor|hg dq h{whqvlrq ri wkh cklw* whvwv ri Fkulvwr�huvhq +4<<;,

dqg Hqjoh dqg Pdqjdqhool +4<<<, wr whvw iru wkh jrrgqhvv0ri0�w ri wkh irxu prghov frqvlghuhg/ dqg

sursrvhg d qhz whvw iru hydoxdwlqj wkh shuirupdqfh ri pxowlsoh lqwhuydo iruhfdvwv vlpxowdqhrxvo|1

Rxu uhvxowv lqglfdwh wkh suhvhqfh ri wlph yduldwlrq lq wkh frqglwlrqdo ghshqghqfh ehwzhhq wkhvh

wzr h{fkdqjh udwhv/ wkrxjk irupdoo| whvwlqj iru lwv vljql�fdqfh lv frpsolfdwhg e| wkh suhvhqfh ri

d qxlvdqfh sdudphwhu xqlghqwl�hg xqghu wkh qxoo ri frqvwdqw ghshqghqfh1 Zh �qg vxevwdqwldo

hylghqfh wkdw wkh ghshqghqfh ixqfwlrq lv dv|pphwulf> vshfl�fdoo|/ ghshqghqfh lv juhdwhu gxulqj

dssuhfldwlrqv ri wkh X1V1 groodu +ru dowhuqdwlyho|/ gxulqj ghsuhfldwlrqv ri wkh pdun dqg wkh |hq,

wkdq gxulqj ghsuhfldwlrqv ri wkh X1V1 groodu1 Ilqdoo|/ zh uhsruw vwurqj hylghqfh ri d vwuxfwxudo euhdn

lq wkh frqglwlrqdo frsxod iroorzlqj wkh lqwurgxfwlrq ri wkh hxur lq Mdqxdu| 4<<<1 Wkh ghshqghqfh

ehwzhhq wkhvh h{fkdqjh udwhv idoov gudpdwlfdoo| iroorzlqj wkh euhdn1

Wklv sdshu kdv suhvhqwhg mxvw rqh h{dpsoh ri dq hfrqrplf txhvwlrq wkdw frsxod wkhru| pd|

dvvlvw xv lq dqvzhulqj1 Pdq| ixuwkhu dssolfdwlrqv ru h{whqvlrqv duh srvvleoh1 Iru h{dpsoh/ wr

hvwlpdwh wkh Ydoxh0dw0Ulvn ri d sruwirolr/ rqh qhhgv d prgho iru wkh hqwluh mrlqw ghqvlw| ri wkh

dvvhwv lq wkh sruwirolr1 Frqvwuxfwlqj vxfk d prgho lv pdgh pxfk vlpsohu xvlqj wkh frqglwlrqdo

frsxod iudphzrun1 Ixuwkhu/ frsxodv pd| eh xvhg wr frqvwuxfw prghov iru pxowlyduldwh ghqvlw|

iruhfdvwlqj/ dq duhd jdlqlqj lqwhuhvw lq �qdqfh dqg hfrqrphwulfv1 Wkh xvh ri frqglwlrqdo frsxodv

lq wkh pruh jhqhudo pxowlyduldwh fdvh lv srvvleoh/ wkrxjk vrph fduh pd| eh uhtxluhg wr nhhs wkh

prgho wudfwdeoh1 Dovr/ rwkhu irupv ri wlph yduldwlrq lq wkh ghshqghqfh ehwzhhq wzr ru pruh dvvhwv

pd| eh h{soruhg= lq wklv sdshu zh frqvlghuhg doorzlqj wkh sdudphwhu ri wkh frsxod wr ydu| wkurxjk

wlph/ kroglqj wkh irup ri wkh frsxod �{hg1 Dq dowhuqdwlyh wr wklv pd| eh wr frqvlghu frqglwlrqdo

frsxodv wkdw ydu| lq ixqfwlrqdo irup/ shukdsv lq d Pdunry vzlwfklqj prgho1

65



& (
��
�"���
�

Dndlnh/ K1/ 4<:6/ Lqirupdwlrq Wkhru| dqg dq H{whqvlrq ri wkh Olnholkrrg Udwlr Sulqflsoh/

Surfhhglqjv ri wkh Vhfrqg Lqwhuqdwlrqdo V|psrvlxp ri Lqirupdwlrq Wkhru|/ E1 Q1 Shwury dqg I1

Fdvnl/ hgv1/ 58:05;41

Dqghuvhq/ Wruehq J1/ dqg Eroohuvohy/ Wlp/ 4<<;/ Dqvzhulqj wkh Vnhswlfv=\hv/ Vwdqgdug Yrodwlo0

lw| Prghov Gr Surylgh Dffxudwh Iruhfdvwv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6<+7,/ ;;80<381

Dqghuvhq/ Wruehq J1/ Eroohuvohy/ Wlp/ Glherog/ Iudqflv [1/ dqg Ode|v/ Sdxo/ 5334/ Wkh Glvwul0

exwlrq ri Uhdol}hg H{fkdqjh Udwh Yrodwlolw|/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <9/

750881

Dqguhzv/ Grqdog Z1 N1/ dqg Sorehujhu/ Zhuqhu/ 4<<7/ Rswlpdo Whvwv zkhq d Qxlvdqfh Sdudp0

hwhu lv Suhvhqw Rqo| Xqghu wkh Dowhuqdwlyh/ Hfrqrphwulfd/ 95+9,/ 46;6047471

Ehunrzlw}/ Mhuhp|/ 4<<</ Hydoxdwlqj wkh Iruhfdvwv ri Ulvn Prghov/ Zrunlqj Sdshu/ Ihghudo

