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ABSTRACT OF THE DISSERTATION

Topological States in Condensed Matter and Cold Atom Systems

by

Yi Li

Doctor of Philosophy in Physics

University of California, San Diego, 2013

Professor Congjun Wu, Chair
Professor Kenneth Intriligator, Co-Chair

The study of topological states has become a major research focus of con-
temporary physics. This thesis consists of several investigations on novel states
of matter with non-trivial topological properties in both condensed matter and
ultra-cold atom systems.

We have systematically generalized Landau levels (LL) from the two di-
mensions (2D) to 3D and above for both non-relativistic and relativistic fermions.
LLs with the full 3D rotation symmetry and flat energy spectra are constructed
by coupling fermions to the SU(2) Aharanov-Casher potential. Fermion spins are
coupled to orbital motions with a helicity structure, and time-reversal symmetry is

maintained. The lowest LL wavefunctions exhibit the quaternionic analyticity as a
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generalization of the complex analyticity of the 2D cases. Each LL contributes one
branch of gapless helical Dirac modes to the surface spectra. The elegant analytic
properties together with the flat energy spectra are expected to facilitate future
studies of high dimensional fractional topological states. LLs in the Landau-like
gauge are also constructed in high dimensions, which exhibit spatial separations of
2D helical Dirac modes with opposite helicities or 3D Weyl modes with opposite
chiralities. As a square root problem of the non-relativistic cases, LLs of Dirac
electrons are constructed in 3D and above. The zeroth LL states are a branch of
half-fermion Jackiw-Rebbi modes. We have also found parity breaking LL quanti-
zations in harmonic traps in the presence of strong spin-orbit(SO) couplings.

We have studied topological properties in fermion systems with magnetic
dipolar interactions. Different from electric dipoles which are classic vectors, atom-
ic magnetic dipoles are quantum-like. Magnetic dipolar interactions are isotropic
under simultaneous SO rotations. This feature gives rise to a novel p-wave spin
triplet pairing symmetry with the total angular momentum J = 1 of the Cooper
pair. Such a state is fundamentally different from both *He A and B-phases and
exhibits Weyl type Bogoliubov excitations. In Fermi liquid theory, there exist-
s a novel SO coupled zero-sound-like collective mode exhibiting non-trivial spin

configurations over the Fermi surface.
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Chapter 1

Introduction

1.1 Historical background

The mathematical concept of topology has played an essential role in mod-
ern physics. Topological properties are robust and invariant under continuous
deformations, and thus are insensitive to the detailed system structures. The first
application of topology in physics was by Lord Kelvin. He proposed that different
types of atoms correspond to various knot patterns of ether and the chemical sta-
bility of atoms arises from the topological stability. Even though this knot theory
of atoms turned out to be incorrect, the idea of exploring the topological stability
of matter is ingenious and has ever-lasting impacts in modern physics.

In modern condensed matter physics, topological states and the associated
topological invariant can be exhibited as various exotic observable phenomena. For
example, quantized vortices in superfluids and superconductors are characterized
by the winding number. Such an integer-valued topological invariant describes the
number of times of the U(1) superfluid phase winding around the real space S!
circle enclosing the vortex core [1]. In the context of p-wave spin triplet pairing
superfluids, such as 3He-A and B phases [2], topological analysis has been widely
used to classify various spin textures and superfluid phase vortices [3]. Further-
more, the concept of topological phase transition was developed. The celebrated
example is the Kosterlitz-Thouless (KT) transitions for 2D systems with the U(1)
symmetry [4]. The novelty of the KT transition is that it does not fit the cele-



brated Landau-Ginzburg formalism. It is not triggered by spontaneous symmetry
breaking but arises from the proliferation of topological defects of vortices and
anti-vortices.

For the quantum electronic states, the 2D integer quantum Hall (QH) effect
[5, 6] is among the earliest examples of states of matter characterized by topology
rather than symmetry [7, 8]. It arises from the Landau level (LL) quantization of
electron cyclotron motion in external magnetic fields. Their magnetic band struc-
tures possess topological Chern numbers defined in time-reversal (TR) symmetry
breaking systems [7, 9, 10, 11, 12]. Near the edges of samples, gapless chiral edge
modes arise which are responsible for the quantized charge transport [13, 14], a
result from the chirality of Landau level wave functions.

Later on, as firstly pointed out by Haldane, LL quantization is not neces-
sary for the integer quantum Hall effect [8]. The essential point is the non-trivial
topology of band structures, which can even be achieved in Bloch wave functions
in lattices with translation symmetry. The underlying topological quantization of
Hall conductance is the Berry phase structure in the 2D Brillouin zone. The value
of Chern number is just the number of the fictitious magnetic monoples enclosed
by the Brillouin zone which has the geometry of a torus in momentum space. Such
a Chern number can only be non-zero in time-reversal (TR) symmetry breaking
systems, such as the celebrated Haldane’s quantum anomalous Hall effect model
defined in honeycomb lattice with complex valued next-nearest-neighbor hoppings
8].

The TR invariant generalization of Haldane honeycomb model gives rise
to the Kane-Mele model of 2D topological insulators (TIs). Although the Chern
number of the Kane-Mele model is zero, due to the property of 7? = —1 for
TR transformation of fermions, their band structures are characterized by the Zs-
index. This Zs topology was generalized into 3D TR invariant systems [15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26]. Such an index is stable against TR invariant
perturbations. On open boundaries, they exhibit odd numbers of gapless helical
edge modes in 2D systems and surface Dirac modes in 3D systems. Current studies
of TR invariant topological insulators (TIs) have made great success in both 2D

and 3D. TIs have been experimentally observed through transport experiments



[27, 28, 29] and spectroscopic measurements [30, 31, 32, 33, 34, 35, 36].

So far, most of the current study of 3D TIs have been focused on system-
s with crystal lattice structures whose energy spectra are dispersive and Bloch
wave functions are complicated. In comparison, Landau level (LL) wave functions
are based on harmonic oscillator wave functions, which are simple and explicit.
Furthermore, the LL energy spectra are flat such that interaction effects are non-
perturbative. In the lowest Landau levels (LLL), wave functions exhibit the elegant
complex analyticity. These two features have stimulated the study of fractional
quantum Hall effect (FQHE), in particular, in constructing the Laughlin wavefunc-
tion and the study of fractional statistics of quasi-particles [37, 38]. However, LLs
crucially rely on the 2D geometry, and it is not obvious how to generalize to high
dimensions straightforwardly. In this thesis, we will provide a systematic construc-
tion of high dimensional LLs for both non-relativistic and relativistic fermions, and
investigate their non-trivial topological properties.

Topological states of matter has also been generalized to Cooper pairing
states [39, 40, 41, 2]. For example, the 2D p, + ip, pairing chiral superfluids
are also described the Chern number and exhibit chiral edge modes. Different
from the QHE edge modes, these chiral edge modes are Majorana modes due to
the particle-hole symmetry of the Bogoliubov-de Gennes equations of the pairing
states. The 3He-B phase is a topological pairing state in 3D, whose surface spectra
are 2D helical Majorana modes. It would be interesting to further exploring pairing
states with novel topological properties. In this thesis, we will present our study on
topological properties of a novel experimental system of ultra-cold magnetic dipolar
fermions. The magnetic dipolar interactions give rise to a novel mechanism leading
to the p-wave spin triplet pairing. Different from the usual p-wave pairing states,
such as *He-A and B phases [2], we have found a novel pairing symmetry with
Weyl-type Bogolibov excitations. Topological effects from the magnetic dipolar

interactions on the Fermi liquid collective excitations are also present in this thesis.



1.2 Motivations and Outline

In this thesis, we present novel topological states of condensed matter and
ultra-cold atom systems in three and higher dimensions. In Chapters 2 - 5, novel
topological Landau levels states for non-interacting spin-1/2 fermions are proposed
in continuum three and higher dimensions. In Chapters 6 and 7, novel topological
Weyl Cooper pairing and collective modes induced by magnetic dipolar interac-
tions are analyzed at the particle-particle channel and the particle hole channel
respectively. The motivations and main results in this thesis are explained as
below.

As we have seen, the success of the prediction and discovery of topological
insulator states in three dimensional Bloch-wave lattices greatly shifts the search
for topological states from two dimensional to three dimensional systems. On
another hand, two dimensional quantum Hall systems defined in the continuum
possess flat and highly degenerate Landau levels with elegant analytic wave func-
tions. Therefore, it would be interesting to develop their common counter part -
Landau level states in continuum three and higher dimensions independent of the
band inversion mechanism.

In Chapter 2, we construct SU(2) Landau level Hamiltonians in the isotropic
symmetric-like gauge in three and higher dimensions. Spin—% fermions are coupled
to an Aharonov-Casher SU(2) gauge field which is equivalent to the 3D harmonic
potential with spin-orbit coupling. The orbital angular momentum and spin are
coupled with a fixed helicity in the flat Landau levels which are dispersionless with
respect to the total angular momentum J. The role of chirality in 2D Landau levels
is replaced by helicity, and thus time-reversal symmetry is maintained. Each Lan-
dau level contributes one branch of gapless helical Dirac modes on open boundaries
as characterized the Zs topology. The magnetic translation for the highest weight
states and the algebra structure have also been constructed. This scheme can also
be generalized to 4D and arbitrary dimensions by combining harmonic potentials
and spin-orbit coupling of fermions in the fundamental spinor representations.

Inspired by the complex analyticity of 2D lowest Landau levels, we have

found an impressive result that the 3D and 4D LLL wave functions are quater-



nionic analytic. Since a two-component complex spinor can be mapped to a sin-
gle component quaternion, we reformulate the SU(2) LLL wave functions in the
quaternion representation. They satisfy the Fueter condition, the quaternionic
generalization of the Cauchy-Riemann condition, and form the complete basis of
quaternionic analytic polynomials. In addition, we have constructed the Laughlin-
type wave functions for spontaneously spin polarized states at fractional fillings
in 4D. The elegant analytic properties of 3D Landau level wave functions and the
non-perturbative interaction effects in flat Landau level spectra can be expected
leading richer results in 3D topological states.

In Chapter 3, to further exploit translational symmetries giving rise to more
convenient description of topological properties, 3D and 4D Landau levels in the
Landau-like SU(2) gauge are constructed. They are spatially separated 2D helical
modes and 3D Weyl modes along the 3rd and 4th directions, respectively. Modes
with opposite helicities or chiralities are shifted in opposite directions. Just like
that the 2D Landau level problem is equivalent to the quantization in the 2D
phase space, the 3D (4D) Landau levels can be viewed as quantization in the 4D
(6D) phase space. As a heuristic example of spatially separated (3+1)D chiral
anomalies, we calculated the 4D quantum Hall effect in Landau level states which
shows quantized non-linear electromagnetic responses.

In Chapter 4, nearly flat parity breaking Landau levels with high degenera-
cy on angular momentums are discussed. They have advantages in possible easier
realizations in two and three dimensional harmonic traps with strong Rashba and
d - p-type spin-orbit couplings respectively. On top of the gapped radial quantiza-
tion provided by the harmonic trap, strong spin-orbit coupling plays an important
double role. At one hand, it selects ground states with a fixed helicity, which leads
topological nontrivial states at low fillings; on another hand, the angular momen-
tum dependence in the energy dispersion is strongly suppressed by this spin-orbit
coupling, which provides almost flat spectra with high degeneracy at the strong
spin-orbit coupling regime.

In Chapter 5, as a relativistic square root problem of Chapters 2, three and
higher dimensional isotropic Landau levels for Dirac fermions are discussed. It is

constructed as a 3D quaternionic generalization of the 2D quantum Hall Hamil-



tonian in a single valley of graphene, whose square is a supersymmetric version
of the non-relativistic 3D Landau level problem for non-relativistic fermions. It
also shows a non-minimal Pauli coupling between 3+1 D Dirac fermions and the
background field, which can also be considered as a generalization of the parity
anomaly of the 241 D Dirac fermions. The zeroth 3D Landau level states are half-
fermion Jackiw-Rebbi zero modes for all the values of angular momentum numbers
(7, J2)-

Next, let us move to the novel topological states induced by magnetic dipo-
lar interactions in ultra-cold atom system. Rare earth fermions '*Dy and %Dy
have been laser-cooled in B. Lev’s group at Stanford. These are novel itinerant sys-
tems with magnetic dipolar interactions as an important energy scale. Unlike the
more commonly studied electric dipoles which are non-quantized classic vectors,
magnetic dipole moments, loosely speaking, are proportional to the total electron
angular momentum up to a Lande factor, and thus are quantum mechanical opera-
tors. Magnetic dipolar interactions are invariant under the simultaneous rotations
of both dipole orientations and the relative displacement between two dipoles, but
not under neither of them. This is a feature of spin-orbit coupling. It is different
from the usual single particle spin-orbit coupling, but an interaction effect.

In Chapters 6, we will find that this spin-orbit interaction gives rise to exotic
Weyl Cooper pairing for spin-1/2 fermions.. The magnetic dipolar interaction
induces a novel pairing symmetry: orbital p-wave L = 1, spin-triplet S = 1, and
total angular momentum J = 1. Such a pairing symmetry is different from those
in the *He-3 B phase which corresponds to J = 0, and the “He-3 A phase in which
spin and orbit decouple. To our knowledge, this novel pairing with J = 1 has not
been studied before. The resultant states can be either polar-like with J, = 0 as
a time-reversal invariant generalization of the *He-A phase, or, an axial-like time-
reversal symmetry breaking state with J, = £1 which is a Cooper pairing version
of the 3D Weyl fermions.

In Chapter 7, we study the spin-orbit coupled Fermi liquid properties with
topological structures for spin-1/2 fermions. The spin-orbit coupled nature of mag-
netic dipolar interaction exhibits exotic Fermi liquid properties, such as spin-orbit

coupled Pomeranchuk instabilities. In addition, we have identified a propagating



spin-orbit coupled collective mode with non-trivial topological configurations. A
dynamic hedgehog type spin distribution appears on the Fermi surface, and oscil-
lates over space and time.

In Chapter 8, conclusions and outlooks for future investigation are present-

ed.



Chapter 2

Isotropic Landau levels of
non-relativistic fermions in three

and higher dimensions

2.1 Introduction

The current research of 3D topological insulators (TIs) has been focusing
on the Bloch-wave band structures. Nevertheless, Landau levels (LLs) in two
dimensional quantum Hall (2D QH) systems possess the advantages of the elegant
analytic properties and flat spectra, both of which have played essential roles in
the study of 2D integer and fractional QH effects [42, 43, 44, 45, 38, 46, 47, 48, 49,
50, 51, 52, 53, 54, 55, 56]. As pioneered by Zhang and Hu [57], LLs and QH effects
have been generalized to various high dimensional manifolds [57, 58, 59, 60, 61, 62].
However, to our knowledge, TR invariant isotropic LLs have not been studied
in 3D flat space before. It would be interesting to develop the LL counterpart
of 3D TTs in the continuum independent of the band inversion mechanism. The
analytic properties of 3D LL wavefunctions and the flatness of their spectra provide
an opportunity for further investigation on non-trivial interaction effects in 3D
topological states.

In this chapter, we construct 3D isotropic flat LLs in which spin—% fermions

are coupled to an SU(2) Aharonov-Casher potential. When odd number LLs are



fully filled, the system is a 3D Zs TI with TR symmetry. Each LL state has the
same helicity structure, i.e., the relative orientation between orbital angular mo-
mentum and spin. Just like that the 2D lowest LL (LLL) wavefunctions in the
symmetric gauge are complex analytic functions, the 3D LLL ones are mapped into
quaternionic analytic functions. Different from the 2D case, there is no magnetic
translational symmetry for the 3D LL Hamiltonian due to the non-Abelian nature
of the gauge field. Nevertheless, magnetic translations can be applied for the Gaus-
sian pocket-like localized eigenstates in the LLL. The edge spectra exhibit gapless
Dirac modes. Their stability against TR invariant perturbations indicates the Z,
nature. This scheme can be easily generalize to N dimensions. Interaction effects
and the Laughlin-like wavefunctions for the 4D case are constructed. Realizations

of the 3D LL system are discussed.

2.2 Three dimensional isotropic Landau levels

from Aharonov-Casher potential

We begin with the 3D LL Hamiltonian for a Spin—% non-relativistic particle

as

) 1 a9 qas=
HOPEE = o3 2 { = ihve = ZAY D)+ V (), (2.1)

where Af; = %Geabcagﬁrc is a 3D isotropic SU(2) gauge with Latin indices run

a
over z, ¥, z and Greek indices denote spin components 1, |; G is a coupling constant
and o’s are Pauli matrices; V(r) = —%mwgrz is a harmonic potential with wy =
l¢G|/(2mc) to maintain the flatness of LLs. A can be viewed as an Aharonov-
Casher potential associated with a radial electric field linearly increasing with r
as E(r) x @ H3PLL preserves the TR symmetry in contrast to the 2D QH with
TR symmetry broken. It also gives a 3D non-Abelian generalization of the 2D

quantum spin Hall Hamiltonian based on Landau levels studied in Ref. [15]. More

explicitly, H3P-'L can be further expanded as a harmonic oscillator with a constant
spin-orbit (SO) coupling as
D,LL P’ 1 7
Hi = S Smwir® Fwed - L, (2.2)

2m 2
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where F apply to the cases of ¢G > 0 (< 0), respectively. The spectra of Eq.
(2.2) were studied in the context of the supersymmetric quantum mechanics [63].
However, its connection with Landau levels was not noticed. Eq. (2.1) has also
been proposed to describe the electrodynamic properties of superconductors [64,
65, 66.

a) ESDHO/Eﬂ b) 1
n=2 n=1 n=0

11/2 =2

9/2
1/2°3/2"5/12" 712" n =1

7/2 7/ N —————
5/2 5/2 5/21
/2" 3/2° 512" 7/2
3/2 ) ) ) ) / 3/21= . . ) . 3/2 T——*—no
0 1 2 3 4 12 32 si2 712 927 12 3/2 5/2 7/2 9/2 >

Figure 2.1: a) The eigenstates and energy spectrum of spinless 3D harmonic
oscillators labeled by the orbital angular momentum [. States of different radial
principle quantum numbers n, are marked by different colors. b) For spin—% 3D
harmonic oscillators, their eigenstates and energy spectrum are labeled by the
total angular momentum j; = [+ 5. Following the solid (dashed) lines, the states
with positive (negative) helicity are reorganized into 3D LLs. ¢) The reorganized
eigenstates show high degeneracy over the total angular momentum for the branch
of positive helicity and form the 3D Landau levels.