Uhvhuyh Erdug/ Zdvklqjwrq G1F1

Eroohuvohy/ Wlp/ 4<;:/ D Frqglwlrqdo Khwhurvnhgdvwlf Wlph Vhulhv Prgho iru Vshfxodwlyh Sulfhv

dqg Udwhv ri Uhwxuq/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 9</ 875087:1

Eroohuvohy/ Wlp/ 4<<3/ Prghoolqj wkh Frkhuhqfh lq Vkruw0Uxq Qrplqdo H{fkdqjh Udwhv= D

Pxowlyduldwh Jhqhudol}hg DUFK Dssurdfk/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :5/ 7<;08381

Erx|�h/ Hulf/ Gxuuohpdq/ Ydogr/ Qlnhjkedol/ Dvkndq/ Ulerxohw/ Jdho dqg Urqfdool/ Wklhuu|/

5333/ Frsxodv iru Ilqdqfh= D Uhdglqj Jxlgh dqg Vrph Dssolfdwlrqv/ Zrunlqj Sdshu/ Jurxsh gh

Uhfkhufkh Rs�hudwlrqqhooh/ Fu�hglw O|rqqdlv1 Iudqfh1

Fdvhood/ Jhrujh/ dqg Ehujhu/ Urjhu O1/ 4<<3/ Vwdwlvwlfdo Lqihuhqfh/ Gx{exu| Suhvv/ X1V1D1

Fkulvwr�huvhq/ Shwhu I1/ 4<<;/ Hydoxdwlqj Lqwhuydo Iruhfdvwv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/

6<+7,/ ;740;951

Fod|wrq/ G1 J1/ 4<:;/ D Prgho iru Dvvrfldwlrq lq Elyduldwh Olih Wdeohv dqg lwv Dssolfdwlrq

lq Hslghplrorjlfdo Vwxglhv ri Idploldo Whqghq| lq Fkurqlf Glvhdvh Lqflghqfh/ Elrphwulnd/ 98+4,/

47404841

Frrn/ U1 Ghqqlv/ dqg Mrkqvrq/ Pdun H1/ 4<;4/ D Idplo| ri Glvwulexwlrqv iru Prghoolqj Qrq0

hoolswlfdoo| V|pphwulf Pxowlyduldwh Gdwd/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ 76+5,/ 543054;1
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Frvwrqw/ Duqdxg/ Urqfdool/ Wklhuu| dqg Wh��ohwfkh/ M�huarph/ 5333/ Uhylvlwlqj wkh Ghshqghqfh

ehwzhhq Ilqdqfldo Pdunhwv zlwk Frsxodv/ Zrun lq surjuhvv/ Jurxsh gh Uhfkhufkh Rs�hudwlrqqhooh/

Fu�hglw O|rqqdlv/ Iudqfh1

G*Djrvwlqr/ Udosk E1/ dqg Vwhskhqv/ Plfkdho D1/ hgv1/ 4<;9/ Jrrgqhvv0ri0Ilw Whfkqltxhv/ Pdufho

Ghnnhu Lqf1/ Qhz \run1

Gdylg/ I1 Q1/ dqg Mrkqvrq/ Q1 O1/ 4<7;/ Wkh Suredelolw| Lqwhjudo Wudqvirupdwlrq zkhq Sdudp0

hwhuv duh Hvwlpdwhg iurp wkh Vdpsoh/ Elrphwulnd/ 68+4,/ 4;504<31

Gdzlg/ D1 S1/ 4<;7/ Vwdwlvwlfdo Wkhru|= Wkh Suhtxhqwldo Dssurdfk/ Mrxuqdo ri wkh Ur|do Vwd0

wlvwlfdo Vrflhw|/ <5/ 47:05:;1

Gdylgvrq/ Uxvvhoo/ dqg PdfNlqqrq/ Mdphv J1/ 4<<6/ Hvwlpdwlrq dqg Lqihuhqfh lq Hfrqrphwulfv/

R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

Ghkhxyhov/ S1/ 4<:;/ Od irqfwlrq gh g�hshqghqfh hpslultxh hw vhv sursul�hw�hv1 Xq whvw qrq

sdudp�hwultxh g*lqg�hshqghqfh/ Dfdg1 Ur|1 Ehoj1 Exoo1 Fo1 Vfl1/ 98+8,/ 5:705<51

Glherog/ Iudqflv [1/ Jxqwkhu/ W1/ dqg Wd|/ Dqwkrq| V1/ 4<<;/ Hydoxdwlqj Ghqvlw| Iruhfdvwv/

zlwk Dssolfdwlrqv wr Ilqdqfldo Ulvn Pdqdjhphqw/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6</ ;960;;61

Glherog/ Iudqflv [1/ Kdkq/ Mlq|rqj/ dqg Wd|/ Dqwkrq| V1/ 4<<</ Pxowlyduldwh Ghqvlw| Iruhfdvw

Hydoxdwlrq dqg Fdoleudwlrq lq Ilqdqfldo Ulvn Pdqdjhphqw= Kljk0Iuhtxhqf| Uhwxuqv rq Iruhljq

H{fkdqjh/ Wkh Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ ;4+7,/ 99409:61

Hpeuhfkwv/ Sdxo/ PfQhlo/ Doh{dqghu dqg Vwudxpdqq/ Gdqlho/ 4<<</ Fruuhodwlrq= Slwidoov dqg

Dowhuqdwlyhv/ ULVN/ 45+8,/ 440541

Hpeuhfkwv/ Sdxo/ PfQhlo/ Doh{dqghu dqg Vwudxpdqq/ Gdqlho/ 5333/ Fruuhodwlrq dqg Ghshqghqfh

Surshuwlhv lq Ulvn Pdqdjhphqw= Surshuwlhv dqg Slwidoov/ Zrunlqj Sdshu/ Ghsduwhphqw Pdwkh0

pdwln/ HWK]/ ]�xulfk/ Vzlw}huodqg1

Hqjoh/ Urehuw I1/ 4<;5/ Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvfhgdvwlflw| zlwk Hvwlpdwhv ri wkh

Yduldqfh ri XN Lq�dwlrq/ Hfrqrphwulfd/ 83/ <;:0433:1

Hqjoh/ Urehuw I1/ Lwr/ Wdndwrvkl/ dqg Olq/ Zhq0Olqj/ 4<<3/ Phwhru Vkrzhuv ru Khdw ZdyhvB

Khwhurvnhgdvwlf Lqwud0Gdlo| Yrodwlolw| lq wkh Iruhljq H{fkdqjh Pdunhw/ Hfrqrphwulfd/ 8;+6,/ 8580

8751

Hqjoh/ Urehuw I1/ dqg Nurqhu/ Nhqqhwk I1/ 4<<8/ Pxowlyduldwh Vlpxowdqhrxv Jhqhudol}hg DUFK/

Hfrqrphwulf Wkhru|/ 44/ 45504831
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Hqjoh/ Urehuw I1/ dqg Pdqjdqhool/ Vlprqh/ 4<<</ FDYldU= Frqglwlrqdo Dxwruhjuhvvlyh Ydoxh dw

Ulvn e| Uhjuhvvlrq Txdqwlohv/ Zrunlqj Sdshu/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliruqld/

Vdq Glhjr1

Ilvkhu/ U1 D1/ 4<65/ Vwdwlvwlfdo Phwkrgv iru Uhvhdufk Zrunhuv1

Iruehv/ Nulvwlq/ dqg Uljrerq/ Urehuwr/ 4<<</ Qr Frqwdjlrq/ Rqo| Lqwhughshqghqfh= Phdvxulqj

Vwrfn Pdunhw Frpryhphqwv/ QEHU Zrunlqj Sdshu :59:1

Jdodperv/ M1/ 4<:;/ Wkh Dv|pswrwlf Wkhru| ri H{wuhph Rughu Vwdwlvwlfv/ Mrkq Zloh| ) Vrqv/

Qhz \run1

Jhqhvw/ Fkulvwldq/ dqg Ulyhvw/ Orxlv0Sdxo/ 4<<6/ Vwdwlvwlfdo Lqihuhqfh Surfhgxuhv iru Elyduldwh

Dufklphghdq Frsxodv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;;+756,/ 4367043761

Juhhqh/ Zlooldp K1/ 4<<:/ Hfrqrphwulf Dqdo|vlv/ Suhqwlfh0Kdoo/ Qhz Mhuvh|1

Kxoo/ Mrkq/ dqg Zklwh/ Dodq/ 4<<;/ Ydoxh dw Ulvn Zkhq Gdlo| Fkdqjhv lq Pdunhw Yduldeohv duh

qrw Qrupdoo| Glvwulexwhg/ Mrxuqdo ri Ghulydwlyhv/ 8+6,/ <04<1

Kxwfklqvrq/ W1 S1 dqg Odl/ F1 G1/ 4<<3/ Frqwlqxrxv Elyduldwh Glvwulexwlrqv/ Hpskdvlvlqj Ds0

solfdwlrqv/ Uxpve|/ V|gqh|1

Mrh/ Kduu|/ 4<<6/ D Sdudphwulf Idplo| ri Pxowlyduldwh Glvwulexwlrqv zlwk Jlyhq Pdujlqv/ Mrxu0

qdo ri Pxowlyduldwh Dqdo|vlv/ 79/ 59505;51

Mrh/ Kduu|/ 4<<:/ Pxowlyduldwh Prghov dqg Ghshqghqfh Frqfhswv/ Fkdspdq ) Kdoo/ Orqgrq1

Mxgg/ Nhqqhwk O1/ 4<<;/ Qxphulfdo Phwkrgv lq Hfrqrplfv/ PLW Suhvv/ Fdpeulgjh/ Pdv0

vdfkxvhwwv1

Nhduqh|/ Frop/ dqg Sdwwrq/ Dqguhz M1/ 5333/ Pxowlyduldwh JDUFK Prgholqj ri H{fkdqjh

Udwh Yrodwlolw| Wudqvplvvlrq lq wkh Hxurshdq Prqhwdu| V|vwhp/ Wkh Ilqdqfldo Uhylhz/ 74/ 5<07;1

Nlphogrui/ J1 dqg Vdpsvrq/ D1 U1/ 4<:8/ Xqlirup uhsuhvhqwdwlrqv ri elyduldwh glvwulexwlrqv/

Frppxqlfdwlrqv lq Vwdwlvwlfv/ 7/ 94:095:1

Nolqj/ M1 O1/ dqg Ehvvohu/ G1 D1/ 4<;</ Fdoleudwlrq0edvhg Suhglfwlyh Glvwulexwlrqv= Dq Dssolfd0

wlrq ri Suhtxhqwldo Dqdo|vlv wr Lqwhuhvw Udwhv/ Prqh|/ Sulfhv dqg Rxwsxw/ Mrxuqdo ri Exvlqhvv/ 95/

7::07<<1

Phoylq/ Plfkdho/ 5333/ Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 9wk Hg1/ Dgglvrq0Zhvoh| Lqf1/ Qhz

\run1
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Qhovhq/ Urjhu E1/ 4<<</ Dq Lqwurgxfwlrq wr Frsxodv/ Vsulqjhu0Yhuodj/ Qhz \run1

Qh|pdq/ M1/ 4<6:/ Vprrwk Whvwv iru Jrrgqhvv ri Ilw/ Vndqg1 Dnwxdulhgwlgvnuliw/ 53/ 47<04<<1