The spectra and eigenstates of Eq. 2.1 are explained as follows. We intro-
duce the helicity number for the eigenstate of L &, defined as the sign of its eigen-
value of the total angular momentum J=L+S , which equals +1 for the sectors of

J+ =1+ %, respectively. At ¢G > 0, the eigenstates are denoted as v, .j, j..(7) =
2

Ry, 1(1) Vi, 5.0(Q), where the radial function is R, ,(r) = r'e & F(—n,, 1+ 2 > 212 );
I is the confluent hypergeometric function and I = ,/% is the analogy of the
magnetic length; Y iJ-Z;Z(Q)’s are the spin-orbit coupled spheric harmonic with
=10+ %, respectively. Flat spectra appear with infinite degeneracy in the sector
of ji, where the energy dispersion E, | = (2n, + 2)hwo is independent of I, and

thus n, serves as the LL index. For the sector of j_, the energy disperses with [

as B, ;= [2(n, +1) + 2]hwo. Similar results apply to the case of ¢G' < 0, where
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the infinite degeneracy occurs in the sector of j_. These LL wavefunctions are the
same as those of the 3D harmonic oscillator but with different organizations. As
illustrated in Fig. 2.1, these eigenstates along each diagonal line with the posi-
tive (negative) helicity fall into the flat LL states for the case of ¢G > 0 (< 0),

respectively.

2.3 Ladder algebra for the spectra flatness

The degeneracy of the 3D LL over different values of angular momentum is
not accidental, but protected by a ladder algebra constructed below. For example,
we take the case of ¢G > 0 and consider the positive helicity Landau level states of
H . The variable transformation for the radial eigenstates is applied as x, /(1) =

rR,, (r), and the corresponding radial Hamiltonians become

d U(l+1) 1,
Hi = huo{ = —— + === 1+ 717}, (2.3)
where the dimensionless radius is 7" = é The ladder operators are defined as
d I+1 1
A(l) = - ==
+(0) dr* r* 2
d [ 1
A(l) = ——————r". 2.4
) dr*  r* 2T (2:4)
They satisfy the relations
Hip AL(l) = AL () H). (2.5)

Consequentially, x,, +1 = AL (l)xn,, with the same energy independent of [. All
the states in the same LL can be reached by successively applying A4 operators.

To connect different LLs, other two ladder operators are defined as

d 1 1.
B_<l) = _dT'* —;4‘57“ s
d I+1 1
Col) = — -y, (2.6)

dr* r* 2
which satisfy
H,_1B_ (l) = B_ (l)(Hl + 2%0),
HinCu(l) = Cy(D)(H — 2hwo), (2.7)
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(j,=I+1/2)

Figure 2.2: The algebra structure of the 3D Landau levels in the positive helicity
sector. Operators A (l) connect states with different [ in the same Landau level,
while B_(l) and C () connect those between neighboring Landau levels.

respectively. By applying B_(1) (C+(l)) to xn,(r), we arrive at

Xn,p+1,0-1 = Bf(l)an,h
Xny—1,1+41 = C—&-(Z)an,la (28)

where the energy shifts +2hw, respectively, as illustrated in Fig. 2.2. Similar

algebra can also be constructed for the case of ¢G < 0.

2.4 Magnetic translation for the highest weight

state

Compared to the 2D case, a marked difference is that the 3D LL Hamiltoni-
an has no magnetic translational symmetry. The non-Abelian field strength grows
quadratically with r as Fj; (") = 0;4; — 0;A; — [A;, Aj] = gen{ o™+ érk(ﬁ-ﬁ}.
Nevertheless, magnetic translations still apply to the highest weight states of the
total angular momentum J =L+ S in the LLL at qG > 0. For simplicity, we
drop the normalization factors of wavefunctions below. For the positive helicity

states with 7, = j., L and S are parallel to each other. Their wavefunctions are
2

denoted by wi”l“(f’) = (z 4 iy)e & @ ag_;, where ag, is the spin eigenstate of
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Figure 2.3: The magnetic translation for the LLL state (I = 0) localized at the
origin in the case of ¢G > 0, whose spin is set along an arbitrary direction in
the xy-plane. The displacement vector § lies in the plane perpendicular to spin
orientation. The resultant state remains in the LLL as a localized Gaussian pocket.

Q-G with eigenvalue 1. For these states, the magnetic translation is defined as
usual T:(8) = exp[—4 - V + T Ty - (2 X 8)], where 4 is the displacement vector in
G

the xy-plane and 77, is the projection of 7" in the xy-plane. The resultant state,

oy (2X6)

— =g =7

T0)tv(P) = e & Jbv(F— §), remains in the LLL. Generally speaking, the

2,
highest weight states can be defined in a plane spanned by two orthogonal unit
2

s

o () = [(é1 +iéy) - Fle & ® ae, with é5 = é; x &,. The magnetic

vectors €15 as ¥

translation for such states is defined as Ty, (8) = exp[—d - V + ﬁ o - (65 x 0)],
where ¢ lies in the é; 5-plane and 75 = 7"—é3(7-€3). As an example, let us translate
the LLL state localized at the origin as illustrated in Fig. 2.3. We set the spin
direction of @/Jéﬁio in the xy-plane parameterized by é3(v) = Z cosy + ysinvy, i.e.,
Qe () = %(| M + €] 1)), and translate it along é; = 2 at the distance R. The

resultant states read as
Uor(p, 6, 2) = e 3EPsmO=N TITREG @ o, (), (2.9)

where p = \/m and ¢ is the azimuthal angular of 7" in the zy-plane. Such a
state remains in the LLL as an off-centered Gaussian wave packet.

The highest weight states and their descendent states from magnetic trans-
lations defined above have a clear classic picture. The classic equations of motion

are derived as

[ "
— P+ 2wy (T X
m

=

S)? ﬁZQWOﬁX

=y
I

~

5 Wy = =
S = %SXL, (2.10)
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where j'is the canonical momentum, L = 7 x 7 is the canonical orbital angular
momentum, and S here is the expectation value of %6’. The first two describe the
motion in a non-inertial frame subject to the angular velocity 2%5_" , and the third
equation is the Larmor precession. L - S is a constant of motion of Eq. 2.10. In
the case of § I E, it is easy to prove that both S and L are conserved. Then the
cyclotron motions become coplanar within the equatorial plane perpendicular to
S. Centers of the circular orbitals can be located at any points in the plane.

The above off-centered LLL states break all the rotational symmetries. N-
evertheless, we can recover the rotational symmetry around the axis determined
by the origin and the packet center. Let us perform the Fourier transform of
Yy r(p, @, 2) in Eq. 2.9 with respect to the azimuthal angle v of spin polarization.

The resultant state, ¢-z:m+%,R(p, ¢, z) = fo% %eimvlb%m Is a j.-eigenstate as

—|7—Rz|?

e eim‘f’{Jm(:n)\T>+Jm+1(a:)ei¢]¢>}, (2.11)

with = Rp/(21%). At large distance of R, the spatial extension of wjz:er%,R in
the zy-plane is at the order of miZ /R, which is suppressed at large values of R and
scales linear with m. In particular, the narrowest states 1, 1R exhibit an ellipsoid

shape with an aspect ratio decaying as I/ R when R goes large.

2.5 Quaternionic analyticity in the 3D lowest

Landau level wave functions

In analogy to the fact that the 2D LLL states are complex analytic func-
tions due to chirality, we have found an impressive result that the helicity in 3D
LL systems leads to the quaternionic analyticity. Quaternion is the first discovered
non-commutative division algebra, which has three anti-commuting imaginary u-
nits i, j and k, satisfying i*> = j2 = k> = —1 and ij = k. It has been applied in
quantum systems [67, 68] and SO coupled Bose-Einstein condensations [69]. Just
like two real numbers forming a complex number, a two-component complex spinor
Y = (Yr,1,)7 can be viewed as a quaternion defined as f = ¢4 +j1,. In the quater-

nion representation, the TR transformation ig99* becomes T f = — fj satisfying
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T? = —1; multiplying a U(1) phase factor e*®1) corresponds to fe'®; the SU(2) oper-

ations e 3%, e"'%y‘f’w and e~*% %¢) map to eg‘z’f, e%¢f, and e_%‘f’f, respectively.

LLL LLL _ ;
The quaternion version of wj i el is fi(xy, 2) = Ve, g+ 4, 4., Where

Uijoge = G dellims 5,507 Yim, Uyj 5 = (g dellom 4+ 155, —3) 7Yy, Please

LLL

;o which is a quaternionic

note that the Gaussian factor does not appear in
polynomial.
As a generalization of the Cauchy-Riemann condition, a quaternionic ana-

lytic function f(z,y, z,u) satisfies the Fueter condition [70] as

of ~.of .of  of
ot 8—y+ 5tk =0, (2.12)

where x, y, z and u are coordinates in the 4D space. In Eq. 2.12, imaginary units

are multiplied from the left, thus it is the left-analyticity condition which works

LLL

(@, y, 2) satisfying Eq.

in our convention. Below, we prove the LLL function
2.12. Since f/M is defined in 3D space, it is a constant over u, and thus only the
first three terms in Eq. 2.12 apply to it. Obviously the highest weight states with
spin along the z-axis, LEL] a1 = (x + iy)!, satisfy Eq. 2.12 which is reduced to
complex analyticity. By applying an arbitrary SU(2) rotation g characterized by

the Eulerian angles (o, 3,7), f]LJrL_L] transforms to

P (g g o) = 05 pi% i3 FLLL @y, 2, (2.13)

J+=J=

where (2/,y/, 2’) are the coordinates by applying the inverse of g on (z,y,2). It
can be checked that

g .0 ILLL
(87+Z[7y P V7 (ry, 2)
e A 0 a a A
PLT 2{8x’+28y’ +‘7§} Jﬁ%ﬁ(x,y,z):o. (2.14)

Essentially, we have proved that Fueter condition is rotationally invariant. Since
all the highest weight states are connected through SU(2) rotations, and they form
an over-complete basis for the angular momentum representations, we conclude

that all the 3D LLL states with the positive helicity are quaternionic analytic.

LLL
l+ 53]z

complete basis for quaternionic valued analytic polynomials in 3D Any linear su-

Next we prove that the set of quaternionic LLL states _form the

J+ LLL

perposition of the LLL states with j, can be represented as f; = iy i G
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where ¢;. is a complex coefficient. Because of the TR relation f/*r, = —fFL, g,

fi can be expressed in terms of [ + 1 linearly independent basis as

LLL
x Yz Z J+= l+27]z m+1Qm7 (215)

where ¢, = ¢, | 1= JC_p_ 1 is a quaternion constant. On the other hand, it can
be calculated that the rank of the linearly independent [-th order quaternionic
polynomials satisfying Eq. 2.12 is just CZ,, —C?, = [+1, thus LLL s with j. > 5 1
are complete.

For the case of the LLL with negative helicity, their quaternionic version

LLL

9577 (x,y, z) are not analytic any more. Nevertheless, since the wavefunctions of

the negative helicity sector can be related to the positive one via J;_ JZJH(Q) =

Q)}] il 1(Q), where & has odd parity, their quaternionic version is related to
(ZH)_? = (—zk—yj—+2zi) LLLH . Here, the repre-
sentation of quaternion imaginary units {4, j, k} as Pauli matrices {io,, —io,, —io,}

the analytic one through g

are used, as derived from the rotational properties of the spin-orbit coupled spheric

harmonics.

2.6 Surface helical Dirac states

The topological nature of the 3D LL problem exhibits clearly in the gapless
surface states. We have numerically calculated the spectra with the open boundary
condition for the positive helicity states with j,. =1+ % The results for the first
four LLs are plotted in Fig. 2.4. At ¢G > 0, inside the bulk, LL spectra are
flat with respect to j. = [ + % As [ goes large, the classical orbital radius 7.
approaches the open boundary with the radius Ry. For example, for a LLL state,
r. = v/2ll. When the orbital angular momentum States With >, =~ %(RO/ZG)2
—lhwy. When the

chemical potential p lies inside the gap, it cuts the surface states with the Fermi

become surface states. Their spectra become E(1) &~ 1(141) 5 R2
angular momentum denoted by [;. These surface states satisfy & - L= R, thus
the their spectra can be linearized around Iy as Hyy = (vf/Ro)& - L — pi. This is

the Dirac equation defined on a sphere with the radius Ry. It can be expanded
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Figure 2.4: The energy dispersion of the first four Landau levels v.s. [ = j — %
Open boundary condition is used for a ball with the radius Ry/lg = 8. The edge
states correspond to those with large values of [ and develop linear dispersions
with [.The most probable radius of the LLL state with [ is r = lGx/Z . [ exceeds a
characteristic value [. ~ 30, the spectra become dispersive indicating the onset of
surface states.

around 7 = Rgé, as Hyy = hvf(l; X &) - é. — p. Although the surface spectra
look very similar to those of the 2D quantum Hall edges, a crucial difference is
that each [ in Fig. 2.4 does not represent a single chiral state but a set of helical
states of 2j, + 1 fold degeneracy with j,. = [ + % Similar reasoning applies to
other Landau levels which also give rise to Dirac spectra. Because of the lack of
Bloch wave band structure, it remains a challenging problem to directly calculate
the bulk topological index. Nevertheless, the Zs structure manifests through the
surface Dirac spectra. Since each fully occupied LL contributes one helical Dirac
Fermi surface, the bulk is Zy-nontrivial (trivial) if odd (even) number of LLs are
occupied. In the Zs-nontrivial case, the gapless helical surface states are protected
by TR symmetry and are robust under TR invariant perturbations.

In Eq. 2, the harmonic frequency wr is set to be equal with the SO frequency
wp to maintain the flatness of LL spectra. However, the Zy topology of the 3D
LLs does not rely on this. Define Aw = wr — wp, and we set Aw > 0 to maintain

the spectra bounded from below. Aw > 0 corresponds to imposing an external
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potential AV (r) = sm(wf —wg)r? to the bulk Hamiltonian of Eq. 2. If Aw < wy,

AV(r) is soft. It results in energy dispersions of 3D LLs but does not affect
their topology. For simplicity, let us check the case of ¢G' > 0. The 7 - L term
commutes with the overall harmonic potential, thus the LL wavefunctions remain
the same as those of Eq. 2 by replacing wy with wp. Their dispersions become

+
EnT7j+

AV (r) imposes a finite sample size with the radius of R*> < h/(mAw) = 2l

= (2n, + Dhwr + $hwo + j4hAw which are very slow. In other words,

even without an explicit boundary. Inside this region, AV is smaller than the LL

gap, and the LL states are bulk states. Their energies are within the LL gap and

2LUT

~L. LL states outside this region can be
w

the angular momentum numbers j, <
viewed as surface states with positive helicity. For a given Fermi energy, it also

cuts a helical Fermi surface with the same form of effective surface Hamiltonian.

2.7 Generalization to N-dimensions

The above scheme can be easily generalized to arbitrary dimensions by
combining the N-D harmonic oscillator potential and SO coupling. For example, in
4D, we have H4P-LL — 2‘%’4—%mwgriD—wo 21§a<b§4 % Loy, where Lgy = 7oPp—TPa
and the 4D spin operators are defined as I'V = —£[o?, ¢7], T = +0' with 1 <
i < j < 3. The & signs of ['* correspond to two complex conjugate irreducible
fundamental spinor representations of SO(4), and the + sign will be taken below.
The spectra of the positive helicity states are flat as E, ,,, = (2n,+2)hw. Following
a similar method in 3D, we prove that the quaternionic version of the 4D LLL
wavefunctions satisfy the full equation of Eq. 2.12. They form the complete basis
for quaternionic left-analytic polynomials in 4D. For each [-th order, the rank can
be calculated as C, 4, — CP,, = (1 + 1)(1 + 2).

More generally, 3D and 4D LL systems can be generalized to N-D by re-
placing the vector and scalar potentials in Eq. 1 in the main text with the SO(N)
gauge field

AYF) = gr’S®™, V(r) = —N2_2mw0r2, (2.16)

respectively, where S% are the SO(N) spin operators constructed based on the
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Clifford algebra. The rank-k Clifford algebra contains 2k + 1 matrices with the
dimension 2¥ x 2¥ which anti-commute with each other denoted as I'* (1<a<

2k +1). Their commutators generate

re® [T, 1, (2.17)

1
)
for 1 <a<b<2k+1. For odd dimensions N = 2k+1, the SO(N) spin operators
in the fundamental spinor representation can be constructed by using the rank-k
matrices as S% = %Fab. For even dimensions N = 2k + 2, we can select 2k + 2 ones
among the 2k + 3 T-matrices of rank-(k + 1) to form S® = T, then all of S
commute with I'?**3. This 2¥+1-D spinor representation of S is thus reducible
into the fundamental and anti-fundamental representations. Both of them are 2-
D, which can be constructed from the rank-k T-matrices as S™2% = £1T%(1 <
a <2k+1)and S = 1T(1 < a < b < 2k + 1), respectively.

As for TR properties, ['*’s are TR even and odd at even and odd values
of k, respectively. We conclude that at N = 2k + 1, the N-D version of the
LL Hamiltonian is TR invariant in the fundamental spinor representation. At
N = 4k, it is also TR invariant in both the fundamental and anti-fundamental
representations. However N = 4k + 2, each one of the fundamental and anti-
fundamental representations is not TR invariant, but transforms into each other
under TR operation.

Similarly, the N-D LL Hamiltonian can be reorganized as the harmonic
oscillator with SO coupling. For the case of ¢G > 0, it becomes

2
1
Hy.y = 2% T imngQ — hewolup Las, (2.18)

where Ly, = ropy, — Tpe With 1 < a < b < N. The [-th order N-D spherical har-
monic functions are eigenstates of L? = Ly L, with the eigenvalue of h21(1+ D —2).
The N-D harmonic oscillator has the energy spectra of E,, ; = (2n, +1+ N/2)hw.
When coupling to the fundamental spinors, the [-th spherical harmonics split into
the positive helicity (j4) and negative helicity (j_) sectors, whose eigenvalues of
the I'ypLap are hl and —h(l + N — 2), respectively. For the positive helicity sector,
its spectra become independent of [ as Ey = (2n, + N/2)hw, with the radial wave
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functions are
Ry, (r) = e "M F(—n,, 1 + N /2,7 )20%). (2.19)
The highest weight states in the LLL can be written as
Pl (7) = [(ea £ i6y) - e e © as g, (2.20)

where ay o is the eigenstate of I'y, with eigenvalue £1, respectively. The magnetic

translation in the ab-plane by the displacement vector § takes the form

Tab(g) = exp [ —5-V+ #Fab(méb — rbéa)]. (2.21)
G

Similarly to the 3D case, staring from the LLL state localized around the origin
with [ = 0, we can perform the magnetic translation and Fourier transformation
with respect to the transverse spin polarization. The resultant localized Gaussian
pockets are LLL states of the eigenstates of the SO(N — 1) symmetry with respect
to the translation direction . Again each LL contributes to one channel of surface
Dirac modes on S¥~! described by Hypg = (vs/Ro)CapLap — fi-

2.8 Discussions of interaction effects in 3D Lan-

dau levels

We consider the interaction effects in the LLLs. For simplicity, let us
consider the 4D system and the short-range interactions. Fermions can devel-
op spontaneous spin polarization to minimize the interaction energy in the LLL
flat band. Without loss of generality, we assume that spin takes the eigenstate

of I''? = I'** = 53 with the eigenvalue 1. The LLL wavefunctions satisfying this
2
_"4D
spin polarization can be expressed as ‘JJ%,{JAD = (x +iy)"(z + iu)"e "¢’ @ |a)

with |a) = (1,0)7. The 4D orbital angular momentum number for the orbital
wavefunction is [ = m +n with m > 0 and n > 0. It is easy to check that \I',LnfnLAD
is the eigenstate of ), Lq®" with the eigenvalue (m 4 n)h. If all the W] 4P
are filled with 0 <m < N,, and 0 < n < N,,, we write down a Slater-determinant

wavefunction as

U(vy,wy; - o, wy) = det[pfw?], (2.22)
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where the coordinates of the i-th particle form two pairs of complex numbers
abbreviated as v; = x; + 1y; and w; = 2z; + tu;; «, § and 7 satisfy 0 < a < N,
0<B<N,,and 1 <i< N = N, N,. Such a state has a 4D uniform density as
p= @. We can write down a Laughlin-like wavefunction as the k-th power of Eq.
2.22 whose filling relative to p should be 1/k%. For the 3D case, we also consider the
spin polarized interacting wavefunctions. However, it corresponds to that fermions
concentrate to the highest weight states in the equatorial plane perpendicular to
the spin polarization, and thus reduces to the 2D Laughlin states. In both 3D
and 4D cases, fermion spin polarizations are spontaneous, thus low energy spin
waves should appear as low energy excitations. Due to the SO coupled nature,
spin fluctuations couple to orbital motions, which leads to SO coupled excitations

and will be studied in a later publication.