Rdnhv/ Gdylg/ 4<;</ Elyduldwh Vxuylydo Prghov Lqgxfhg e| Iudlowlhv/ Mrxuqdo ri wkh Dphulfdq

Vwdwlvwlfdo Dvvrfldwlrq/ ;7+739,/ 7;:07<61

Sdwwrq/ Dqguhz M1/ 5334/ Hvwlpdwlrq ri Frsxod Prghov iru Wlph Vhulhv/ pdqxvfulsw lq surjuhvv1

Shduvrq/ N1/ 4<33/ Rq wkh Fulwhulrq wkdw d Jlyhq V|vwhp ri Ghyldwlrqv iurp wkh Suredeoh lq

wkh Fdvh ri d Fruuhodwhg V|vwhp ri Yduldeohv lv vxfk wkdw lw fdq eh Uhdvrqdeo| Vxssrvhg wr kdyh

Dulvhq iurp Udqgrp Vdpsolqj/ Sklorvsklfdo Pdjd}lqh Vhulhv/ 83/ 48:04:81

Shduvrq/ N1/ 4<66/ Rq d Phwkrg ri Ghwhuplqlqj Zkhwkhu d Vdpsoh ri Vl}h q Vxssrvhg wr Kdyh

Ehhq Gudzq iurp d Sduhqw Srsxodwlrq Kdylqj d Nqrzq Suredelolw| Lqwhjudo kdv Suredeo| Ehhq

Gudzq dw Udqgrp/ Elrphwulnd/ 58/ 627/ 6:<07431

Shduvrq/ H1 V1/ 4<6;/ Wkh Suredelolw| Lqwhjudo Wudqvirupdwlrq iru Whvwlqj Jrrgqhvv ri Ilw dqg

Frpelqlqj Lqghshqghqw Whvwv ri Vljql�fdqfh/ Elrphwulnd/ 63/ 425/ 467047;1

Suhvv/ Zlooldp K1/ Iodqqhu|/ Euldq S1/ Whxnrovn|/ Vdxo D1/ dqg Yhwwhuolqj/ Zlooldp W1/ 4<;</

Qxphulfdo Uhflshv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Qhz \run1

Urvhqehuj/ Mrvkxd Y1/ 5333/ Qrqsdudphwulf Sulflqj ri Pxowlyduldwh Frqwlqjhqw Fodlpv/ Zrun0

lqj Sdshu/ Vwhuq Vfkrro ri Exvlqhvv/ Qhz \run Xqlyhuvlw|1

Vfkzhl}hu/ E1/ dqg Vnodu/ D1/ 4<;6/ Suredelolvwlf Phwulf Vsdfhv/ Hovhylhu Vflhqfh/ Qhz \run1

Vkdr/ Mxq/ 4<<</ Pdwkhpdwlfdo Vwdwlvwlfv/ Vsulqjhu0Yhuodj/ Qhz \run1

Vlq/ Fkru0|lx/ dqg Judqjhu/ Folyh Z1 M1/ 4<<9/ Hvwlpdwlqj dqg Iruhfdvwlqj Txdqwlohv zlwk

Dv|pphwulf Ohdvw Vtxduhv/ Zrunlqj Sdshu/ Ghsduwphqw ri Hfrqrplfv dqg Ilqdqfh/ Flw| Xqlyhuvlw|

ri Krqj Nrqj1

Vnodu/ D1/ 4<8</ Irqfwlrqv gh u�hsduwlwlrq �d q glphqvlrqvhw ohxuv pdujhv/ Sxeo1 Lqvw1 Vwdwlv1

Xqly1 Sdulv/ ;/ 55<05641

Vwhskhqv/ Plfkdho D1/ 4<;9/ Whvwv Edvhg rq HGI Vwdwlvwlfv/ lq G*Djrvwlqr/ Udosk E1/ dqg

Vwhskhqv/ Plfkdho D1/ hgv1 Jrrgqhvv0ri0Ilw Whfkqltxhv/ Pdufho Ghnnhu Lqf1/ Qhz \run1

Zklwh/ Kdoehuw/ 4<<7/ Hvwlpdwlrq/ Lqihuhqfh dqg Vshfl�fdwlrq Dqdo|vlv/ Hfrqrphwulf Vrflhw|

Prqrjudskv Qr1 55/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Qhz \run1
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Wkh surri ri Vnodu*v +4<8<, wkhruhp lv vlpsol�hg zlwk wkh iroorzlqj wzr ohppdv1

Ohppd : Ohw {� � {2 dqg |� � |2/ wkhq

�
%+{, � K+{> |2mI,�K+{> |�mI, lv d qrq0ghfuhdvlqj ixqfwlrq ri {/ dqg

�
++|, � K+{2> |mI,�K+{�> |mI, lv d qrq0ghfuhdvlqj ixqfwlrq ri |1

Surri ri Ohppd :1 Iurp wkh gh�qlwlrq ri d elyduldwh glvwulexwlrq ixqfwlrq zh nqrz

wkdw K+{2> |2mI, � K+{2> |�mI, � K+{�> |2mI, . K+{�> |�mI, � 3/ vr K+{2> |2mI, � K+{2> |�mI,