2.9 Discussions of possible experimental realiza-

tions

One possible experimental realization for the 3D LL system is the strained
semiconductors. The strain tensor €, = %((%ub + Opu,) generates SO coupling
as Hgo = ho[(€egyky — €4:k2) 00 + (€29ks — €xykn)oy + (€s0ky — €y.ky)0.] where a =
8 x10°m/s for GaAs. The 3D strain configuration with @ = g(yz, zx, xy) combined
with a suitable scalar potential gives rise to Eq. 2.1 with the correspondence
wy = %af. A similar method was proposed in Ref. [15] to realize 2D quantum
spin Hall LLs. A LL gap of ImK corresponds to a strain gradient of the order of
1% over 60 pm, which is accessible in experiments. Another possible system is the
ultra-cold atom system. For example, recently evidence of fractionally filled 2D
LLs with bosons has been reported in rotating systems [71].

Furthermore, synthetic SO coupling generated through atom-light interac-
tions has become a major research direction in ultra-cold atom system [72, 73].
The SO coupling term in the 3D LL Hamiltonian wa - L is equivalent to the
spin-dependent Coriolis forces from spin-dependent rotations, i.e., different spin

eigenstates along +x, £y and +2z axes feel angular velocities parallel to these axes,
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respectively. An experimental proposal to realize such an SO coupling has been

designed and will be reported in a later publication [74].

2.10 Summary

We have generalized the flat LLs to 3D and 4D flat spaces, which are
high dimensional topological insulators in the continuum without Bloch-wave band
structures. The 3D and 4D LLL wavefunctions in the quaternionic version form
the complete bases of the quaternionic analytic polynomials. Each filled LL con-
tributes one helical Dirac Fermi surface on the open boundary. The spin polarized
Laughlin-like wavefunction is constructed for the 4D case. Interaction effects and
topological excitations inside the LLLs in high dimensions would be interesting for
further investigation. In particular, we expect that the quaternionic analyticity
would greatly facilitate this study.

Acknowledgements: This work grew out of early collaborations with
Professor J. E. Hirsch, to whom we are especially grateful. We thank S. C. Zhang
and J. P. Hu for helpful discussions. Near the completion of this manuscript, we
learned that the 3D Landau level problem is also studied by Zhang [75]. This
chapter is in part a reprint of the paper “High-Dimensional Topological Insulators
with Quaternionic Analytic Landau Levels”, by Yi Li and Congjun Wu, Phys.
Rev. Lett., 110, 216802 (2013).



Chapter 3

Topological insulators with SU(2)

Landau levels

3.1 Introduction

Time-reversal (TR) invariant topological insulators (TI) have become a
major research focus in condensed matter physics[76, 25, 26]. Different from the 2D
quantum Hall (QH) and quantum anomalous Hall systems which are topologically
characterized by the first Chern number [5, 7, 14, 11, 8], time-reversal invariant
TIs are characterized by the second Chern number in 4D [57, 22] and the Z, index
in 2D and 3D [16, 15, 21, 22, 18, 20, 24]. Various 2D and 3D TIs are predicted
theoretically and identified experimentally exhibiting stable gapless 1D helical edge
and 2D surface modes against TR invariant perturbations [21, 27, 31, 77, 33, 34].
Topological states have also been extended to systems with particle-hole symmetry
and superconductors [78, 79, 41].

Most current studies of 2D and 3D TTs focus on Bloch-wave bands in lat-
tice systems. The non-trivial band topology arises from spin-orbit (SO) coupling
induced band inversions [21]. However, Landau levels (LL) are essential in the
study of QH effects because their elegant analytical properties enable construction
of fractional states. Generalizing LLs to high dimensions gives rise to TIs with
explicit wavefunctions in the continuum, which would facilitate the study of the

exotic fractional TTs. Efforts along this line were pioneered by Zhang and Hu
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[57]. They constructed LLs on the compact S* sphere by coupling fermions with
the SU(2) monopole gauge potential, and various further developments appeared
[80, 59, 61, 62, 81]. 2D TIs based on TR invariant LLs have also been investigated
[15]. LLs of Schrodinger fermions have been generalized to high-dimensional flat
space [82] in Chapter 2 by combining the isotropic harmonic potential and SO
coupling. Further development for parity-breaking systems and high dimensional
Dirac fermions[83, 84] will be discussed in Chapter 4 and 5 respectively.

In all the above works, angular momentum is explicitly conserved, thus they
can be considered as LLs in the symmetric-like gauge. In 2D, LL wavefunctions in
the Landau gauge are particularly intuitive: they are 1d chiral plane-wave modes
spatially separated along the transverse direction. The QH effect is just the 1d
chiral anomaly in which the chiral current generated by the electric field becomes
the transverse charge current. In this article, we develop high dimensional LLs with
flat spectra as spatially separated helical Dirac or chiral Weyl fermion modes, i.e.,
the SU(2) Landau-like gauge. They are 3D and 4D TIs defined in the continuum
possessing stable gapless boundary modes. For the 4D case, they exhibit the
4D quantum Hall effect[57, 22], which is a quantized non-linear electromagnetic
response related to the spatially separated (34+1)D chiral anomaly. Our methods

can be easily generalized to arbitrary dimensions and also to Dirac fermions.

3.2 Three dimensional Landau levels with a “Lan-
dau” gauge

We begin with the 3D TR invariant LI, Hamiltonian for a spin—% fermion
as

_Q
D=+ p
HzL = 5 + Emwfof — VW2 (Pp0y — Pyos), (3.1)

which couples the 1D harmonic potential in the z direction and the 2D Rashba SO
coupling through a z-dependent SO coupling strength. Hzg’” possess translation
symmetry in the zy-plane, TR and parity symmetries. HEIB’Jr and Hilz’f share

the same physics up to a z — —z transformation. For simplicity, unless explicitly
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mentioned, we only consider HEIL)’+ and suppress the index v. Eq. 3.1 can be

reformulated in the form of an SU(2) background gauge potential as H}? = 5 (p—
%f_f)z — %mwgozz, where ws, = |eG|/me, and A takes the Landau-like gauge as

A, = Goyz, Ay = —Goyz and A, = 0. In Chapter 2, a symmetric-like gauge
with A’ = G& x 7 is used, which explicitly preserves the 3D rotational symmetry.
However, the SU(2) vector potentials A’ and A are not gauge equivalent. As
shown below, the physical quantities of Eq. 3.1, such as density of states (DOS),
are not 3D rotationally symmetric. Nevertheless, these two Hamiltonians belong
to the same topological class. A related Hamiltonian is also employed for studying
electromagnetic properties in superconductors with cylindrical geometry [66].

Eq. (3.1) can be decomposed into a set of 1D harmonic oscillators along the
z-axis exhibiting flat spectra, a key feature of LLs. We define a characteristic SO

length scale Iy, = 4 /%50. Each of the reduced 1d harmonic oscillator Hamiltonian

2
s0

12 kopSap (kap)]?, where kop = (k2 +k2)% and kap = (ky, k,); the helicity operator

is associated with a 2D helical plane-wave state as H?(kap) = % + tmwi [z —

is defined as 3 D(l%g D)= ]%xay — l%yax. The n-th LL eigenstates are solved as

\I/n,EQD,E(F) - eiEQD‘FzD@l [z — 20(k2p, X)] ® Xz(%w% (3.2)

where 7p = (z,y); Xz(/%w) are eigenstates of the helicity satisfying EAJXE(]%QD) =
Sys (kap) with helicity eigenvalues X = +1; ¢, [z—z] are the eigenstates of the n-th
harmonic levels with the central positions located at zg, and zo(kop, ) = S1% kap.

The energy spectra of the n-th LL is £, = (n+ %)hwso, independent of Ez p and 2.

The classical equations of motion for H;? are derived as
: 7 A . .
Fo= B B =0, = 2(Fx §). — mw?z,
m
4 2w B . 2w = .
Sop = _fZSzPQDa S, = ?ZSQD * P2D; (3.3)

where S, = (%Ux, %ay) and S, = %O’Z. If we choose the initial condition of spin
S such that S.0 = 0 and §2D70 L papyo, then S is conserved and lies in the xTy-
plane. The motion is reduced to a coplanar cyclotron one in the vertical plane
perpendicular to S. In other words, the orbital angular momentum and spin are

locked, a feature from SO coupling.
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z<(

Figure 3.1: (Color online) 3D and 4D LLs for H}? and H}? as spatially separated
2D helical SO plane-wave modes localized along the z-axis (A), and 3D Weyl
modes localized along the u-axis (B), respectively. Their central locations are
ZO(EQD, ¥) = X2 kop and U,O(E?,D, ¥3) = XI2 ksp, respectively. Note that 2D Dirac
modes with opposite helicities and the 3D ones with opposite chiralities are located
at opposite sides of z = 0 and u = 0 planes, respectively.

In the 2D LL case, the spatial coordinates z and y are non-commutative
if projected to a given LL, say, the lowest LL (LLL). The LLL wavefunctions are
chiral 1d plane-waves along the z-direction whose central y-position is yy = (%k,,
thus 1d chiral modes with opposite chiralities are spatially separated. Consequent-
ly, the xy-plane can be viewed as the 2D phase space of a 1d system, in which y
plays the role of k.. The momentum cut-off of the bulk states is determined by the
system size along the y-direction as |k, | < QLZ—% Similarly, the 3D LL wavefunctions
in Eq. 3.2 are spatially separated 2D helical plane-waves along the z-axis. As
shown in Fig. 3.1 (A), for states with opposite helicity eigenvalues, their central
positions are shifted in opposite directions. After the projection into the LLL, z is

equivalent to 2 (k,o, — k,0,), and thus
(2,2 = il20y, [y, 2l orr = —il2,04, (2, Y] o = 0. (3.4)

Interestingly, the 3D LL states can be viewed as states in the 4D phase
space of a 2D system (with x and y coordinates), in which |z| plays the role of the

magnitude of the 2D momentum. In fact, the momentum cut-off of the bulk states
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is exactly determined by the spatial size L, along the z direction as

L
B __ z
in which ——LQZ <z < —LZZ. Applying the open boundary condition along the z

direction, and periodic boundary conditions in the x and y directions with spatial

sizes L, and L, respectively, we can easily count the total number of states to

be N' = L;jlifg The L? dependence of A/ may seem puzzling for a 3D system,
but expressing L. in terms of Eq. (3.5), we find N = 5-L, L, (k3,)?, which is the
conventional state counting of a 2D system expressed in terms of the 4D phase
space volume.

The topological property of this 3D LL system manifests through its helical
surface spectra. Let us consider the upper boundary located at z = zp for H3PY.
For simplicity, we only consider the LLL as an example. If zg > 0, the positive

helicity states W,z s, with kop > kB, = 25l ? are confined at the boundary.

0,k
The 1d harmonic potential associated with l;z p and > = 1 is truncated at z = zp,
and thus the surface spectra acquire dispersion. If we neglect the zero-point energy,
the surface mode dispersion is approximated by %mwfo(k: — kB )21 with k > kD).
If the chemical potential p lies above the LLL, it cuts the spectra at surface states
with a Fermi wavevector k; > k&,. The Fermi velocity is vy &~ m(k; — kP,)w? 4.
The surface Hamiltonian is approximated as Hyy ~ vy(p' X ¢) - 2 — p with an
electron-like Fermi surface with ¥ = 1. In another case, if the upper boundary is
located at zg < 0, then the negative helicity states \IJO’,;QD’E:_1 with kep < kD,
and all the positive helicity states are pushed to the boundary as surface modes.
Depending on the value of i, we can have a hole-like Fermi surface with ¥ = —1,
a Dirac Fermi point, or, an electron-like Fermi surface with ¥ = 1. Similarly, any
other LL gives rise to a branch of gapless helical surface modes, and each filled bulk
LL contributes one helical Fermi surface. For the lower boundary, the analysis is

parallel to the above. Each filled LL gives rise to an electron-like helical Fermi

surface with ¥ = —1, or hole-like with ¥ = 1.
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3.3 Construction of four dimensional Landau

levels with a “Landau” gauge

The above procedure can be straightforwardly generalized to any higher

dimension. For example, the 4D LL Hamiltonian is denoted as

= 1 5o Dip S
LL = o + gy + 5y VWUP3D " 7, (3.6)

where u and p, refer to the coordinate and momentum of the 4th dimension,
respectively, and ps3p is the 3-momentum in the zyz-space. Without lose of the
generality, let us focus on the case of ¥ = + and Eq. 3.6 can be represented
as HI7 = ;- le(pi — ¢A;)? — mw?u?, where the SU(2) vector potential takes
the Landau-like gauge with A; = Gou for i = z,y,z and A, = 0. Eq. 3.6
preserves the translational and rotational symmetries in the zyz-space and TR
symmetry. Similar to the 3D case, the 4D LL spectra and wavefunctions are
solved by reducing Eq. 3.6 into a set of 1d harmonic oscillators along the u-axis
5

as H“(Eg,p) = Pu 4 %mw2(u — lgongf]gD)z where k3p = (k2 + k‘Z + k‘f)% and

2m

Sap = kap - @ The LL wavefunctions are
U, e (7o) = e®307 ¢ u— ug(ksp, B)] @ x=(ksp), (3.7)

where, the central positions ug(ksp, X) = 12 ksp; xx are eigenstates of 3D helicity
Sap with eigenvalues 3 = +1. Inside each LL, the spectra are flat with respect
to EgD and . This realizes the spatial separation of the 3D Weyl fermion modes
as shown in Fig. 3.1 (B). After the LLL projection for H;?, the non-commutative
relations among coordinates are [r;,u] = il%0; and [r;,r;] = 0 for i = z,y, 2.
Similar to the discussions of the 3D case, the 4D LLs can be viewed as states of
the 6D phase space of a 3D system: increasing the width along the u-direction
corresponds to increasing the bulk momentum cut-off ksp < k¥, = L, /(2(2). If
the LLL is fully-filled, the total number of states is given by N' = %ﬁéﬁi. Re-
expressing L, = 2k$,12, we find N' = 55 L, L, L.(k%,)?, which is the conventional
state counting of a 3D system expressed in terms of the 6D phase space volume.

With an open boundary imposed along the u direction, 3D helical Weyl fermion

modes appear on the boundary.
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Figure 3.2: The central positions ug(m, k., ) of the 4D LLs in the presence of the
magnetic field B = BZ. The branch of m = 0 runs across the entire u-axis, which

gives rise to quantized charge transport along u-axis in the presence of E | B as
indicated in Eq. 3.10.

Now let us consider the generalized 4D QHE[57, 22] as the nonlinear elec-
tromagnetic response of (4 4+ 1)D LL system to the external electric and magnetic
(EM) fields, with E || B in the zyz-space. Without loss of generality, we choose the
EM fields as E = EZ and B = BZ, which are minimally coupled to the spin-1/2

fermion,

h? 1 5. 5)
Hg?(E,B) = —%Vz+§mw2(u+il§0D~5>7 (3-8)

e

where D = V — z'affem. Here /Tem is the U(1) magnetic vector potential in the

Landau gauge with Ay, = 0, Aepy = Bx and A, . = —cEt. We define Ip =

hc

-5, where eB > ( is assumed.

The B-field further reorganizes the chiral plane-wave states inside the n-th
4D LL into a series of 2D magnetic LLs in the zy-plane. For the moment, let us
set E, = 0. The eigenvalues E,, = (n + %)hwso remain the same as before without
splitting, while the eigen-wavefunctions are changed. We introduce a magnetic LL
index m in the xy-plane. For the case of m = 0, the eigen-wavefunctions are spin

polarized as

Uymeo(ky, ko) = eFvtik=g iy —uy(k,,m = 0)]
® Xm=olr — z0(ky)], (3.9)
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where zg = [}k, and xo = [¢o(x —x0),0]” is the zero mode channel of the operator
—iD - G with the eigenvalue of \g = k.. The central positions of the u-direction
harmonic oscillators are wug(k,,m = 0) = [%k,. For m > 1, the eigen-modes
of —iD - & come in pairs as yms[r — To(ky)] = [Cmsrdm(z — 20), Bnbm_1(z —
70)]¥, where, coefficients O+ = lpk, £ \/W, By = —iv/2m, and the
eigenvalues are )\, + = 44/k2+ 2mlz*. The corresponding eigen-wavefunctions
are W, 4 (ky, k) = P2 [u—ug(k,, m, £)]Xm <+ [r—z0(k,)], where the central
positions ug(k.,m, &) = £12, 1/ k2 + 2mlz>

For the solutions of Eq. 3.9 with the same 4D LL index n, the 2D magnetic
LLs with index m = 0 are singled out. The central positions of states in this
branch are linear with k., and thus run across the entire u-axis, while those of
other branches with m > 1 only lie in one half of the space as shown in Fig. 3.2.
After turning on F,, k, is accelerated with time as k,(t) = k,(0)+eF.t/h, and thus
the central positions ug(m = 0, k.) moves along the u-axis. Only the m = 0 branch
of the magnetic LL states contribute to the charge pumping which results in an
electric current along the u-direction. Within the time interval At, the number of

states with each filled 4D LL passing a cross section perpendicular to the u-axis

is N = LyLy eEALL,

St BB which results in the electric current density %, If the
B

LoLyL. dt -

number of fully filled 4D LLs is n..., the total current density along the u-axis is

ju = nocc@4:255 : é, (310)

where o = €%/(hic) is the fine-structure constant. This quantized non-linear elec-
tromagnetic response is in agreement with results from the effective theory [22] as
the 4D generalization of the QH effect. If we impose open boundary condition-
s perpendicular to the wu-direction, the above charge pump process corresponds
to the chiral anomalies of Weyl fermions with opposite chiralities on the two 3D
boundaries, respectively. Since they are spatially separated, the chiral current
corresponds to the electric current along the u-direction.