� K+{�> |2mI,�K+{�> |�mI, iru doo {� � {2> |� � |2 5 U1 Vlploduo| iru �++|,1

Ohppd ; mK+{2> |2mI,�K+{�> |�mI,m � mI +{2mI,� I +{�mI,m .mJ+|2mI,�J+|�mI,m

Surri ri Ohppd ;1 E| wkh wuldqjoh lqhtxdolw| zh kdyh=

mK+{2> |2mI,�K+{�> |�mI,m � mK+{2> |2mI,�K+{�> |2mI,m. mK+{�> |2mI,�K+{�> |�mI,m

Dvvxph {� � {2 dqg |� � |2/ wkhq e| wkh deryh ohppd zh kdyh

K+{2> |�mI,�K+{�> |�mI, � K+{2> |2mI,�K+{�> |2mI,

� K+{2>4mI,�K+{�>4mI,

@ I +{2mI,� I +{�mI,

Frqvlghulqj wkh fdvh zkhq {� � {2 dqg dsso|lqj wkh vdph orjlf ohdgv xv wr

K+{�> |�mI,�K+{2> |�mI, � I +{�mI,� I +{2mI,

Vr zh kdyh

mK+{2> |�mI,�K+{�> |�mI,m � mI +{2mI,� I +{�mI,m

Vlploduo| iru | zh �qg wkdw

mK+{�> |2mI,�K+{�> |�mI,m � mJ+|2mI,�J+|�mI,m

dqg vr

mK+{2> |2mI,�K+{�> |�mI,m � mK+{2> |2mI,�K+{�> |2mI,m. mK+{�> |2mI,�K+{�> |�mI,m

� mI +{2mI,� I +{�mI,m. mJ+|2mI,�J+|�mI,m

Surri ri Wkhruhp 61 Iurp Ohppd ; zh nqrz wkdw= mK+{2> |2mI, � K+{�> |�mI,m �

mI +{2mI, � I +{�mI,m .mJ+|2mI, � J+|�mI,m1 Wkxv/ li {2 @ {� dqg |2 @ |�/ wkhq K+{2> |2mI, @

K+{�> |�mI,1 Wkh ixqfwlrq F lv gh�qhg e| wkh vhw ri rughuhg sdluv=
�
++I +{mI,> J+|mI,, > K+{> |mI,, m{> | 5 �U

�
1

Wkdw F lv d frsxod pxvw eh yhul�hg= wkh grpdlq ri F lv fohduo| ^3> 4`� ^3> 4`/ dv wklv lv wkh udqjh

ri I dqg J1 Wkh udqjh ri F lv vlploduo| ghwhuplqhg wr eh ^3> 4` dv wklv lv wkh udqjh ri K1 Zh qrz

fkhfn wkh wzr frqglwlrqv iru F wr eh d frsxod/ dv jlyhq lq Gh�qlwlrq 51

^4` Vlqfh I dqg J duh frqwlqxrxv/ zh nqrz wkdw wkh lqyhuvh ixqfwlrqv I3� dqg J3� duh

zhoo0gh�qhg1 Vr/

F+x> 3mI, @ K+I3�+xmI,>J3�+3mI,mI,

6:



@ K+I3�+xmI,>�4mI,

@ 3/ e| wkh gh�qlwlrq ri d glvwulexwlrq ixqfwlrq/ dqg/

F+3> ymI, @ K+I3�+3mI,> J3�+ymI,mI,

@ K+�4> J3�+ymI,mI,

@ 3/ dovr e| wkh gh�qlwlrq ri d glvwulexwlrq ixqfwlrq1

Ixuwkhu/

F+x> 4mI, @ K+I3�+xmI,>J3�+4mI,mI,

@ K+I3�+xmI,>4mI,

@ I +I3�+xmI,mI,

@ x

dqg

F+4> ymI, @ K+I3�+4mI,> J3�+ymI,mI,

@ K+4>J3�+ymI,mI,

@ J+J3�+ymI,mI,

@ y

^5` Iru wklv sduw/ ohw x� @ I +{�mI,/ y� @ J +|�mI,/ dqg frqvlghu wkh srlqwv {�> {2> |�> |2 5 U

v1w1 {� � {2 dqg |� � |21 Wkhq/

Y� +^x�> x2`� ^y�> y2`, @ F+x2> y2mI,�F+x�> y2mI,�F+x2> y�mI, .F+x�> y�mI,

@ K +{2> |2mI,�K +{�> |2mI,�K +{2> |�mI, .K +{�> |�mI,

@ YM +^{�> {2`� ^|�> |2`,

� 3/ e| wkh idfw wkdw K lv d frqglwlrqdo glvwulexwlrq ixqfwlrq1

Wkxv wkh ixqfwlrq F gh�qhg deryh lv d frqglwlrqdo frsxod1

Wkh surri ri wkh frqyhuvh uhtxluhv xv wr yhuli| wkh frqglwlrqv wkdw pdnh K d glvwulexwlrq

ixqfwlrq/ jlyhq I dqg J duh glvwulexwlrq ixqfwlrqv/ dqg F lv d frsxod1

K+{>�4mI, @ F+I +{mI,>J+�4mI,mI,

@ F+I +{mI,> 3mI,

@ 3

dqg

K+�4> |mI, @ F+I +�4mI,>J+|mI,mI,

@ F+3>J+|mI,mI,

@ 3

Ixuwkhu/

K+{>4mI, @ F+I +{mI,>J+4mI,mI,

@ F+I +{mI,> 4mI,

@ I +{mI,

dqg

K+4> |mI, @ F+I +4mI,>J+|mI,mI,

@ F+4>J+|mI,mI,

6;



@ J+|mI,

Zh qrz qhhg wr vkrz wkdw YM � 31

YM +^{�> {2`� ^|�> |2`, @ K +{2> |2mI,�K +{4> |2mI,�K +{2> |�mI, .K +{�> |�mI,

@ F +I +{2mI, >J +|2mI, mI,�F +I +{�mI, > J +|2mI, mI,

�F +I +{2mI, >J +|�mI, mI, .F +I +{�mI, >J +|�mI, mI,

@ F +x2> y2mI,�F +x�> y2mI,�F +x2> y�mI, .F +x�> y�mI,

@ Y� +^x�> x2`� ^y�> y2`,

� 3 e| wkh idfw wkdw F lv d frqglwlrqdo frsxod1

Wklv frpsohwhv wkh surri ri wkh frqyhuvh1

Surri ri Fruroodu| 81 Wklv surri iroorzv gluhfwo| iurp wkdw ri Wkhruhp 6/ ohwwlqj { �

I E3��
+xmI, dqg | � JE3��

+ymI,/ dqg qrwlqj wkdw x @ I
�
I E3�� +xmI, mI

�
dqg y @ J

�
JE3�� +ymI, mI

�

;x> y 5 ^3> 4` =

6<



1 ������ ��� #
"����

Wdeoh 4= Vxppdu| Vwdwlvwlfv

GP0XVG \hq0XVG

Phdq 3=3499 �3=33<4

Vwg1 Ghyldwlrq 3=99;5 3=:653

Vnhzqhvv �3=4686 �3=9798

Nxuwrvlv 8=3374 ;=7654

Mdutxh0Ehud vwdw 75;=55 6597=;4

Mdutxh0Ehud s0ydo 3=3333 3=3333

Phgldq 3=3664 3=33:;

Pd{lpxp 6=4;:7 6=8:44

Plqlpxp �6=64<8 �9=8;4;

DUFK OP vwdw ;=8;9; 45=<<66

DUFK OP s0ydo 3=3333 3=3333

Qrwh= Wklv wdeoh suhvhqwv vrph vxppdu| vwdwlvwlfv ri wkh gdwd xvhg lq wklv sdshu1 Wkh gdwd duh 433

wlphv wkh orj0gl�huhqfhv ri wkh gdlo| Ghxwvfkh pdun 0 X1V1 groodu dqg Mdsdqhvh |hq 0 X1V1 groodu h{fkdqjh

udwhv1 Wkh vdpsoh shulrg uxqv iurp Mdqxdu| 4<<4 wr Rfwrehu 5333/ |lhoglqj 5846 revhuydwlrqv1

Wdeoh 5= Uhvxowv iru wkh Pdujlqdo Glvwulexwlrqv

GP Pdujlq \hq Pdujlq

Frh� Vwg Huu Frh� Vwg Huu

�
%

3=35:9W 3=3444 �
+

3=3477 3=3444

!�% 3=3475 3=3533 !�+ 3=3376 3=34<8

!�f+ 3=3997W 3=34;6

$% 3=336< 3=3363 $+ 3=338< 3=3367

�
%

3=<7;8W 3=3494 �
+

3=<786W 3=3494

�% 3=377;W 3=3459 �+ 3=378;W 3=3458

�% 8=;3:6W 3=96;6 �+ 7=6;4:W 3=6;33

OOf @ �5> 6:<=7<78> OOt @ �5> 79<=:8<8

Dq c
W
* lqglfdwhv wkdw wkh sdudphwhu lv vljql�fdqw

dw wkh 8( ohyho1

Qrwh= Dq dvwhul{ lqglfdwhv wkdw wkh sdudphwhu lv vljql�fdqw dw wkh 8( ohyho1
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1

Wdeoh 6= OP Whvwv ri lqghshqghqfh dqg

Nroprjrury0Vpluqry Whvwv ri wkh Ghqvlw|

+x| � �x, +y| � �y,

Iluvw prphqw 67=;767 63=<667

s0ydoxh 3=:464 3=;886

Vhfrqg prphqw 66=59<; 69=7:6:

s0ydoxh 3=::8: 3=975<

Wklug prphqw 66=895: 74=3<96

s0ydoxh 3=:978 3=7699

Irxuwk prphqw 66=;3:5 75=<895

s0ydoxh 3=:883 3=68<8

N0V Vwdw 3=344< 3=3445

N0V s0ydoxh 3=;:<9 3=<447

Qrwh= Wklv wdeoh suhvhqwv wkh uhvxowv ri OP whvwv ri wkh lqghshqghqfh ri wkh �uvw irxu prphqwv ri wkh

yduldeohv X| dqg Y|/ ghvfulehg lq wkh wh{w1 Zh uhjuhvv +x| � �x,& dqg +y| � �y,& rq wzhqw| odjv ri erwk

yduldeohv/ iru n @ 4> 5> 6> 71 Wkh whvw vwdwlvwlf lv +W � 73, �U2 iru hdfk uhjuhvvlrq/ dqg lv glvwulexwhg xqghu

wkh qxoo dv "2

ef
1

Wdeoh 8= Uhvxowv iru wkh Frsxod Prghov

Frh� Vwg Huu FO

Frqvwdqw Qrupdo � 3=7893
W

3=349: 5<4 =<;44

Frqvwdqw � 4=6689
W

3=367; 5<9 =;:37

Mrh0Fod|wrq � 3=7535
W

3=36;7

Wlph0Ydu|lqj $4 3=3348 3=3385 667 =8954

Qrupdo �4 3=4545
W

3=3493

�4 5=39;7
W

3=3583

Wlph0Ydu|lqj $L �5=3954
W

3=5389 678 =6998

Mrh0Fod|wrq �L �3=<4<5 3=;<99

�L 7=787;
W

3=5<6;

$u �4=6777
W

3=8;:9

�u �9=844<
W

6=46<7

�u 7=4739
W

3=8;;3

Qrwh= Dq dvwhul{ lqglfdwhv wkdw wkh sdudphwhu lv vljql�fdqw dw wkh 8( ohyho1 cFO* vwdqgv iru wkh frsxod

olnholkrrg dw wkh rswlpxp1
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1