Although the DOS of our 4D LL systems is different from the 4D TIs in the
lattice system with translational symmetry [22], their electromagnetic responses
obey the same Eq. 3.10. It is because that only the spin-polarized m = 0 branch
of LLs, W, ;m=o(ky, k.), is responsible for the charge pumping. For this branch,
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B_-field quantizes the motion in the xy-plane so that the x and u coordinates play
the role of k, and k., respectively. Consequently, the system can be viewed as the
4D phase space of coordinates y and z, and scales uniformly as L,L,L.L, with

the conventional thermodynamic limit of a 4D system.

3.4 High dimensional LLs of Dirac electrons

The above procedure can be generalized to Dirac fermions as square root

problems to Eq. (3.1) and Eq. (3.6). For the 3D case, we have

[P . 2k
leoWso 0 o-p+ i 02

H3D . —
LL,Dirac \/’
’ 2

, (3.11)
7-p—izo. 0

whose square exhibits a diagonal block form with a super-symmetric structure

as (H3D )2/ (hwy,) = diag(Hyp " — Mo FPP 4 Mo)  The eigenvalues of E-

q. (3.11) are Fy, = t/nhws,. The eigen-wavefunctions are constructed based

on the eigenstates of H; "~ as WL . (kap, ¥) = %[\If:;];ﬂ%z, iqj;q,EQD,fz]T’
where \P;Ew 5= eik?D'F2D¢n[z + 20(k2p, X)] ® Xz(foD) is the eigenstate of Hif’*'

The 0th LL states are Jackiw-Rebbi half-fermion modes with only the upper two

components nonzero [85, 86]. The 4D Hamiltonian can be constructed as

) 0 G- p3p — i
4D _ tsoWso 1
HLL,Dirac - = 5 (312)

- - .ol
V2 | Gpap i 0

where a, = ﬁ#(u—i-zl%"pu) is the phonon annihilation operator in the u-direction.

The eigen-values are still E.,, = +/nhws,, and the eigenstates are

4D 7 o + + T
‘Ijztn,Dirac(k?)D? E) - ﬁ{an,ﬁgD,XN i‘lln—l,EQD,E] : (3]‘3)

3.5 Laughlin-type wavefunctions

The construction of the Laughlin-type wavefunctions for interacting fermion-
s is difficult for these SO coupled high dimensional LL systems. Nevertheless, for
the 4D case in the magnetic field, the LLL states with both n = 0 and m = 0 are
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spin-polarized, and their total DOS is finite as pi? = —5—. Even though

n=m=0 4772@01123

they are degenerate with other LLL states with (n = 0,m # 0), they are favored
by repulsive interactions if they are partially filled. The Laughlin wavefunction

in the Landau gauge for the 2D LLs has been constructed in Ref. [87]. We gen-
eralize it to the 4D case, and define w = e'Is" and v = ¢

u2 .712
sy

z+1
Lz

u, then LL states

h

are represented as w"= v up to a Gaussian factor e . The Laughlin-type

wavefunction can be constructed as
U (w1, v1;...; WN,N, s UN,N,) = (det[wihl'vflz])q, (3.14)

where ¢ is an odd number; det[w/*v]*] represents the Slater determinant for the
fully filled single particle states w"=v" and 0 < hy, < N, —1and 0 < h, < N, — 1.
The study of the topological properties of Eq. 3.14 will be deferred to a later

publication.

3.6 Summary

We have generalized LLs into 3D and 4D in the Landau-like gauge by cou-
pling spatially dependent SO couplings with harmonic potentials. This method
can be generalized to arbitrary dimensions by replacing the Pauli-matrices with
the I'-matrices in corresponding dimensions. These high dimensional LLs exhibit
spatial separation of helical or chiral fermion modes with opposite helicities, which
give rises to gapless helical or chiral boundary modes. The 4D LLs give rise to the
quantized non-linear electromagnetic responses as a spatially separated (3+1)D
chiral anomaly.

Acknowledgements: We thank helpful discussions and early collabora-
tions with Jorge Hirsch. And I am indebt to Nai Phuan Ong and Zhong Wang
for helpful advices and the Inamori Fellowship. This chapter is in part of a paper
being submitted for publication at Physical Review series, “Topological insulators
with SU(2) Landau levels”, authored by Yi Li, Shou-Cheng Zhang, and Congjun
Wu.



Chapter 4

2D and 3D topological insulators
with isotropic and parity-breaking

Landau levels

4.1 Introduction

The study of topological insulators has become an important research focus
in condensed matter physics [25, 26]. Historically, the research of topological band
insulators started from the two dimensional (2D) quantum Hall effect. Landau level
(LL) quantization gives rise to nontrivial band topology characterized by integer-
valued Chern numbers. [7, 11] In fact, LLs are not the only possibility for realizing
topological band structures. Quantum anomalous Hall band insulators with the
regular Bloch-wave structure are in the same topological class as 2D LL systems in
magnetic fields [8]. Later developments generalize the anomalous Hall insulators
to time-reversal (TR) invariant systems in both two and three dimensions. [21, 16,
17, 15, 18, 19, 20, 22, 24] This is a new class of topological band insulators with
TR symmetry which are characterized by the Zs index. Experimentally, the most
obvious signatures of band topology appear on open boundaries, in which they
exhibit helical edge or surface states. Various 2D and 3D materials are identified as
topological insulators, and their stable helical boundary modes have been detected

[27, 31, 77, 32, 33, 88]. Furthermore, systematic classifications have been performed
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in topological insulators and superconductors in all the spatial dimensions, which
contain ten different universal classes [41, 79].

Although the current research is mostly interested in topological insulators
with Bloch-wave band structures, the advantages of LLs make them appealing for
further studies. We use the terminology of LLs here in the following general sense
not just for the usual 2D LLs in magnetic fields: topological single-particle level
structures labeled by angular momentum quantum numbers with flat or nearly flat
spectra. On open boundaries, LL systems develop gapless surface or edge modes
which are robust against disorders. For example, in the 2D quantum Hall LL
systems, chiral edge states are responsible for quantized charge transport. For the
2D LL based quantum spin Hall systems, helical edge modes are robust against TR-
invariant disorders [21]. Similar topological properties are expected for even high-
dimensional LL systems, which exhibit stable gapless surface modes. For the usual
2D LLs, the symmetric gauge is used in which angular momentum is conserved.
We do not use the Landau gauge because it does not maintain rotational symmetry
explicitly. LL wavefunctions are simple and explicit, and their elegant analytical
properties nicely provide a platform for further study of topological many-body
states in high dimensions.

Generalizing LLs to high dimensions started by Zhang and Hu [57] on
the compact S* sphere by coupling large spin fermions to the SU(2) magnetic
monopole, where fermion spin scales with the radius as R2. Later on various gen-
eralizations to other manifold were developed. [80, 59, 61, 62, 60] The LLs of
non-relativistic fermions have been generalized to arbitrary dimensional flat space
RP in Chapter 2. The general strategy is very simple: the harmonic oscillator plus
spin-orbit (SO) coupling L;;I";;, where L;; and I';; are the orbital and spin angular
momenta in a general dimension. Reducing back to two dimensions, it becomes the
quantum spin Hall Hamiltonian in which each spin component exhibits the usual
2D LLs in the symmetric gauge, but the chiralities are opposite for two spin com-
ponents [15]. For a concrete example, say, in three dimensions, each LL contributes
a branch of helical Dirac surface modes at the open boundary, thus its topology
belong to the Zs-class. Furthermore, LLs have also been constructed to arbitrary

dimensional flat spaces for relativistic fermions [83], which is a square root prob-
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lem of the above non-relativistic cases. It is a generalization of the quantum Hall
effect in graphene [89, 90, 91] to high dimensional systems with the full rotational
symmetry. This construction can also be viewed as a generalization of the Dirac
equation from momentum space to phase space by replacing the momentum oper-
ator with the creation and annihilation operators of phonons. The zero-energy LL
is a branch of half-fermion modes. When it is empty or fully occupied, fermions
are pumped from the vacuum, a generalization of parity anomaly [92, 93, 94, 95]
to high dimensions.

In this chapter, we study another class of isotropic LLs with TR symmetry
but breaking parity in two and three dimensions, which can also be straightfor-
wardly generalized to arbitrary dimensions. The Hamiltonians are again harmonic
oscillator plus SO couplings, but here the SO coupling is the coupling between spin
and linear momentum, not orbital momentum. In 2D, it is simply the standard
Rashba SO coupling, and in 3D it is the ¢ - p~type SO coupling. In both cases,
parity is broken. The strong SO coupling provides the projection of the low energy
Hilbert space composed of states with the proper helicity. The radial quantization
from the harmonic potential further generates gaps between LLs. The SO coupling
strongly suppresses the dispersion with respect to the angular momentum within
each LL. In two and three dimensions, they exhibit gapless helical boundary modes
which are stable against TR-invariant perturbations, thus they belong to the Z,
topological class. In fact, parent Hamiltonians, whose first LL. wavefunctions are
obtained analytically and whose spectra are exactly flat, can be constructed by
the dimensional reduction method from the high-dimensional LL Hamiltonians
constructed in Chapter 2.

This chapter is organized as follows. The study of isotropic and TR-
invariant LLs with parity breaking is presented in Sect. 4.2. The generalization
to three dimensions is given in Sec. 4.3. The experimental realization of the 3D
Rashba-like & - p -type SO coupling is performed in Sec. 4.4. Conclusions and

outlook are summarized in Sec. 4.5.
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4.2 Two-dimensional spin-orbit coupled Landau

levels with harmonic potential

In this section, we consider the Hamiltonian of Rashba SO coupling com-

bined with a harmonic potential

V% 1
Vo e - N—ihV o, + ihV 03,), (4.1)

Hop = —
2D om | 2

where w is the trapping frequency; A is the SO coupling strength with the unit of ve-
locity. Equation (4.1) is invariant under the SO(2) rotation and the vertical-plane
mirror reflection. In other words, the system enjoys C,o symmetry. Equation
(4.1) also satisfies the TR symmetry of fermions, i.e., T = iooK, with T? = —1
and K the complex conjugation. However, parity symmetry is broken explicitly
by the Rashba term.

Equation 4.1 can be realized in solid-state quantum wells and ultra-cold
atomic traps. Rashba SO coupling due to inversion symmetry breaking at 2D
interfaces has been studied extensively in the condensed matter literature; [96] its
energy scale can reach very large values. [97] Furthermore, Wigner crystallization
in the presence of Rashba SO coupling has been studied. [98] In the context of ultra
cold atoms, Bose-Einstein condensation with Rashba SO coupling plus harmonic
potential was studied by Wu and Mondragon in Ref. [99], in which the spontaneous
generation of a half-quantum vortex is found. Later, there was great experimental
progress in generating a synthetic gauge field from light-atom interaction, [72]

which inspired a great deal of theoretical interest. [100, 101, 102, 103, 104, 105]

4.2.1 Energy spectra

In a homogeneous system with Rashba SO coupling, i.e., w = 0 in Eq. (4.1),
the single-particle states wi(l;) are eigenstates of the helicity operator & - (l; X Z)
with eigenvalues +1, respectively. The spectra for these two branches are ei(E) =
R*(k F ko)?/(2m), and the lowest energy states are located around a ring with
radius kg = mA/h in momentum space. Such a system has two length scales: the

characteristic length of the harmonic trap Iy = 4/ %, and the SO length scale
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lso = 1/kg. The dimensionless parameter o = I/, describes the SO coupling
strength with respect to the harmonic potential.

As presented in Ref. [106] for the case of strong SO coupling, i.e., a > 1,
the physics picture is mostly clear in momentum representation. The lowest energy
states are reorganized from the plane-wave states w+(E) with & near the SO ring.
Energetically, these states are separated from the opposite-helicity ones w,(E) at
the order of Fy, = hko\ = o?Ey,, where Ey, = hw is the scale of the trapping
energy. As shown below, the band gap in such a system is at the scale of £,
Since a > 1, we can safely project out the negative helicity states 1/)_(12) After the
projection, the harmonic potential in momentum representation becomes Laplacian
coupled to a Berry connection ffk as

Vip = 5w iV — A, (4.2)
which drives particle moving around the ring with a moment of inertial I = Mk2;

My = h?*/(mw?) is the effective mass in momentum representation. The Berry

connection Ay, is defined as

T = 1
A = iV | Vie|ors) = By (4.3)

where [1;1) is the lower branch eigenstate with momentum k. Tt is well known
that for the Rashba Hamiltonian, the Berry connection Ay gives rise to a 7w flux
at k = (0,0) but without Berry curvature at k # 0. [107] This is because a two-
component spinor after a 360° rotation does not come back to itself but acquires
a minus sign.

The crucial effect of the 7 flux in momentum space is that the angular
momentum eigenvalues become half-integers as j, = m+ % The angular dispersion
of the spectra becomes E,,(j,) = h?j2/21 = (j2/2a2)E,,. On the other hand, the
radial potential in momentum representation is V (k) = 1 Myw?(k—kq)? for positive-
helicity states. For states with energies much lower than Fy,, we approximate V (k)
as harmonic potential, thus the radial quantization is E,q.q(n,) = (n, + %)Etp up

to a constant. The same dispersion structure was also noted in recent works

[102, 104, 103], which show
2
Enr,jz ~ (nT + 5 - ? + 2a2>Etpa (44)
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where the zero point energy is restored here. Since a > 1, we treat n, as a band

index and j, as a good quantum number for labeling states inside each band.

4.2.2 Dimensional reduction from the 3D Landau level

Hamiltonian

Equation (4.1) not only can be introduced from the solid-state and cold
atom physics contexts, but also can be viewed as a result of dimensional reduction
from a 3D LL Hamiltonian [Eq. (4.5)] proposed in Chapter 2. This method
builds up the connection of two topological Hamiltonians in three dimensions with
inversion symmetry and two dimensons with inversion symmetry breaking. The
resultant 2D Hamiltonian Eq. (4.7) exhibits the same physics that Eq. (4.1) does
for eigenstates with j, < « in the case of a > 1. The advantage of Eq. (4.7)
is that its lowest LL wavefunctions are analytically solvable and their spectra are
flat.

Just like the usual 2D LI Hamiltonian in the symmetric gauge, which is
equivalent to a 2D harmonic oscillator plus the orbital Zeeman term, the 3D LL
Hamiltonian is as simple as a 3D harmonic potential plus SO coupling as explained

in Chapter 2,
2

Hiprr = 2p—m + §mw2r2 —wl - a, (4.5)
which possesses 3D rotational symmetry and TR symmetry. Its eigen-solutions are
classified into positive- and negative-helicity channels according to the eigenvalues
of @-L=1hor —(l+ 1)h, respectively. In the positive (negative)-helicity channel,
the total angular momentum j; = (I + $)h. The spectra in the positive-helicity
channel, £, ; = (2n, + %)hw, are dispersionless with respect to the value of j,,

thus these states are LLs. In the presence of an open boundary, each filled LL

contributes a branch of helical Dirac Fermi surface described as
Hy = vp(6 % B) - & — . (4.6)

where é, is the local normal direction of the surface, vy the Fermi velocity, and g
the chemical potential. The stability of surface states under TR~invariant pertur-

bations are characterized by the Z5 topological index.
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Now let us perform the dimension reduction on Eq. (4.5) by cutting a 2D
off-centered plane perpendicular to the z-axis with the interception z,. Within this

2D plane of z = zy, Eq. (4.5) reduces to
HQD,TG = HQD - WLZO'Z. (47)

The first term is just Eq. (4.1) with Rashba SO strength A\ = wzp, and the 2D
harmonic trap frequency is the same as the coefficient of the L.o, term. The
dimensionless parameter « = Ir/ly, = |z0|/lr. If zg = 0, Rashba SO coupling
vanishes. In this case, Eq. (4.7) becomes the 2D quantum spin Hall Hamiltonian
proposed in Ref. [21], which is a double copy of the usual 2D LL with opposite
chiralities for spin-up and -down components. At zg # 0, Rashba coupling appears
which breaks the conservation of o,.

The lowest LL solutions have been found for Eq. (4.5), whose center is
shifted from the origin to 7. = (0,0, 29) in Chapter 2. These states do not keep j

conserved but do maintain j, as a good quantum number as

_2Goz)?
wBD:ijZO (p7 ¢7 Z) = € 2lT elm(ﬁ
I (K
8 o) , (4.8)
—sgn(20)e" Jins1(kop)
where p = /22 + y2; j. = m + %; ko = z0/l%; and ¢ is the azimuthal angle around

the z axis. The ¥3p j, .,’s form a complete set of the lowest LL wave functions, but
they are nonorthogonal if their j.’s are the same. By setting z = 25 in the above

wavefunctions, we define the 2D reduced wave functions as

_ 2 e™me J (kop
%D,jz(P, ¢) =e % ) ( ! ) .
—sgn(20)e ™I T, (Kop)

(4.9)

Noticing that 0,13p ;. z|.=2 = 0, it is straightforward to check that vsp ;. ’s are
solutions for the lowest LLs for the 2D reduced Hamiltonian in Eq. (4.7) as

aQ

HZD,re wQD,jz = (1 - ?

>hw Yapj.. (4.10)
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Figure 4.1: (Color online) Energy dispersions of the solutions for the first four
LLs to the 2D reduced Hamiltonian Eq. (4.7) (solid lines), and those for (Eq. 4.1)
(dashed lines). The value of o = Ip/ls, = 35. The lowest LLs of Eq. (4.7) are
dispersionless with respect to j.. Please note that the overall shift of the zero-

point energy difference hw is performed for the spectra of Eq. (4.1) for a better
illustration.

The TR partner of Eq. (4.9) can be written as

oy = o (T s )
2D,—7. ) - T .
’ e~ .. (kop)

0 —imtDé g o (k
= (=)™"'sgn(z)e 7 ( ‘ A +1 (Kop) ) (4.11)
—sgn(zo)e”"?J_p, (kop)

4.2.3 Relation between Eq. (4.1) and Eq. (4.7)

The difference between the two Hamiltonians, Eq. (4.7) and (Eq. 4.1),
is the L,o, term. Its effect depends on the distance p from the center. We are
interested in the case of |zp| > I, i.e., @ > 1. Let us first consider the lowest LL.
With small values of j,, i.e., m < a, Jy,,(kop) and Jp,11(kop) already decay before
reaching the characteristic length I of the Gaussian factor. We approximate their
classic orbital radii as the locations of the maxima of Bessel functions, which are
roughly p. ;. & "7 < 7. In this regime, the effect of L.o, compared to the Rashba
part is a small perturbation, of the order of wp, ;. /A = p;. /20 < 1. Thus, these
two Hamiltonians share the same physics. On the other hand, let us consider the
case of very large values of j., say, m > a?. The Bessel function behaves like p™

or p™tat 0 < p < 2y, The classic orbit radii are just p.;, ~ \/mly. The physics
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of Eq. (4.7) in this regime is dominated by the L,o, term and, thus, is the same
as that of 2D quantum spin Hall LL wave functions. However, for Eq. (4.1), the
projection to the sub-Hilbert space spanned by 1/4(/;:’) is not valid. Its eigenstates
in this regime cannot be viewed as LLs anymore. For intermediate values of j,,
i.e., « < m < a2, the physics is a crossover between the above two limits.

For higher LLs of Egs. (4.7) and (4.1), we expect that their wave functions
can be approximated by a form of Eq. (4.9) by multiplying a polynomial of p at
the n,-th power. As a result, the physics is similar to what is analyzed in the
previous paragraph. At small values of j, < «, the energy gap is quantized in
terms of the unit of £y, = hw as in Eq. (4.4) for both Hamiltonians. At very large
values of j, > a2 the LLs of Eq. (4.7) become flat again and the quantization
gap is at 2L, = 2hw.

We perform the numerical calculation of the energy levels of the reduced
2D Hamiltonian Eq. (4.7), as plotted in Fig. 4.1. The numerically calculated
spectra of Eq. 4.1, which were plotted in Refs. [102] and [104], are also presented
for comparison. Only the spectra of j, > 0 are plotted, and those of j, < 0 are
degenerate with their partners by the TR transformation which flips the sign of
J-- The lowest LL of Eq. (4.7) is flat as expected, while higher LLs are weakly
dispersive which is hardly observable for the range of j. presented. The LLs of Eq.
(4.1) are dispersive with the dependence on j, shown in Eq. (4.4). Inside the gaps
between adjacent LLs of Eq. (4.1), the number of states is of the order of a.

4.2.4 The Z, nature of the topological properties

Due to their connection to the 2D reduced version of the LL Hamiltonian,
we still denote the low-energy bands of Eq. (4.1) as 2D parity breaking LLs. As
shown in Eq. (4.4), although these LLs are not exactly flat, their dispersion over
j. is strongly suppressed by the large value of a. If the chemical potential 1 lies
in the middle of the band gap, the Fermi angular momentum ji . is at the order
of a. The classic radius of such a state is roughly Ir. As analyzed in Sec. 4.2.2,
for states with |j,| < «, two Hamiltonians Eqgs. (4.1) and (4.7) share the same

physics.
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Compared to the usual 2D LL states, the SO coupled LLs of Eq. (4.1) in
the form of Eq. (4.9) are markedly different. The smallest length scale is not Ir,
but the SO coupling length scale Iy, = Ir/a < lr. Instead, we can use I as the
cut-off of the sample size by imposing an open boundary condition at the radius
of lp. States with |j,| < « are considered as bulk states which localize within the
region of p < lp. States with |j,| ~ « are edge states.

We take the thermodynamic limit as follows. First, w is fixed, which deter-
mines the LL gaps. Then we set m — 0 and A — oo while keeping Iy, = i/(mA\)
unchanged, such that lp = \/g — 00. The number of bulk states scales linearly
with «, and the level spacing scales as 1/a — 0 at the Fermi angular momentum
Jhpz ~ Q.

The next important question is the stability of the gapless edge modes.
This situation is different from the usual 2D LL problem, in which inside each LL
for each value of angular momentum m, there is only one state. Those edge modes
are chiral and, thus, robust against external perturbations. Since Eq. (4.1) is TR
symmetric, for each filled LL there is always a pair of degenerate edge modes 1, +;,
on the Fermi energy, where n, is the LL index. Nevertheless, these two states are
Kramer pairs under the TR transformation satisfying 72 = —1. In other words,
the edge modes are helical rather than chiral.

We generalize the reasoning in Ref. [16] and [17] for topological insulators
with good quantum numbers of lattice momenta to our case with angular momen-
tum good quantum numbers. Any TR-invariant perturbation cannot mix these

two states to open a gap. In other words, the mixing term,

Hmm = g(w;D,nr,jszDvnﬁ_jz -+ h.C.), (412)

is forbidden by TR symmetry. On the other hand, if two LLs with indices n, and

n! cut the Fermi energy, the mixing term,

Hpw = g'(Wp . s b2pm g = Vp s b2 m, .
+ he), (4.13)

is allowed by TR symmetry and opens the gap. Consequently, the topological

nature of such a system is characterized by the Zs index, even though it is not
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clear how to define the Pfaffian-like formula for it due to the lack of translational
symmetry. [17] Similarly to the 2D topological insulators based on lattice Bloch-
wave states, in our case, if odd numbers of LLs are filled such that there are odd
numbers of helical edge modes, the gapless edge modes are robust.

Imagining an open boundary at p = Iy, we derive an effective edge Hamil-
tonian for these helical edge modes. As |j,| ~ « and taking the limit of a@ — 400,
these edge modes are pushed to the boundary. We expand the spectra around

J=,fm- The edge Hamiltonian in the basis of j. can be written as

hvs
Hegge = Z(l—jwz! — WYL . (4.14)

J=

where p = h% Jzfm- The edge modes v, ;. around j, r,, can also be expanded as

fo, €M
wnm]‘z - ( i wnm—jz = Twm-,jz- (4]‘5)

Gn ei(erl)qb

fn, and g, are real numbers parameterized as

T

0, 0,
fn, = cos 5 Gn, = sin 2T, (4.16)

which are determined by the details of the edge. We neglect their dependence on
|7.| for states close enough to the Fermi energy. The effective edge Hamiltonian

can also be expressed in the plane-wave basis if we locally treat the edge as flat

Hypeage = 07 (500, [(7x &) 2)](F - )

4 cosbh (Fx &) - az> _ (4.17)

where é, is the local normal direction on the circular edge; both terms are allowed
by rotational symmetry, TR symmetry, and the vertical mirror symmetry in such
a system. Each edge channel is a branch of helical one-dimensional Dirac fermion
modes.
Equation (4.1) can be defined on the compact S? sphere, which takes the
simple form
12

=
I
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The eigenvalues of L - take [h and —(I41)h for the positive and negative helicities
of jp =1+ %, respectively. For convenience, we choose the parameter value of Iw/h
as a large half-integer, then for the lower energy branch, the energy minimum takes
place at jo 4 = lo +% = Jw/h. The lowest LLs become SO-coupled harmonics with
J+ = Jjo+ and (2ly+2)-fold degeneracy. The gap between the lowest LLs and higher
LLs is A = h?/(2I), which is independent of w. To take the thermodynamic limit,
we keep [ constant while increasing the sphere radius R, and maintain w scaling

with R?, such that the density of states on the sphere is a constant.

4.3 Three-dimensional spin-orbit 7-p coupling in
the harmonic trap

In this section, we generalize the results in Sec. 4.2 to three dimensions.

We consider the ¢ - p-type SO coupling combined with a 3D harmonic potential

2\72
1 -
v + —mw?r? — M\(—ihV - &). (4.19)

Hyp = —
3D om | 2

Equation (4.19) possesses the 3D rotational symmetry, and TR symmetry of ferm-
ions with 7% = —1. The parity symmetry is broken by the & - k term, and there is
no mirror plane symmetry either. The quantities ly,, I7, a, and kg are defined in
the same way as in Sec. 4.2.

Although it is difficult to realize strong SO coupling in the form of o - p
in solid-state systems, it can be designed through light-atom interactions in ultra
cold atom systems. We present an experimental scheme to realize Eq. (4.19) in
Sec. 4.4.

4.3.1 Energy spectra

Again, we consider the limit of strong SO coupling, i.e., a > 1. It is
straightforward to generalize the momentum space picture in Sec. 4.2 to the 3D
case as presented in Ref. [103] and summarized below. The helicity operator & - k
is employed to define the helicity eigenstates of plane waves (7 - l%)ib,; L= iw;; 4
Only positive-helicity states v, are kept in the low energy Hilbert space. The



45

harmonic potential becomes the Laplacian operator in momentum space, and thus
is equivalent to a quantum rotor subject to the Berry phase in momentum space
as Vi = %m(zﬁk — Ek)Q The moment of inertial is again I = MkZ and M), =
h2/(mw?). The Berry connection A, = iV, i‘ﬁkwé, ) is the vector potential of
the U(1) magnetic monopole. As a result, the angular momentum quantization
changes to that j takes half-integer values starting from % The energy dispersion
becomes E,y(j) = h*j(j+1)/21 = (j(j+1)/2a*)E,,, and each level is (25 +1)-fold
degenerate. The radial quantization is the same as before. Thus the dispersion

can be summarized as

1 o ji+1
B, jj. & <nr+_+](])

2 2 202 )E“” (4.20

where n, is the band index, or, the LL index, and j is the angular momentum

quantum number.

4.3.2 Dimensional reduction from the 4D Landau level

Hamiltonian

Following the same logic as in Sec. 4.2.2, we present the dimensional re-
duction from the 4D LL Hamiltonian [Eq. (4.22)] to arrive at a 3D SO coupled
Hamiltonian closely related to Eq. (4.19). The 3D LL Hamiltonian, Eq. (4.5),
can be easily generalized to arbitrary dimensions by combining the n-D harmonic
potential and the n-D SO coupling between orbital angular momenta and fermion
spins in the fundamental spinor representations. In four dimensons, there are two
non-equivalent fundamental spinors, both of which have two components. Without

loss of generality, we choose one of them as
Oij = €ijkOk, 04 = O, (4-21)

where i, = 1,2, and 3. The orbital angular momentum operators are defined as
Lij = —ihx;V; +1hx;V,; where 4, j = 1,2, 3, and 4. The 4D LL Hamiltonian in the
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flat space is defined as
4

R*VZ mw? .
Hiprp = Z— om T 3 ZTZQ

i=1
- W Z Lijgija (422)

1<i<j<4

which possesses TR and parity symmetry.

The Ith-order 4D orbital spherical harmonics coupled to the fundamental
spinor can be decomposed into the 4D SO-coupled spherical harmonics in the
positive- and negative-helicity sectors, where L;;o;; take eigenvalues of [l and
—(I + 2)h, respectively. The eigen wave functions of Eq. (4.22) in the positive-
helicity channel are dispersionless with respect to [ as £, + = (2n, + 2)hw. Their
radial wave functions are R, ;(r) = r'e™""/?% F(—n, 1 + 2,7%/I2), where F is the
standard confluent hypergeometric function. With an open boundary of an S*
sphere, each filled LL contributes to a gapless surface mode of 3D Weyl fermions

as

HBD,surface - vfér,iaijpj - M, (423)

where é, is the unit vector normal to the S3 sphere. The topological index for such
a 4D LL systems with TR symmetry is Z rather than Zs.

We perform the dimensional reduction on Eq. (4.22) from four to three
dimensions. We cut a 3D off-center hyper-plane perpendicular to the fourth axis
with the interception x4 = wy Within this 3D hyper-plane of (x1, z9, 23, x4 = wy),
Eq. (4.22) reduces to

H3pyeae = Hspso — wL - G, (4.24)

where the first term is just Eq. (4.22) with the SO-coupling strength A = wuwy.
It contains another SO-coupling term, L. o, and its coefficient is the same as the
harmonic trapping frequency. Similarly to the previous reduction from three to
two dimensions, here we have a = I /ls, = |wol/lr. At wg = 0, Eq. (4.24) becomes
the 3D LL Hamiltonian of Eq. (4.5) with parity symmetry. If wy # 0, the & -

term breaks parity symmetry. Following the same reasoning as in Sec. 4.2.2, Egs.
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(4.19) and (4.24) share the same physics for eigenstates with j < « in the case of
a>1.

Similarly as before, we construct an off-center solution to the 4D LL prob-
lem. We use 7 to denote a point in the subspace of 13, and Q) as an arbitrary
unit vector in the x1-x5-x3 space. We consider the plane of O-dy spanned by the
orthogonal vectors Q and 24 It is easy to check that the following wave functions,
which depends only on coordinates in the QO-7y plane are the lowest LL solutions

to the 4D LL Hamiltonian, Eq. (4.22)

R _r2+xz
(7 Q+izy)e T ®ag, (4.25)
where ag = (cos £, sin 2e)7 satisfies
(Gul)ag = (7 - Q)ag = ag,. (4.26)

In this set of wavefunctions, both the orbital angular momentum and spin are
conserved and added up; they are called the highest weight states in group theory.
In fact, these states can be rotated into any plane accompanied by a simultaneous
rotation in the spin channel. Based on the structure of the highest weight states,
we can still define the magnetic translation operator in the Q-4 plane along the

T, axis as

1
72
I7

T, (w00) = exp (= wods, = 35 (7 Q)uy ). (4.27)

Applying this operator to the Gaussian pocket of the solution with [ = 0 in Eq.

(4.25), we arrive at the off-center solution

_ T‘2+1421 _.Twg

You (T xg) =e 77 e T ®ag,. (4.28)

This solution, however, breaks the rotational symmetry. In order to restore the
3D rotational symmetry around the new center (0,0,0,wy), we perform a Fourier

transformation over the direction of €2 as

Vs, T0) = [0V O ()
(4.29)
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where j = [ + % and j, = m + % Please note that due to the singularity of aq
over the direction of Q, monopole spherical harmonics, )_ 1i4lmel (), are used
instead of regular spherical harmonics.

Again, noting that 0,,%up.j ;. (7, Z4)|ssw, = 0, we simply set x4 = wp; then

it is simple to check that the reduced 3D wave functions

Usp..3.(7) = Yapyjj. (T, wo) (4.30)
are the solutions to Eq. (4.24) for the lowest LLs as
H3p reacsp,j j. (T) = (g - f)hww?aD,j,jz (7).
(4.31)

Y3p.j.;.(T) can be simplified as

2

Uspgin(® = ¢ {Gilhor)Va 0. () + i (ko)
X Y77jvl+17jz (QT)}7 (4.32)

where ky = wo/l% = mM\/h and A = wow; j; is the [th-order spherical Bessel

function. Yy j; ;. ’s are the SO-coupled spherical harmonics defined as

l+m+1 [—m T
Y. (82) = (\/ Tﬂylmv T_Hyl,mﬂ)

with a positive eigenvalue of [k for & - E, and

l—m l+m+1 T
Y~Q:<—\/ Ym,\/ Y, )
a]»lajz( ) 2l—|—1l 20+ 1 I,m4+1

with a negative eigenvalue of —(I + 1) for & - L.

The difference between Eq. (4.24) and Eq. (4.19) is the term & - L, whose

effect is weakened as the distance from center r gets small. The radial distributions
of ji(kor) in Eq. (4.32) and J,,(kop) in Eq. (4.9) are similar. Following the same
reasoning presented in Sec. 4.2.2; in the limit of o > 1, we can divide the lowest
LL states of Eq. (4.32) into three regimes: j < a, j > o?, and a < j < o?. At
J < «a, the classic orbit radius scales as r.; ~ élT < lp. Again in this regime,
the effect of - L is a perturbation of the order of Tej. /20 < 1; thus the two
Hamiltonians, Eq. (4.24) and Eq. (4.19), share the same physics. Similarly, in the
regime of j > o?, 7 - L dominates, and the physics of Eq. (4.24) comes back to
the 3D LL Hamiltonian, Eq. (4.5), while that of Eq. (4.19) is no longer LL-like.
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4.3.3 The Z, helical surface states

Following the same reasoning as in Sec. 4.2.4, we denote the low-energy
bands of Eq. (4.19) as 3D parity breaking LLs. For the lowest LL, below the
energy of the bottom of the second LL, the angular momentum j takes values
from % to the order of v at which the radius of the LL approaches Ir. For this
regime j < a, Egs. (4.19) and (4.24) share the same physics. Again, the smallest
length scale is the SO coupling length scale Iy, = Ir/a < lp. States with |j| < «
are considered bulk states which localize within the region p < lp. States with
|7.| ~ a are edge states. The number of bulk states scales linearly with a?.

Now we impose an open boundary condition of an S? sphere with radius r ~
I, and consider the stability of the edge modes against TR invariant perturbations.
Let us consider one filled LL. The Fermi energy lies between the gap, and thus cuts
the dispersion at surface states. In the limit of & — oo, the energy level spacing
between adjacent angular momenta j and j + 1 scales as fuw/a — 0 for surface
modes with j ~ o. Thus we can always choose the Fermi angular momentum jy
satisfying j; = 20+ % For this value of jf, there is an odd number of 2/ +1 Kramer
pairs between 1, +;. for j, = % to j;. Again according to the reasoning of the
Zy-classification in Refs. [16] and [17], these states cannot be fully gapped out by
applying TR invariant perturbations. Certainly, for those states with j = 21 + %
close to the Fermi energy, they can be fully gapped, but they are only part of
the spectra, and do not change the topological properties. Again, if two LLs with
different indices n, and n] cut the Fermi energy, the zero energy states at the Fermi
level can be fully gapped out. Thus, the topological nature of Eq. (4.19) is Zs.

We further present the effective surface Hamiltonian for surface modes in
the limit of j; ~ a — +00. The effective surface Hamiltonian of the 3D topological
insulators with the spherical boundary condition has also been discussed in Refs.
[108] and [109]. The surface Hamiltonian in the eigen-basis of j and j, can be

written as

hvys .
Hap = Z(TTfm - “ij,jﬂnr,j,jz» (4.33)

J:J=

where p = % Jjf- The construction of the accurate surface Hamiltonian in the
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) 2 B

Figure 4.2: (Color online) Level diagram for atom-laser coupling. Four lower
energy levels are coupled to two excited levels to compose a hybrid tripod and
tetrapod configuration.

plane-wave basis depends on the detailed information of surface modes v, ;. (7, €2,.)
for j ~ j; and, thus, is cumbersome. Nevertheless based on the symmetry analysis,

we can write the general form as

H,, cdge = vf{ sinf, (p'x d)-é,
+ cosby, [ 5 — (5 é,)(5 - ér)]} _ (4.34)

where ¢, is the local norm direction on the S?-sphere. Both terms obey the local
SO(2) rotational symmetry around the é. and TR symmetry. The first Rashba
term also obeys the vertical mirror symmetry, while the second term does not. The
second term favors the spin aligning with the momentum, while the second favors
a relative angle of 90°. For a general value of 6, , which is determined by the
non-universal surface properties and 6, , Eq. (4.34) determines a relative rotation
between spin and momentum orientation at the angle of 6,, . It is still a helical

Dirac Fermi surface.

4.4 Experimental realization for 3D SO coupling

In the ultra cold atom context, there has been great progress in the synthetic
gauge field, or, artificial SO coupling from light-atom interactions [73]. Experimen-

tally, artificial SO coupling has been generate in ultra cold atom systems. [72] Two
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dimensional Rashba and Dresselhaus SO coupling in the harmonic potential has
been proposed using a double-tripod configuration [110]. Since the pseudo-spin
degrees of freedom are represented by the two lowest energy levels, this scheme is
immune to decay due to collision and spontaneous emission process. [111]

In this section, we propose the experimental realization for the 3D SO
coupling of the & - p type in Eq. (4.19). Here we generalize the scheme in Ref.
[110] to a combined tripod and tetrapod level configuration as depicted in Fig.
4.2. Three internal levels [1), |2), and |3) couple the excited state |a) to form a
tripod configuration. A tetrapod-like coupling is formed by coupling the four levels
|1) — |4) to the common excited state |b). The single-particle Hamiltonian reads

P’ Loy,
H="—+—- H,. 4.
2m+2mwr + Hy (4.35)

where m is the mass of the atom; H, represents the atom-laser coupling. In the

interaction picture, H, can be written under the rotating wave approximation as

Hal = —h Z {le’m><1‘ + QQm|m><2‘ + Q3m|m><3’

m=a,b

where (2;,, are the corresponding Rabi frequencies between the internal states |i)
and |m) with m = a,b .