Wdeoh 7= Klw whvw uhvxowv iru wkh pdujlqdo glvwulexwlrqv

Qrupdo Qrupdo

EHNN EHNN w EHNN w EHNN Frsxod Frsxod

GP \hq GP \hq GP \hq

Whvw vwdw 4 8=43<8 47=8:9; ;=;9<; <=<337 :=6<44 43=3386

s0ydoxh 4 3 =5:95 3 =338: 3 =3977 3 =3754 3 =4499 3 =3736

Whvw vwdw 5 63=3485 49=85;; :=5896 :=;;93 7=6;38 8=7543

s0ydoxh 5 3 =3333 3 =3357 3 =455< 3 =3<8; 3 =68:3 3 =579;

Whvw vwdw 6 86=89<; :<=5346 9=:6<9 7=8944 6=:64; 5=:353

s0ydoxh 6 3 =3333 3 =3333 3 =4836 3 =6687 3 =7768 3 =93;<

Whvw vwdw 7 5=9<48 8=5;<3 4=47<4 4=;;75 4=8344 6=:393

s0ydoxh 7 3 =943: 3 =58;< 3 =;;97 3 =:8:3 3 =;597 3 =77:6

Whvw vwdw 8 4;=<846 4<=<76: 9=997: 8=4;3< 5=;7:7 6=;<46

s0ydoxh 8 3 =333; 3 =3338 3 =487: 3 =59<5 3 =8;6: 3 =753<

Whvw vwdw DOO :6=;;:8 ;9=<864 55=74:7 59=6<35 48=36;: 57=9559

s0ydoxh DOO 3 =3333 3 =3333 3 =4635 3 =37;; 3 =854; 3 =3:9;

Qrwh= cWhvw vwdw* uhihuv wr wkh olnholkrrg udwlr vwdwlvwlf whvwlqj wkh qxoo k|srwkhvlv wkdw wkh prgho lv

fruuhfwo| vshfl�hg1 cS0ydoxh* uhihuv wr wkh duhd lq wkh uljkw wdlo ri wkh glvwulexwlrq ri wkh whvw vwdwlvwlf/ d "
2

e

udqgrp yduldeoh iru wkh lqglylgxdo uhjlrq whvwv dqg d "
2
�S

udqgrp yduldeoh iru wkh mrlqw whvw1Wkh qxpehuv

4 wkurxjk : uhihu wr wkh uhjlrqv ri wkh pdujlqdo glvwulexwlrq vxssruw ghvfulehg lq wkh wh{w1 cDOO* uhihuv wr

wkh mrlqw whvw ri doo uhjlrqv vlpxowdqhrxvo|1
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1

Wdeoh 9= Klw whvw uhvxowv iru wkh frsxod prghov

Frqvwdqw Frqvwdqw Wlph0ydu|lqj Wlph0ydu|lqj

Qrupdo Mrh0Fod|wrq Qrupdo Mrh0Fod|wrq

Whvw vwdw 4 <=77;5 :=6637 :=753< 9=9;48

s0ydoxh 4 3 =383; 3 =44<7 3 =4485 3 =486:

Whvw vwdw 5 7=4694 <=;335 5=5896 49=3:83

s0ydoxh 5 3 =6;:< 3 =376< 3 =9;;: 3 =335<

Whvw vwdw 6 9=76:7 9=4745 9=743; 9=846:

s0ydoxh 6 3 =49;; 3 =4;;; 3 =4:38 3 =496<

Whvw vwdw 7 4=<396 4=;95: 4=7;46 4=78<8

s0ydoxh 7 3 =:863 3 =:943 3 =;633 3 =;66;

Whvw vwdw 8 ;=57<8 9=::73 :=<8;; 6=6893

s0ydoxh 8 3 =3;5< 3 =47;6 3 =3<64 3 =8334

Whvw vwdw 9 5=;;33 9=<<35 3=<5;7 6=4696

s0ydoxh 9 3 =8:;4 3 =4697 3 =<538 3 =8686

Whvw vwdw : 9=8<78 ;=79<: 3=93;9 6=5<65

s0ydoxh : 3 =48;< 3 =3:8; 3 =<954 3 =8433

Whvw vwdw DOO 6:=;68: 79=499; 59=<<57 74=74<8

s0ydoxh DOO 3 =4348 3 =349: 3 =84;: 3 =37<4

Qrwh= cWhvw vwdw* uhihuv wr wkh olnholkrrg udwlr vwdwlvwlf whvwlqj wkh qxoo k|srwkhvlv wkdw wkh prgho lv

fruuhfwo| vshfl�hg1 cS0ydoxh* uhihuv wr wkh duhd lq wkh uljkw wdlo ri wkh glvwulexwlrq ri wkh whvw vwdwlvwlf/ d "
2

e

udqgrp yduldeoh iru wkh lqglylgxdo uhjlrq whvwv dqg d "
2
2H

udqgrp yduldeoh iru wkh mrlqw whvw1Wkh qxpehuv

4 wkurxjk : uhihu wr wkh uhjlrqv ri wkh frsxod vxssruw ghslfwhg lq Iljxuh 61 cDOO* uhihuv wr wkh mrlqw whvw ri

doo uhjlrqv vlpxowdqhrxvo|1
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1

Wdeoh := Uhvxowv iru wkh Pdujlqdo Glvwulexwlrqv

Suh0 dqg Srvw0Hxur shulrgv

GP Pdujlq \hq Pdujlq

Frh� Vwg Huu Frh� Vwg Huu

�
�
%

3=345; 3=3453 �
+

3=3477 3=3444

�
2
%

3=3<;5W 3=359;

!�% 3=3444 3=3533 !�+ 3=3376 3=34<8

!�f+ 3=3997W 3=34;6

$
�
%

3=336: 3=335< $+ 3=338< 3=3367

$
2
%

3=3386 3=336;