We introduce the following two bright states

[Bm) = (Qu[1) + 25, 12) + €23,,13)) /s, (4.37)

where m = a,b and Q,, = \/|Qum|? + [Q2m[2 + |Q3,[2. The atom-laser coupling

can be rewritten as

Hy = —h{Qa|a><Ba|+h.c.}

- h{Qb|b)(Bb| + Quu|b) (4] + h.c.}. (4.38)

To further simplify the model, here we assume (B,|By,) = 0, which can be achieved

by choosing

D (s, .
Qjm = %e“’%“%), (j=1,2,3;m=a,b) (4.39)
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Figure 4.3: Energy levels of the atom-laser coupling Hamiltonian Eq. 4.40.

with 0, = (j—2)27/3 and 0, = —(j —2)27/3. We also choose {1y, = Q4ei(E4'F+94),
and set Q. = Q,, Q) = Q.cos ¢, and Q4 = Q.sin ¢. Using these notations, H, is

simplified as
Hap = =1 [Q(|a) (Bal + D) (Byl) + hoc.] (4.40)

where |By) = cos ¢|By) + sin ¢|4) and |4) = e~i(F+76)]4) The above Hamiltonian
supports three pairs of degenerated eigenstates with energy difference h|Q.|, as

depicted in Fig. 4.3. Explicitly, the eigen-vectors are written as

_ |Ba) +a) By + 1)
‘G1> — \/§ ) ‘G2> — \/§ 9
G = D) 16 =B,
‘G5> — |Ba> B |CL>7 |G6> _ |Bb> + |b> (441)

V2 V2

where [D) = 3~ e~ 7|5) /v/3 and | BE) = sin ¢| By) — cos ¢|4). Therefore, the two
degenerate ground states can be used as pseudo-spin 1/2 degrees of freedom.

If the trapping frequency satisfies w < [€.|, according to the adiabatic
approximation, we neglect the coupling between the ground-state manifold and

other states. Therefore, atoms in the subspace spanned by |G) and |Gs) evolve
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according to the effective Hamiltonian

-,

7 A2 1
H, = (pm) + 5w’ + @, (4.42)

where the non-Abelian gauge potential A is a 2 x 2 matrix with the elements
Ay = il(Gi|V|G}), (4.43)

where 7,7 = 1,2; ® is a scalar potential induced by the coupling laser beams.
An isotropic 3D & - p-like SO coupling can be obtained by a 3D set-up of

laser configurations as

- 1 V3

ko= 6(=5.=50), ks = #(0,1,0),
- 1 V3 - 7T+ V17
Fo o= n-l Y300 B (0.0, TEVIT) (4.44)
27 2 8
In this case, the corresponding vector and scale potential are calculated as
A . . R
> = 0.166k [0,€, + 0,6, + (0, — I)ES],
h2k? .
d = 0.445 I. 4.45
2m ( )

The ® term is a constant and, thus, can be dropped off. The Abelian part in the
gauge potential A, is a constant, which can be absorbed by a gauge transformation.
Consequently, the remaining constant non-Abelian gauge potential behaves as a
d - p type SO coupling.

The above-considered level structure can be found for example, in alkali
atoms with large spins. Figure 4.4 shows the hyperfine ground state manifold-
s of 25’1/2 for K atoms under an external magnetic field. The energy levels
|1) ~ [4), |a), and [b) can be selected as different Zeeman sublevels of F' = § and
F = I. Using the notation of | M) to denote each state, we choose |1) = |2, —1),

2
|2) = g,%), 13) = %,%>, |4) = %,—%), la) = g,%> and [b) = |%,%) The coupling
between different levels is achieved for example, by using two laser beams under
second-order resonant Raman process. The two lasers can be chosen to be circu-
larly polarized and 7 polarized, respectively, in order to satisfy the selection rule.
Finally, wave vectors of individual laser beams can also be adjusted so that Eq.

(4.45) is fulfilled.
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Figure 4.4: (Color online) Energy level scheme for alkali atoms “°K. The Zee-
man sublevels of two hyperfine states F' = % and F = % can be used to fulfill
our requirements. Lines or curves with an arrow indicate effective transitions be-
tween different magnetic levels which can be implemented using resonant Raman
processes. Other levels, which are not involved in the scheme, are not shown.

4.5 Summary and Discussions

We have studied rotationally and TR symmetric LL systems in both 2D
and 3D systems with breaking parity symmetry, whose topological properties are
characterized by the Z class. These Hamiltonians are simply 2D harmonic po-
tentials plus Rashba SO coupling, or 3D harmonic potentials plus & - p-type SO
coupling with a strong SO coupling strength. For low-energy bands, the disper-
sions over angular momenta are strongly suppressed by SO coupling, to be nearly
flat. Up to a small difference which can be treated perturbatively, these Hamil-
tonians can be systematically investigated through dimensional reduction on the
high-dimensional LL problems by cutting an off-center plane in the 3D LL Hamil-
tonian or an off-center hyper plane in the 4D LL Hamiltonian. The parity breaking
LL wavefunctions in two and three dimensions are presented explicitly. With open
boundary conditions, helical edge states are found in two dimensions, and surface
states are found in three dimensions. These states can be realized in ultra cold

atom systems in a harmonic trap combined with synthetic gauge fields, i.e., artifi-
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cial SO coupling. In particular, we propose an experimental scheme to realize the
3D Hamiltonian.

The above dimensional procedure can be straightforwardly generalized to
arbitrary dimensions based on our previous construction of high dimensional LL
Hamiltonians in Chapter 2, and so can the general parity breaking LI wavefunc-
tions in N dimensions. The nice analytic properties of the 2D and 3D LL wave
functions breaking parity symmetry also provide a good opportunity to further
construct many-body wave functions of the factional topological states. These
properties will be investigated in a future publication.

Acknowledgements: This chapter is in part a reprint of the paper “2D
and 3D topological insulators with isotropic and parity-breaking Landau levels”,
authored by Yi Li, Xiangfa Zhou, and Congjun Wu, Phys. Rev. B, 85, 125122
(2012).



Chapter 5

Isotropic Landau levels of Dirac

fermions in high dimensions

5.1 Introduction

The integer quantum Hall effect in two-dimensional (2D) electron gas arises
from the quantized 2D Landau levels (LL). The non-trivial band structure topology
is characterized by non-zero Chern numbers [7, 11]. Later on, quantum anomalous
Hall insulators based on Bloch-wave band structures were proposed in the absence
of Landau levels [8]. In recent years, the study of topological insulators (TI) in
both 2D and three dimensions (3D) has become a major focus of condensed matter
physics [26, 25, 21, 16, 17, 15, 27]. TIs maintain time-reversal (TR) symmetry,
and their band structures are characterized by the nontrivial Zs-index. As for
the 3D TlIs, various materials with Bloch-wave band structures have been realized
and the stable helical surface modes have been detected [18, 19, 20, 22, 24, 31,
77, 32, 33]. Since LL wavefunctions have explicit forms with elegant analytical
properties, TIs based on high dimensional LL structures would provide a nice
platform for further theoretical studies. In particular, interaction effects in the
flat LLs are non-perturbative, which could lead to non-trivial many-body states in
high dimensions.

The seminal work by Zhang and Hu [57] generalizes LLs to the compact S*
sphere with particles coupled to the SU(2) gauge potential. The isospin of particles

56
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I scales as R? where R is the radius of the sphere. Such a system realizes the four
dimensional integer and fractional TIs. The 3D and 2D TIs can be constructed
from the 4D TITs by dimensional reduction [22]. Further generalizations to other
manifold have also been developed [59, 61, 62, 80, 112, 60]. The LLs of non-
relativistic fermions have been generalized to arbitrary dimensional flat space R”
[82] in Chapter 2. For the simplest case of 3D, the SU(2) Aharanov-Casher gauge
potential replaces the role of the usual U(1) vector potential. Depending on the
sign of the coupling constant, the flat LLs are characterized by either positive or
negative helicity. In the positive and negative helicity channels, the eigenvalues of
spin-orbit coupling term & - L take values of [ and —(l+1), respectively. Each LL
contributes a branch of helical surface modes at the open boundary. When odd
numbers of LLs are fully filled, there are odd numbers of helical Fermi surfaces.
Thus the system is a 3D strong topological insulator. This construction can be
easily generalized to arbitrary D-dimensions by coupling the fundamental spinors
to the SO(D) gauge potential.

Quantized LLs of 2D Dirac fermions have also been extensively investigated
in the field theory context known as the parity anomaly [92, 93, 95, 94, 113, 114, 8].
This can be viewed as the square root problem of the usual 2D non-relativistic LLs.
External magnetic fields induce vacuum charges with the density proportional to
the field strength. The sign of the charge density is related to the sign of the fermion
mass. There is an ambiguity if the Dirac fermions are massless. In this case, there
appear a branch of zero energy Landau levels. Each of them contributes j:% fermion
charge. It is similar to the soliton charge in the Jackiw-Rebbi model [85, 86], which
is realized in condensed matter systems of one dimensional conducting polymer

[115]. Depending on whether the zero energy Landau levels are fully occupied

1

5-pz Where [’ is the magnetic length.

or empty, the vacuum charge density is =+
In condensed matter physics, the best known example of Dirac fermions is in
graphene, which realizes a pair of Dirac cones. The quantized LLs in graphene
have been observed which distribute symmetrically with respect to zero energy.
Their energies scale as the square root of the Landau level index. The observed Hall
conductance per spin component are quantized at odd integer values, which reflects

the nature of two Dirac cones in graphene for each spin component [89, 90, 91, 116].
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In this chapter, we generalize the LLs with full rotational symmetry of Dirac
fermions to the three dimensional flat space and above. It is a square root problem
of the high dimensional LLs investigated in Chapter 2. Our Hamiltonian is very
simple: replacing the momentum operator in the Dirac equation by the creation
or annihilation phonon operators, which are complex combinations of momenta
and coordinates. The LLs exhibit the same spectra as those in the 2D case but
with the full rotational symmetry in D-dimensional space. Again the zero energy
Landau levels are half-fermion modes. Each LL contributes to a branch of helical
surface mode at open boundaries.

This chapter is organized as follows. In Sect. 5.2, after a brief review of
the 2D LL Hamiltonian of Dirac fermions in graphene, we construct the 3D LL
Hamiltonian of Dirac fermions. Reducing this 3D system to 2D, it gives rise to
2D quantum spin Hall Hamiltonian of Dirac fermions with LLs. In Sect. 5.3, we
further solve this 3D LL Hamiltonian of Dirac fermions, and its edge properties
are discussed. For the later discussion of generalizing the 3D LL Hamiltonian to
arbitrary higher dimensions, in Sect. 5.4, we briefly review some properties of
D dimensional spherical harmonics and spinors. In Sect. 5.5 and Sect. 5.6, we
extend the solutions of LL. Hamiltonians to arbitrary odd and even dimensions,

respectively. Conclusions are given in Sect. 5.7.

5.2 The Landau level Hamiltonian of 3D Dirac

fermions

5.2.1 A Brief Review of the 2D LL Hamiltonian

Before discussing the LL problem of Dirac fermions in 3D, we briefly review
the familiar 2D case [91, 116] to gain the insight on how to generalize it to high
dimensions. The celebrated condensed matter system to realize 2D Dirac fermion
is the monolayer of graphene [91, 116], which possesses a pair of Dirac cones with

spin degeneracy. Here for simplicity, we only consider a single 2D Dirac cone under
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a uniform magnetic field Bz. The Landau level Hamiltonian in the zy-plane reads
e e

HQD,LL = UF{(px - EAac)U:c + (py - EAy)Uy}’ (5~1)

where the Dirac fermion with momentum p is minimally coupled to the U(1)

magnetic field with symmetric gauge potentials

Ez, (5.2)

B
Ay =——y, A, =
Y v

2
satisfying V x A= BZz; the Fermi velocity vg is related to the cyclotron frequency

w via the magnetic length I” as

he l'w
l/ = _ = —, 53
er VR ﬂ ( )
For later convenience, we define I, = +/2I' which will be termed as cyclotron

length below. The spectra of Eq. (5.1) consist of a branch of zero energy LL, and
other LLs with positive and negative energies distribute symmetrically around zero
energy. The energy of each LL scales as the square root of the Landau level index.

It is well-known that Eq. (5.1) can be recast in term of creation and annihilation

operators
hw 0 al +ial
Hsp = —= Y o, (5.4)
V2| a,—ia, 0
where a;(i = x,y) are the phonon annihilation operators along the = and y-
directions, with the form as
1 r1 lo

In Eq. (5.4), two sets of creation and annihilation operators combine with
1 and the imaginary unit 7. In order to generalize to 3D, in which there exist three
sets of creation and annihilation operators, we employ Pauli matrices to match

them as explained below.

5.2.2 The construction of the 3D LL Hamiltonian

We define the rotationally invariant operator B as

A BN L pilo T
B = — iUy = 1’7{ - *}, 56
3D i0;0; = O AN Zlo (5.6)
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where the repeated index ¢ runs over x,y and z; a; is the phonon annihilation
operator along the ¢-direction; [ is the cyclotron length. We design the 3D Landau

level Hamiltonian of Dirac fermions as

fuw
H3D:7

0 B,

(5.7)
Bsp 0

Eq. (5.7) contains the complex combination of momenta and coordinates, thus it
can be viewed as the generalized Dirac equation defined in the phase space. Using

the convention of «, # and y-matrices defined as

0 g; .[2><2 0
Q; = ) 5 = )
o; 0 0 —Iryo

Vi = 5041'2[ ’ Ui];

—0; 0

. [ O IQ><2 ]
V5 = 017273 = )
IQ><2 0
Eq. (5.7) is represented as
. T
Hsp = vp Z {Oéipz‘ + whlg}’ (5.8)

1=2,Y,2

where vp = 3low. A mass term can be added into Eq. (5.8) as

Al 0
H3D,ms = AB = 2 . (59)
0 _AI2><2

A similar Hamiltonian was studied before under the name of Dirac oscillator [117,
118], which corresponds to Eq. (5.7) plus the mass term of Eq. (5.9) with the
special relation [y = \/m However, the relation between the solution of
such a Hamiltonian to the LLs and its topological properties were not noticed
before.

The corresponding Lagrangian of Eq. (5.8) reads
L= @Z_J{’Yolhat - ZU’)/lhaz}@Z) — Uph@Z_JZ"}/()”yszOl(T% (510)

where FY = x,;/12. Compared with the usual way that Dirac fermions minimally

couple to the U(1) gauge field, here they couple to the background field in Eq.
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(5.10) through i7yy7y;. It can be viewed as a type of non-minimal coupling, the
Pauli coupling. Apparently, Eq. (5.7) is rotationally invariant. It is also time-

reversal invariant, and the time-reversal operation 7" is defined as

iUQ 0
0 iO’Q
where K represents the complex conjugation operation, and 72 = —1.

5.2.3 Reduction to the 2D quantum spin Hall Hamiltonian

of Dirac fermions with LLs

If we suppress the z-component part in the definition of Eq. (5.6), we will
arrive at double copies of the usual LL problem of 2D Dirac fermions with Kramer
degeneracy, which can be considered as the Zs-topological insulator Hamiltonian
arising from LLs of 2D Dirac fermions. We define the operator BQD as BQD =

—i0,0, — 10y, and the Eq. (5.7) reduces to

0 0 0 al+ial
V2 . 0 0 —aj +ial 0
0  —a,—ia 0 0
4, —ia, 0 0 0
0 0 0 p.—A
= Ufp y
0 p.+A 0 0
P+ — A+ 0 0 O

where py = p,+ip, and AL = A, £iA,. It is reducible into a pair of 2 X 2 matrices

as

0 p.t A
HQD,i = VU N (512)
p+ £ A4 0

which are time-reversal partner to each other. Thus Eq. (5.12) can be viewed as

the quantum spin Hall Hamiltonian of 2D Dirac fermions.
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A similar situation occurs in the strained graphene systems in which lattice
distortions behave like a gauge field coupling. Signatures of LLs due to strains
have been observed in Ref. [119]. Due to the TR symmetry, the Dirac cones at
two non-equivalent vertices of the Brillouin zone see gauge fields with a opposite
sign to each other. Such a coupling is also spin-independent. However, the TR
transformation connecting two Dirac cones satisfies 72 = 1, thus LLs due to strain
are not topologically protected. They are unstable under inter-valley scattering.

Equation (5.12) exhibits the standard minimal coupling to the background
U(1) gauge field. Its solutions are well-known thus will not be repeated here.
After all, there is no non-minimal coupling in 2D. Each state of the zero energy
LL is actually a half-fermion zero mode. Whether it is filled or empty contributes
the fermion charge :I:%. As the chemical potential ;1 = 0%, magnetic field pumps
vacuum charge density p(r) = +35B. In the field theory context, this is an
example of the parity anomaly [92, 93, 95, 94, 113, 114, 8]. Our 3D version and
generalizations to arbitrary dimensions exhibit similar effects as will be discussed

below.

5.3 The bulk spectra of the 3D Dirac fermion
LLs

In this section, we will present the solution of the spectra and wavefunctions
of the 3D LL Hamiltonian for Dirac fermions, which can be obtained based on
solutions of the 3D LL problem of the non-relativistic case in Chapter 2. We start

with a brief review of the non-relativistic case of the 3D LL problem.

5.3.1 The 3D isotropic non-relativistic LL. wavefunctions

As shown in Chapter 2, the 3D isotropic LL Hamiltonians for non-relativistic
particles are just spin—% fermions in the 3D harmonic oscillator plus spin-orbit cou-
pling as

p* 1 -
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Their eigenfunctions are essentially the same as those of the 3D harmonic oscillator

of spin—% fermions organized in the total angular momentum eigen-basis of j, j. as

Ui it (7) = Ry (1) Va5, (), (5.14)

where n, is the radial quantum number; j. = lj:% represent positive and negative
helicity channels, respectively; and [ is the orbital angular momentum. Please
note that [ is not an independent variable from j.. We write it explicitly in order
to keep track of the orbital angular momentum. The radial wavefunction can be

represented through the confluent hypergeometric functions as

2 .2
5 1) (5.15)

r\!
Rnr,l(r) - Nm«,l(%) F( nrvl + = 2 lg) )

where F' is the standard first kind confluent hypergeometric function,

3% il“ —n, +n) F(H—%)

F(=ny,1
(=nr 45 7) [(=n,) T(+3+n)

n=0

F(nlﬂ) (g)n (5.16)

When n, is a positive integer, the sum over n is cut off at n,. The normalization

factor reads as

L [+, +2)
N’nr,l = 3
r'i+3) I'(n,. +1)

(5.17)

The angular part of the wavefunction is the standard spin-orbit coupled

spinor spherical harmonic function, which reads as

[1Ei=+3 Y,
lm
N TR a— 2 . (5.18)

l:F]z‘f’g A
20+1 lm+1 (€2)

Depending on the sign of the spin-orbit coupling in Eq. (5.13), one of the
two branches of positive or negative helicity states are dispersionless with respect
to j, and thus are dispersionless LLs. For H3p _, the positive helicity states become

dispersionless LLs as

3
H3D,—Q/}nmj+7l,jz = (2”’7‘ + §)hwwnr7j+yl7jz (5]‘9)
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where n, serves as Landau level index. However, the negative helicity states are

dispersive whose eigen-equation reads
5
H3p,—tn,j 1. = (2n, + 20 + i)hwwnr,jf,l,jz' (5.20)
Similarly, we have the following eigen-equations for the Hsp ; as

1
H3p s, j 14. = (2nr+§)7w¢n,-,jﬂl,jz

3
H3D,+wnmj+,l,jz = (Qn"' + 2Z + §)hwwnryj+’l7jz' (52]‘)

In this case, the negative helicity states become dispersionless LLs with respect to

7, while the positive ones are dispersive.

5.3.2 3D LL wavefunctions of Dirac fermions

Now we are ready to present the spectra and the four-component eigen-
functions of Eq. (5.8) for the massless case. Its square is block-diagonal, and two
blocks become the non-relativistic 3D Landau level Hamiltonians with opposite
signs of spin-orbit coupling presented in Chapter 2,

HZ, B H_ 0
she l 0 H ]

P 1 =
= m+5MW2T2—W{L5+

N W

i %)

where M is defined through the relation [y = \/h/(Mw).

Its eigenfunctions can be represented in terms of non-relativistic Landau

(5.22)

levels of Eq. (5.14) as presented in Sect. 5.3.1. Eq. (5.7) has a conserved quantity

as
7-l+h 0
k=] 7' ) . (5.23)
0 —(G-I+h)

According to its eigenvalues, the eigenfunctions of Eq. (5.7) are classified as

K\Pinmjajz = (Z + 1)h\1[1inhjvjz7
K\I/Iilnmz = —m\IJQWJZ, (5.24)
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respectively. Wl . is dispersionless with respect to j, while WY .. is disper-
sive, respectively. The dispersionless branch is solved as
1 .~ in r
W gy ()= o | P (5.5
V2| i, 1141 (F)
with the energy
Ein, ;. = £hwy/n,. (5.26)

Please note that the upper and lower two components of Eq. (5.25) possess d-
ifferent values of orbital angular momenta. They exhibit opposite helicities of
J+, respectively. The zeroth Landau level (n, = 0) is special: only the first two
components are non-zero.

On the other hand, the wavefunctions of the dispersive branch read

Fithn, j_i41,4.(T) ]

11 (—») 1
¢n7»,j+,l,jz (F)

RN r)=

abv (5.27)

with the spectra solved as

Ein, jj. = Fhwyn, + 5+ 1. (5.28)

These states are just discrete energy levels lying between two adjacent LLs. For
simplicity, let us only consider the positive energy states. The degeneracy of these
mid-gap states lying between the n-th and (n + 1)-th Landau levels with n =
ny +j -+ % is finite, n(n + 1), due to finite combinations of n, and j. In particular,
between the zeroth LL and the LLs with n, = %1, these discrete states do not
exist at all.

Because Eq. (5.8) satisfies SH3pfS = —Hsp, its spectra are symmetric
with respect to zero energy. If the zeroth branch of Landau levels (n, = 0) are
occupied, each of them contribute a half-fermion charge. The vacuum charge is
PPP(F) =530, \Ilgmz (F)Wq.; ;. (), which are calculated as

1 (&=I1+1 1 2Ny~
0 = st () e
1 (1 -z r

_ Lyt e r, b r
- mg{ﬁe ! +(z0+2r)erf(zo)}’

m, as r — +o0. (529)



66

In 2D, the induced vacuum charge density in the gapless Dirac LL problem

1 _ 1e
2l T 4w he

is a constant, p*’(r) = B, which is known as “parity anomaly”.
However, in the 3D case, the vacuum charge density p3P(r) diverges linearly, which
is dramatically different from that in 2D. This can be easily understood in the
semi-classic picture. Each Landau level with orbital angular momentum [ has a
classic radius 7, = V2Ily. In 2D, between r; < r < r;11, there is only one state.
However, in 3D there is the 2j, + 1 = 2[ + 2 fold degeneracy, which is the origin
of the divergence of the vacuum charge density as r approaches infinity. Generally
speaking, in the case of D dimensions, the degeneracy density scales as r?~2 as
shown in Sect. 5.5 and Sect.5.6. The intrinsic difference between high-D and 2D is
that the high dimensional LL problems exhibit the form of non-minimal coupling.
In 2D, due to the specialty of Pauli matrices, this kind of coupling reduces back
to the usual minimal coupling. In Eq. (5.10), the background field is actually a
linear divergent electric field, not the magnetic vector potential. Eq. (5.29) can be
viewed as a generalization of “parity anomaly” to 3D for non-minimal couplings.

Now we consider the full Hamiltonian with the mass term Eq. (5.9). The

mass term mixes the LLs in Eq. (5.25 with opposite level indices +n, but the same

values of j and j,. The new eigenfunctions become

I .
W . | | cos —sind Vo i 5 30
v [ sing coso || @ ’ :30)
e S11n COS —nryddz

where cos?§ = 1 [1 + v/, /v + [A/(hw)ﬂ . The spectra are

EY = 4y/n(hw)? + A2, (5.31)

+nr,5,52

The zeroth LL !

ne=0.;.5. () singles out, which is not affected by the mass term.

Only its energy is shifted to A.

5.3.3 Gapless surface modes

As shown in Eq. (5.29), the 3D LL system of Dirac fermions has a center,
and does not have translational symmetry. Thus how to calculate its topological
index remains a challenging problem. Nevertheless, we can still demonstrate its

non-trivial topological properties through the solution of its gapless surface modes.
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We consider the surface spectra at a spherical boundary with a large radius
R > ly. The Hamiltonian H,.p inside the sphere takes the massless form of Eq.
(5.8), while H,~ g outside takes the mass term of Eq. (5.9) in the limit of |A| — oco.
Again the square of this Hamiltonian (H,«p + H,-g)? is just Eq. (5.22) subject
to the open boundary condition at the radius of R. The spectra of the open
surface problem of the non-relativistic 3D LL Hamiltonian have been calculated
and presented in Fig. 2.4, in which the spectra of each Landau level remain flat for
bulk states and develop upturn dispersions as increasing j near the surface. The
solution to the Dirac spectra is just to take the square root. Except the zeroth LL,
each of the non-relativistic LL and its surface branch split into a pair of bulk and
surface branches in the relativistic case. The relativistic spectra take the positive
and negative square roots of the non-relativistic spectra, respectively. The zeroth
LL branch singles out. We can only take either the positive or negative square
root, but not both. It surface spectra are upturn or downturn with respect to j
depending on the sign of the vacuum mass. For the current Hamiltonian, only
the first two components of the zeroth LL wavefunction are non-zero, thus it only
senses the upper 2 x 2 diagonal block of vacuum mass in Eq. (5.9), thus its surface

spectra are pushed upturn.

5.4 Review of D-dimensional spherical harmon-
ics and spinors

We will study the LL of Dirac fermions for general dimensions in the rest
part of this chapter. For later convenience, we present here some background
knowledge of the SO(D) group which can found in standard group theory text-
books [120].

The D-dimensional spherical harmonic functions Y}y{m}(Q) form the rep-
resentation of the SO(D) group with the one-row Young pattern, where [ is the

number of boxes and {m} represents a set of D — 2 quantum numbers of the
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subgroup chain from SO(D — 1) down to SO(2). The degeneracy of Y;(,, is

(D+1-3)!

d[l](SO(D)) = (D+2l — 2) l!(D — 2)! .

(5.32)

Its Casimir is ), _. L7, = [(l + D — 2)h?, where the orbital angular momenta are

i<j
defined as L;; = rip; — r;p;.

We also need to employ the I'-matrices. The 2 x2 Pauli matrices are just the
rank-1 I'-matrices. They can be generalized to rank-k£ I'-matrices which contains
2k + 1 matrices anti-commuting with each other. Their dimensions are 2¥ x 2¥. A

convenient recursive definition is constructed based on the rank-(k — 1) I'-matrices

as

r (k—1) .

F(k) _ 0 Fa F(k) _ O —ZI

i (k—1) ) 2k . )

| L 0 il 0
(1 0

(k) _

Doen = 0 -1 ] ) (5.33)

where i = 1,...,2k — 1. For D = 2k + 1-dimensional space, its fundamental spinor
is 2*-dimensional. The generators are constructed S;; = %FZ(»;) where

k (k) (k
I = —§[F§ LT, (5.34)
For the D = 2k-dimensional space, there are two irreducible fundamental repre-
sentations with 2¥~! components. Their generators are denoted as Si; and ng,
respectively, which can be constructed based on both rank-(k — 1) ng_l) and
F(kfl)

i -matrices. For the first 2k — 1 dimensions, the generators share the same

form as

Sy =Sl = %Fg?*”, 1<i<j<2k—1, (5.35)
while other generators S; o, and S; 5, differ by a sign as

Siok = Siop, = iérgk‘”, 1<i<2k—1. (5.36)

We couple Y 1,y to the SO(D) fundamental irreducible spinors. For sim-

plicity, we use the same symbol s in this paragraph to denote the fundamental
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spinor representation (Rep.) for SO(D) with D = 2k 4 1 and the two irreducible
spinor Reps. for SO(D) with D = 2k. The states split into the positive (j;) and

~

negative (j_) helicity sectors. The bases are expressed as Vj, i(j..1(£2), where

{jm} is a set of D — 2 quantum numbers for the subgroup chain. The degeneracy

number of V;_ .5 (5.3 (€2) is

(D +1-2)!

dj, =ds———,
i (D —2)!

(5.37)

where d; is the dimension of the fundamental spinor representation. Similarly, the

degeneracy number of Y, . 1;,1(£2) is

(D +1—3)!
I E

d;_ = d, (5.38)

The eigenvalues of the spin-orbit coupling term } _, ; L'ijLij for the sectors of
yj%s’,,{jm}((z) and yj_;5717{jm}(fl) are [h and —(I+ D — 2)h, respectively. We present
the eigenstates of the D-dimensional harmonic oscillator with fundamental spinors

in the total angular momentum basis as

wr?r,ji,&l’{jm} (77) = Rnr,l(r)yji787l7{jm} (Q)v (5'39)

where the radial wavefunction reads

[ 7& 2
Rui(r) = NP, (—) ¢ 8 F(=n,,1+ —,%) (5.40)
’ "\ o 270
and the normalization constant reads
% [foT(n, +1+ 2
r + + 5
NP, =0 (n 2) (5.41)
” i+ 5D) L(n, +1)

5.5 The LLs of odd dimensional Dirac fermions

In this section, we generalize the 3D LL Hamiltonian for Dirac fermions
to an arbitrary odd spatial dimensions D = 2k + 1. We need to use the rank-k
[-matrices, which contains 2k + 1 anti-commutable matrices at the dimensions of
2k % 2% denoted as ng)(l < i < 2k+1). The definition of ng) and the background
information of the representation of the SO(D) group is given in Sect. 5.4.
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We define B2k+1 = —iFl(.k)di and the 2k + 1-dimensional LL Hamiltonian of
Dirac fermions Hog, 1 in the same way as in Eq. (5.7). Again the square of Hoyq

reduces to a block-diagonal form as

(Hopy1)? p* 1 k)
%T = 2T\4+ ~Muw*r? _M{ZL”FH
1<J
2k +1 I 0
b T h} , (5.42)
2 0 —I
where Fgf) [ka), F] ] Each diagonal block of Eq. (5.42) is just the form the

2k + 1 D LL problem of non-relativistic fermions in Chapter 2.

Again we can define the following conserved quantity

(k)
I L+ (D —2)h 0
A (5.43)
0 —(T'i;Lij + h)
K divides the eigenstates into two sectors Wl g im )} and W!! T i}

I _ I

K\Ijinhj’{jm} - h(l + D - Z)qjinr,j,{jm}v
II -

K\:[Jinr ]:{]rn} - hl\yin,«,] {]m}7 (544)

respectively. As explained in Sect. 5.4, j represents the spin-orbit coupled rep-
resentation for the SO(D = 2k + 1) group, and {j,,,} represents a set of good
quantum number of the subgroup chain from SO(D — 1) down to SO(2).
Similarly as before, the sectors of \I/iff] (jmy are dispersionless and dis-
persive with respect to j, respectively. The concrete wavefunctions are the same
as those in Eq. (5.25) and Eq. (5.27) by replacing the 3D wavefunction to the

D-dimensional version of Eq. (5.39). The wavefunctions of \Ifiil J{jmy ATe given

explicitly as

D —
\I/I (_j = L ¢"T'757j+7lv{j7n}(r)
+n,5,52 r f - 1 D ’
2 L il¢nr_175’j—vl+17{jm}(f)
1 [ —iu? (7
\IJ:[t[nTJ]z ('F) - :F w;f)?"vsyj—fl_'_l?{]m}( ) ] . (545)
V2 L wnr N lv{jm}(f‘)

The dispersion relation for the LL branch of ¥/ 4 still behaves as

Enr,j,{m

Einr§j7{jz} = ihwﬁr? (546)
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while that for the branch of \I!Iifn iy Teads as

D

Again each occupied zero energy LL contributes to %—fermion vacuum charge.

If the zeroth LLs are fully filled, the vacuum charge is expressed as

5 2 18P = s (1) e} B

]7{Jm} =0

where D = 2k + 1; g;(D) is the degeneracy of the positive helicity sector of the
fundamental spinor coupling to the [-th D-dimensional spherical harmonics, and
its expression is the same as d;, given in Eq. (5.37); Qp = DrP/2/T(D/2 + 1) is

the area of D-dimensional unit sphere. Eq. (5.48) can be summed analytically as

V27 2\% D r? *z%
plr) = 4(ng) F(D=1,5, )
1 r

1
(2m) 7z 1P T(554) (lo

—

D-2
) , as 1 — 00. (5.49)

Similarly, if the D-dimensional version of the mass term inside Eq. (5.9) is
added, every wavefunction with the radial quantum number n, hybridizes with its
partner with —n, while keeping all other quantum numbers the same. The pair of
new eigenvalues becomes i\/m . Again, the zero-th LL wavefunctions
single out and remain the same, but their energies are shifted to A. For a similar
open surface problem to that in Sect. 5.3.3, each LL with n,. # 0 develops a branch
of gapless surface mode with the upturn (downturn) dispersion with respect to j for
n, > 0 (n, < 0), respectively. The surface mode from the zeroth LL develops either
upturn or downturn dispersions depending on the relative sign of the background

field coupling and the vacuum mass.

5.6 The LLs of even dimensional Dirac fermions

The LL problem in the even dimensions with D = 2k is more complicated.

The SO(2k) group has two irreducible fundamental spinor representations s and
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s'. Each of them is with the dimension of 2*~!. The construction of the SO(2k)
generators for the irreducible representations are introduced in Sect. 5.4.

Now we define ng = —iFEk)di where i runs over 1 to 2k. Similarly to the
2D case, the counterpart of Eq. (5.7) in the D = 2k dimensions Hp_oy, is reducible
into two 2% x 2¥ blocks as
hw 0 +ah, + i Val

He=—

: (5.50)
2 | dagy, —iT% Va, 0

where the repeated index ¢ runs over from 1 to 2k — 1. For each one of the reduced
Hamiltonians H., each off-diagonal block has only the SO(2k — 1) symmetry.
Nevertheless, each of Hy is still SO(2k) invariant. If we combine the two irre-
ducible fundamental spinor representations s and s’ together, the spin generators

are defined as

Sij;sEBs’ = _E[ng)’ r

. ) (5.51)

(.
J
Both of H. commute with the total angular momentum operators in the combined

representation of s @ s’ defined as
Jij;SEBS’ = Lij + Sij;s@s’- (552)

We choose H, as an example to present the solutions of the LL wavefunc-
tions in even dimensions. The K-operator is similarly defined as in Eq. (5.43)

as

K, = 2S;;L;; + (D —2)h 0 7 (5.53)

0 —(25};Lij + h)
where 7, j run from 1 to 2k, and S;; and ng are generators in the two fundamental
spinor representations given in Eqgs. (5.35) and (5.36), respectively. They again
can be divided into two sectors of ¥/ and U/ whose eigenvalues of K, are

R(l + D — 2) and —hl, respectively. The dispersionless branch of ¥/ can be

viewed as LLs, whose wavefunctions read

1 Urnr s b L} (T)
+.1 5]+ 58:0,1m
imitimt () =—75 | : (5.54)
S V2 | Fith, 11, (7)
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Their spectra are same as before F., ;;.} = £hw,/n,. Please note that the
upper and lower components involve the s and s’ representations, respectively.

Similarly, the dispersive solutions of ¥/ become

Fithn, j_ si+1,{m} (7) ]

\If+’II ( 1
wnr7j+,$/,l7{jm} (m

in7-7j,{jnL} ,F‘) = E

whose dispersions read Fi,, j ().} = Thwy/n, + 1+ %. The solutions to H_ are
very similar to Eq. (5.54) and Eq. (5.55) by exchanging the irreducible fundamen-

(5.55)

tal spinor representation indices s and s'.
Again if the zeroth branch LLs are filled, the vacuum charge p”(7) =
%Zj’{jm} |\IJ6J.V{]‘m}(F)|2 is calculated as

PO = lcl?{ i Tl i 2 (l?;)mglsgf) }e (5.56)

1=0
where D = 2k, Qp and g,(D) are defined similarly as in Eq. (5.48). It can be

summed over analytically as

L) = %<7) Fo-1,2 77, (5.57)

3 D VT r bz
which p”(r) — iy B T (E) ,as T — 400.

5.7 Summary

We have generalized the LL problem of 2D Dirac fermions to arbitrary
higher dimensional flat spaces with spherical symmetry. This problem is essentially
the square root problem of its non-relativistic LL problem with spherical symmetry
in high dimensions in Chapter 2. The zero energy LLs is a branch of %—fermion
modes. On the open boundary, each LL contributes one branch of helical surface
modes. This series of LL. problems can be viewed as the generalization of parity
anomaly in 2D to arbitrary dimensions in a spherical way. An open question is
that how to experimentally realize the case of the 3D systems.

Acknowledgements: This chapter is in part a reprint of the paper
“Isotropic Landau levels of Dirac fermions in high dimensions” authored by Yi Li,
Kenneth Intriligator, Yue Yu, and Congjun Wu, Phys. Rev. B, 85, 085132 (2012).