�
%

3=<7;8W 3=3493 �
+

3=<786W 3=3494

�% 3=3779W 3=3458 �+ 3=378;W 3=3458

�% 8=9;93W 3=94;3 �+ 7=6;4:W 3=6;33

OOf @ �5> 6:7=:59;> OOt @ �5> 79<=:8<8

Qrwh= Dq dvwhul{ lqglfdwhv wkdw wkh sdudphwhu lv vljql�fdqw dw wkh 8( ohyho1 cFO* vwdqgv iru wkh frsxod

olnholkrrg dw wkh rswlpxp1 Wkh vxshuvfulswv rq wkh sdudphwhuv uhihu wr wkh shulrg ehiruh ru diwhu Mdqxdu|

4/ 4<<<1 Qrwh wkdw wkh \hq pdujlq glg qrw fkdqjh ehwzhhq wkhvh wzr shulrgv1

Wdeoh ;= Pxowlqrpldo whvw uhvxowv iru wkh pdujlqdo glvwulexwlrqv/zlwk vwuxfwxudo euhdn

Ixoo Vdpsoh Suh0Hxur Srvw0Hxur

Whvw vwdw DOO

s0ydoxh DOO

GP \hq

47=5<78 68=37;;

3 =8:9; 3 =49;8

GP \hq

49=5957 58=;<38

3 =767; 3 =3889

GP \hq

46=4357 54=7655

3 =9986 3 =4958

Qrwh= cWhvw vwdw* uhihuv wr wkh olnholkrrg udwlr vwdwlvwlf whvwlqj wkh qxoo k|srwkhvlv wkdw wkh prgho lv

fruuhfwo| vshfl�hg1 cS0ydoxh* uhihuv wr wkh duhd lq wkh uljkw wdlo ri wkh glvwulexwlrq ri wkh whvw vwdwlvwlf/ d "
2

�S

udqgrp yduldeoh/ iru wkh mrlqw whvw1 cDOO* uhihuv wr wkh mrlqw whvw ri doo uhjlrqv vlpxowdqhrxvo|1
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1

Wdeoh <= Uhvxowv iru wkh Frsxod Prghov

Suh0 dqg Srvw0Hxur Shulrgv

Frh� Vwg Huu FO

Frqvwdqw Qrupdo �
�

3=8768
W

3=3479 68< =33;8

�
2

3=3;88 3=383;

Frqvwdqw �
�

4=79:;
W

3=375; 683 =:845

Mrh0Fod|wrq �
�

3=8394 3=3784

�
2

4=3334 3=3775

�
2

3=4434 3=38;3

Wlph0Ydu|lqj $
�
4 �3=4;67W 3=336; 69< =5645

Qrupdo �
�
4 3=37;6

W
3=348<

�
�

4 5=8743
W

3=3454

��
2

3=3;99 3=37<5

Wlph0Ydu|lqj $
�

L
�5=4469W 3=39;; 6:7 =8357

Mrh0Fod|wrq �
�

L
�3=89<4W 3=5544

�
�

L
7=7648

W
3=3:;;

$
�

u
�4=:;65W 3=679;

�
�

u
�5=<7:5 4=<;76

�
�

u
7=539:

W
3=5964

��
2

4=3334 3=384<

��
2

3=43<; 3=38:8

Qrwh= Dq dvwhul{ lqglfdwhv wkdw wkh sdudphwhu lv vljql�fdqw dw wkh 8( ohyho1 cFO* vwdqgv iru wkh frsxod

olnholkrrg dw wkh rswlpxp1 Wkh vxshuvfulswv rq wkh sdudphwhuv uhihu wr wkh shulrg ehiruh ru diwhu Mdqxdu|

4/ 4<<<1

Wdeoh 43= Pxowlqrpldo whvw uhvxowv iru wkh frsxod prghov/zlwk vwuxfwxudo euhdn

Ixoo Vdpsoh Suh0Hxur Srvw0Hxur

Frqvwdqw 57=<79: 5;=69;6 65=6778

Qrupdo 3 =963: 3 =7784 3 =593:

Frqvwdqw 69=38;; 6;=6;<4 63=3358

Mrh0Fod|wrq 3 =4744 3 =3<46 3 =6964

Wlph0ydu|lqj 57=6<<3 58=3:47 65=646:

Qrupdo 3 =9936 3 =956< 3 =594<

Wlph0ydu|lqj 67=<749 66=:596 63=745:

Mrh0Fod|wrq 3 =4:49 3 =5433 3 =676;

Qrwh= Deryh zh uhsruw wkh whvw vwdwlvwlf dqg s0ydoxh iru wkh pxowlqrpldo whvw iru wkh jrrgqhvv0ri0�w ri

hdfk frsxod prgho1
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Normal Copula, ρ = 0.5

Clayton’s Copula, θ = 1

Joe-Clayton Copula, κ = 1.42, γ = 0.47

Gumbel’s Copula, δ = 1.5

Mixed Normal Copula, ρ1=0.95, ρ2 =0.05, w=0.5
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Student’s t Copula, ρ = 0.5, υ = 3
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Iljxuh 4= Frqwrxu sorwv ri ydulrxv glvwulexwlrqv doo zlwk vwdqgdug qrupdo pdujlqdo glvwulexwlrqv

dqg olqhdu fruuhodwlrq frh�flhqwv ri 3181
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1
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vt

ut

2-1/2⋅| ut - vt |

Iljxuh 5= Prwlydwlrq iru wkh fkrlfh ri iruflqj yduldeoh lq wkh vshfl�fdwlrq ri wkh wlph0ydu|lqj

Mrh0Fod|wrq frsxod1
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V
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Iljxuh 6= Uhjlrqv xvhg lq wkh klw whvwv

7:
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Iljxuh 7= Wlph0ydu|lqj fruuhodwlrq hvwlpdwhv iurp wkh wzr Qrupdo frsxodv1
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