Chapter 6

The J-triplet Cooper pairing with

magnetic dipolar interactions

6.1 Introduction

Ultracold atomic and molecular systems with electric and magnetic dipolar
interactions have become the research focus in cold atom physics [121, 122, 123,
124, 125, 126, 127]. When dipole moments are aligned by external fields, dipolar
interactions exhibit the d,2_s.2-type anisotropy. The anisotropic Bose-Einstein
condensations of dipolar bosons (e.g. °2Cr) have been observed [128, 129, 130, 131].
For the fermionic electric dipolar systems, “°K-8"Rb has been cooled down to nearly
quantum-degeneracy [121]. Effects of the anisotropic electric dipolar interaction on
the fermion many-body physics have been extensively investigated. In the Fermi
liquid theory, both the single particle properties and collective excitations exhibit
the d,2_3.2 anisotropy [132, 133, 134, 135, 136, 137]. In the single-component Fermi
systems, the leading order Cooper pairing instability lies in the p-wave channel,
which is the simplest one allowed by Pauli’s exclusion principle. The anisotropy
of the electric dipolar interaction selects the instability in the p.-channel, which
is slightly hybridized with other odd partial wave channels [138, 139, 140, 141,
142, 143, 144, 145]. For two-component cases, the dipolar interaction leads to
anisotropic spin-triplet pairing, and its orbital partial wave is again in the p,-

channel [146, 147, 148, 149]. The triplet pairing competes with the singlet pairing
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in the hybridized s 4 d,2_s,2-channel. The mixing between the singlet and triplet

us

pairings has a relative phase 47,

which leads to a novel time-reversal symmetry
breaking Cooper pairing state [147].

An important recent experimental progress is the laser cooling and trapping
of magnetic dipolar fermions of '%'Dy and 3Dy with large atomic magnetic mo-
ments (10pp) [125, 126]. There are important differences between magnetic and
electric dipolar interactions. Electric dipole moments are essentially non-quantized
classic vectors from the mixing between different rotational eigenstates, which are
induced by external electric fields [121, 122], thus electric dipoles are frozen. In
the absence of external fields, even though at each instant of time there is a dipole
moment of the heteronuclear molecule, it is averaged to zero at a long time scale.
In contrast, magnetic dipole moments of atoms are intrinsic, proportional to their
hyper-fine spins with a Lande factor. Unpolarized magnetic dipolar Fermi systems
are available, in which dipoles are defrozen as non-commutative quantum mechan-
ical operators, thus lead to richer quantum spin physics of dipolar interactions.
Furthermore, the magnetic dipolar interaction is actually isotropic in the unpo-
larized systems. It is invariant under simultaneous spin-orbit rotations but not
separate spin or orbit rotations. This spin-orbit coupling is different from usual
single particle one, but an interaction effect. It plays an important role in the Fer-
mi liquid properties such as the unconventional magnetic states and ferro-nematic
states predicted by Fregoso et al [150, 151].

It is natural to expect that magnetic dipolar interaction brings novel pairing
symmetries not studied in condensed matter systems before. The systems of ' Dy
and 19Dy are with a very large hyperfine spin of ' = %, thus their Cooper pairing
problem is expected to be very challenging. As a first step, we study the simplest
case of spin—%, and find that the magnetic dipolar interaction provides a novel and
robust mechanism to the p-wave (L = 1) spin triplet (S = 1) Cooper pairing to
the first order of interaction strength, which comes from the attractive part of the
magnetic dipolar interaction. In comparison, the p-wave triplet pairing in usual
condensed matter systems, such as *He [152, 153, 154], is due to the spin-fluctuation
mechanism, which is at the second order of interaction strength (see Refs. [155, 2]

for reviews). This mechanism is based on strong ferromagnetic tendency from
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the repulsive part of the *He-3He interactions. Furthermore, the p-wave triplet
Cooper pairing symmetry patterns in magnetic dipolar systems are novel, which
do not appear in *He. The orbital and spin angular momenta of the Cooper pair
are entangled into the total angular momentum J = 1, which is denoted as the J-
triplet channel below. In contrast, in the *He-B phase [153], L and S are combined
into J = 0; and in the *He-A phase, L and S are decoupled and .J is not well-
defined [154, 152]. There are two competing pairing possibilities in this J-triplet
channel with different values of .J,: the helical polar state (J, = 0) preserving time
reversal (TR) symmetry, and the axial state (J, = £1) breaking TR symmetry.
The helical polar state has point nodes and gapless Dirac spectra, which is a
time-reversal invariant generalization of the *He-A phase with entangled spin and
orbital degrees of freedom. In addition to usual phonon modes, its Goldstone

modes contain the total angular momentum wave as entangled spin-orbital modes.

6.2 The magnetic dipolar interaction and spin-
orbit couplings
We begin with the magnetic dipolar interaction between spin—% fermions

2
g & PN
Vaﬁ,ﬁ’g/(ﬂ = ﬁ{saa/ . Sﬁﬁ/ — 3(Saa’ . T)(Sgﬁ/ . T’)}, (61)

where 7 is the relative displacement vector between two fermions; p is the magni-
tude of the magnetic moment. Such an interaction is invariant under the combined
SU(2) spin rotation and SO(3) space rotation. In other words, orbital angular
momentum L and spin S are not separately conserved, but the total angular mo-

mentum J = L + S remains conserved. Its Fourier transformation reads [151]
At 4o 4 a4
Vaﬁ;ﬂ’a/((j) = ?M {3(‘3&&/ : q)(sﬁﬁ/ “q) — Saar - Sﬂﬂ/}~ (6.2)
The Hamiltonian in the second quantization form is written as

H o= 3 [el®) — el (RealF) + 57 %

k.
> Vapigar (k= )Pl (k: @) Paror (K 7). (6.3)

kk.q
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where €(k) = hk2/(2m); p. is the chemical potential; Py (k@) = cz(—k +
cj’)ca/(/z+ q) is the pairing operator; the Greek indices «, 5, o’ and ' refer to T and
1; V is the volume of the system. We define a dimensionless parameter charac-
terizing the interaction strength as the ratio between the characteristic interaction
2 pPmky

energy and the Fermi energy: A = Ey/Ep = 555"

6.3 Unconventional Cooper pairing in magnetic
dipolar interactions

We next study the symmetry of the Cooper pairing in the presence of Fermi
surface, i.e., in the weak coupling theory. An important feature of the magnetic
dipolar interaction in Eq. (6.1) is that it vanishes in the total spin singlet channel.
Thus, we only need to study the triplet pairing in odd orbital partial wave channels.
Considering uniform pairing states at the mean-field level, we set ¢ = 0 in Eq.
(6.3), and define triplet pairing operators PS(E), which are eigen-operators of S, +
ggz with eigenvalues s, = 0,=£1, respectively. More explicitly, they are Po(/;) =

- - - - - -

%[Pw(k) + Pi+(k)|, Pi(k) = Pn(k), P_1(k) = P, (k). The pairing interaction of
Eq. (6.3) reduces to
1 L. L
Hyuir = 50 2. {VL(RR)PLEPLE)]. (6.4)
Eﬁ’,szs;

where

afBp’a’
[Vasprar (k= K') = Voggrar (k + &) . (6.5)

(1s.|3aip) is the Clebsch-Gordan coefficient for two spin-1 states to form the spin
triplet; and sts,z(E; E’) is an odd function of both k and &'.

The decoupled mean-field Hamiltonian reads

1 oo [ ERT As(k) -
Hy; = Ui (k) ( ps (B e ) U (k) (6.6)
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where we only sum over half of the momentum space; &(k) = (k) — pie, and jin
is the chemical potential: U(k) = (CT(E), ci(l;), 4(—]2), cj(—lZ))T; A,p is defined as
Ans =Y, (Is:]3058)* A, A, satisfies the mean-field gap function as

_ / (d Koy (/;' RVE () — ——)Ay, (F), (6.7)

where K (k') = tanh[gEi(E’ )]/[2E;(K')]. The integral in Eq. (6.7) is already normal-
ized following the standard procedure [138]. For simplicity, we use the Born approx-
imation in Eq. (6.7) by employing the bare interaction potential rather than the
fully renormalized T-matrix, which applies in the dilute limit of weak interactions.
The pairing symmetry, on which we are interested below, does not depend on the
details that how the integral of Eq. (6.7) is regularized in momentum space. The
Bogoliubov quasiparticle spectra become Ej o(k k) = £+ A\ (k), where )\%2(%)
are the eigenvalues of the positive-definite Hermitian matrix AT(k)A(E). The free

energy can be calculated as

= —— Z In QCOShﬁE ]

kz 1,2

1 VTE A (E
—o 2 {ALMVIL (kKA (R)}, (6.8)

kk ,52,8%,

where Vi’;l(l;; k') is the inverse of the interaction matrix defined as

v Z L (B RV (R = 0 5 s (6.9)
R s.

We next linearize Eq. (6.7) around 7, and perform the partial wave analysis
to determine the dominant pairing channel. Since the total angular momentum is
conserved, we can use J to classify the eigen-gap functions denoted as d)?;‘] JZ(I;).
The index «a is used to distinguish different channels sharing the same value of J.

¢»77= (k) satisfies

Ay = = o . -
No [ SRV FR)e " (F) = wior (), (6.10)
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where Ny = %’;fz is the density of state at the Fermi surface; w§ are dimensionless
eigenvalues; k, k' are at the Fermi surface. Then Eq. (6.7) is linearized into a set

of decoupled equations
%7 {1+ wS[In(2¢7@) /(tkpT)]} = 0, (6.11)

where w is an energy scale at the order of the Fermi energy playing the role of
energy cut-off from the Fermi surface.
The decomposition of V., (k; k') into spherical harmonics can be formulat-
ed as
N
47?‘/;{5;
= Z VLmsz;L’m’S/ZYEm(Qk)YL’m’(QE’)7 (6.12)

Lm,L'm/’

(k; K

where L = L' or L = L' £ 2, and L, L' are odd numbers. The expressions of
the dimensionless matrix elements Vi,,..rm/s. are lengthy and will be presented
elsewhere. By diagonalizing this matrix, we find that the most negative eigenvalue
is w/=! = —37\/4 lying in the channel with J = L = 1. All other negative
eigenvalues are significantly smaller. Therefore, dominate pairing symmetry is

identified as the J-triplet channel with . = S = 1 in the weak coupling theory.

Following the standard method in Ref. [138], the transition temperature 7, is

1
Yo T J=1
2e W Jwl=T]
™

expressed as T, ~ For a rough estimation of the order of magnitude
of T, we set the prefactor in the expression of T, as Fy.

In order to understand why the J-triplet channel is selected by the mag-
netic dipolar interaction, we present a heuristic picture based on a two-body pair-
ing problem in real space. Dipolar interaction has a characteristic length scale
aqp = mp?/h* at which the kinetic energy scale equals the interaction energy scale.
We are not interested in solving the radial equation but focus on the symmetry
properties of the angular solution, thus, the distance between two spins is taken
fixed at ag,. We consider the lowest partial-wave, p-wave, channel with L = 1.
The 3 x 3 =9 states (L = S = 1) are classified into three sectors of J = 0,1 and
2. In each channel of J, the interaction energies are diagonalized as

1 1
Eo=Ey, Bi=-3Es Br=15En (6.13)
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Figure 6.1: The spin configurations of the two-body states with a) J = 1 and
j. =0and b) J = j, = 0. The interactions are attractive in a) but repulsive in b).

respectively, where Fgy, = p?/ azp. Only the total angular momentum triplet sector
with J = 1 supports bound states, thus is the dominant pairing channel and is
consistent with the pairing symmetry in the weak-coupling theory.

This two-body picture applies in the strong coupling limit. Although a
complete study of the strong coupling problem is beyond the scope of this thesis,
this result provides an intuitive picture to understand pairing symmetry in the J-
triplet sector from spin configurations. We define that y,, and p#(Q) are eigenstates
with eigenvalues zero for operators é,, - (51 + 5"2) and ¢, - L (n = z,y, z), which are
the total spin and orbital angular momenta projected along the e,-direction. The
J-triplet sector states are ¢, (2) = %ew,\x,,p,\(ﬁ) with ¢, satisfying (éﬂ'j)gbﬂ =0.

For example,

6.(Q) = \}i[xzpy@)—xypx@)]

3 .
= /S0l oo+ 1811823, (614
where é, = Zcos¢ + ysing and |a.,) and [3,,) are eigenstates of €, - & with

eigenvalues of £1. As depicted in Fig. 6.1 (a), along the equator where ¢, has the

largest weight, two spins are parallel and along 7, thus the interaction is dominated
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by attraction. On the other hand, the eigenstate of J = 0 reads
1
$o(2) = Xupu(2) = \ﬁ{’asﬁﬂﬁﬂ)z + [Ba)i]aq)2}, (6.15)

where |ag) and |8q) are eigenstates of - & with eigenvalues £1. As shown in Fig.
6.1 (b), along any direction of Q, two spins are anti-parallel and longitudinal, thus

the interaction is repulsive.

6.4 Ginzburg-Landau analysis of the competition
in Cooper pairings

Let us come back to momentum space and study the competition between
three paring branches in the J-triplet channel under the Ginzburg-Landau (GL)

framework. We define

o 1 - -
Ag(k) = \/Q[—Al(kHAl(’f)],
Ay(k) = E[Al(k)th_l(/c)],
AL(B) = Ao(k). (6.16)

The bulk pairing order parameters are defined as A, = &>, l%uAu(l;), where no
summation over p is assumed. We define pairing parameters and their real and
imaginary parts as the following 3-vectors A= (A, Ay, A). The GL free energy

is constructed to maintain the U(1) and SO(3) rotational symmetry as
F = al" A4 y|A* AP + | A" x AP, (6.17)

where

a= N ln(jjj). (6.18)

The sign of v, determines two different pairing structures: ReA I ImA at Yo >
0, and ReA L ImA at Yo < 0, respectively. Using the analogy of the spinor
condensation of spin-1 bosons, the former is the polar pairing state and the latter

is the axial pairing state [156, 157, 158, 159].
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Figure 6.2: The angular distribution of the gap function |A(K)|2 v.s. cosf in
the helical polar pairing state (the red line) and the axial pairing state (the black
line).

For the polar pairing state, the order parameter configuration can be con-
veniently denoted as A = ¢*|A|2 up to a U(1) phase and SO(3)-rotation. This
pairing carries the quantum number J, = 0. The pairing matrix AZZB = 1|A|[kyo1—
ky09)ios]ap reads

~ ~

—(ky +iks) 0

1
AP = Z|A o 6.19
8 5 1A _— (6.19)

It equivalents to a superposition of p, F ip, orbital configurations for spin-11
(J4) pairs, respectively. Thus, this pairing state is helical. It is a unitary pair-
ing state because ATA is proportional to a 2 x 2 identity matrix. The Bogoli-
ubov quasiparticle spectra are degenerate for two different spin configurations as
nga =\/&+ | APL(K)|2 with the anisotropic gap function |AP/(k)|2 = 1|1A[% sin” 6,
depicted in Fig. 6.2. They exhibit Dirac cones at north and south poles with
opposite chiralities for two spin configurations.

Similarly, the order parameter configuration in the axial pairing state can
be chosen as A = %ei¢]A| (é;+1€,) up to the symmetry transformation. This state

carries the quantum number of J, = 1. The pairing matrix A%} = 2—\1/§|A|{[l%z(01 +
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Figure 6.3: The ratio of the angular integrals of the free energy kernels
y(ﬁ, ﬁ), which is always larger than 1. This means that the polar pairing

is favored at the mean-field level.

i09) + 04 (ky + ik, ]ios }p takes the form

p) k. Lk, +ik
Az = Yia 2l v i)

4G i) o

This is a non-unitary pairing state since ATA = |A]?[3(1+ k%) +k.(k-&)). The Bo-
goliubov quasiparticle spectra have two non-degenerate branches with anisotropic
dispersion relations as Ef“g(%) =\/&+ |A%(E)[2. The angular gap distribution
|A% (F)[2 = LA[P(1 + cos6;)? is depicted in Fig. 6.2. Each of branch 1 and 2
exhibits one node at north pole and south pole, respectively. Around the nodal
region, the dispersion simplifies into E (k) = \/v]%(kz F kp)? 4 55 APk /kp)4,
which is quadratic in the transverse momentum ky = /&2 + k2.

At the mean-field level, the helical polar pairing state is more stable than

the axial state. Actually, this conclusion is not so obvious as in the case of *He-B
phase, where the isotropic gap function is the most stable among all the possible
gap functions [153]. Here, the gap functions are anisotropic in both the polar and
helical pairing phases. We need to compare them by calculating their free energies

in Eq. (6.8). The second term contributes the same to both pairing phases. Thus,
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the first term determines the difference in free energies. Let us define the ratio

between angular integrals of the free energy kernels in Eq. (6.8) of the two phases

[d9y 21n [2 cosh £,/€2 + |M(/§)\2}
J A9 30, In [2cosh §/2 + |AT(R)P?]

where \; = ﬁ, Ay = @ y(A1, A2) is numerically plotted in Fig. 6.3. For arbi-

as

YA, Ag) = (6.21)

trary values of 3, &, and |A|, y is always larger than 1. Therefore, the polar state
is favored more than the axial state. This can be understood from the convexity
of the nonlinear term in Eq. (6.8), which favors isotropic angular distributions
of |A(K)? [160]. Although neither gap function of these two states is absolutely
isotropic as in the *He-B phase, the polar gap function is more isotropic from Fig.
6.2 and thus is favored. However, we need to bear in mind that we cannot rule out
the possibility that certain strong coupling effects can stabilize the axial state. In
fact, the *He-A phase can be stabilized under the spin feedback mechanism [155],
which is a higher order effect in terms of interaction strength.

Next we discuss the classification of Goldstone modes and vortices in these
two states. In the helical polar state, the remaining symmetries are SO;(2) X Zs
as well as parity and time-reversal (TR), where Z; means the combined operation
of rotation 7 around any axis in the zy-plane and a flip of the pairing phase by 7.

The Goldstone manifold is
[SO5(3) x Ue(1)]/[SO4(2) @ Zo] = [S7 x Uc(1)]/Zo. (6.22)

The Goldstone modes include the phase phonon mode and two branches of spin-
orbital modes. Vortices in this phase can be classified into the usual integer vortices
in the phase sector and half-quantum vortices combined with w-disclination of the
orientation of A. In the axial state, the rotation around z-axis generates a shift
of the pairing phase, which can be canceled by a U.(1) transformation, thus, the
remaining symmetry is SO;._4(2). The Goldstone manifold is S? x U.(1). Only

integer vortices exist.
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6.5 Summary and Discussions

In summary, we have found that the magnetic dipolar interaction provides
a robust mechanism at first order in the interaction strength for a novel p-wave
(L = 1) spin triplet (S = 1) Cooper pairing state, in which the total angular
momentum of the Cooper pair is J = 1. This is a novel pairing pattern which
does not appear in *He, and, to our knowledge, neither in any other condensed
matter systems. These pairing states include the TR invariant helical polar pairing
state and the TR breaking axial pairing state, both of which are distinct from the
familiar *He-A and B phases.

Many interesting questions are open for further exploration, including the
topological properties of these pairing states, vortices, spin textures, and spectra
of collective excitations. The above theory only applies for spin—% systems, in
which the magnetic dipolar interaction is too small. For the pairing symmetry in
a magnetic dipolar system with a large spin S, our preliminary results show that
the basic features of the J-triplet pairing remains. The spins of two fermions are
parallel forming S;,; = 25 with orbital partial-wave L = 1, and the total J = 25.
In the current experiments in Ref. [161], the highest attainable density reaches
4 x 108Bem™?! for 1Dy atoms with S = 22—1 The corresponding dipolar energy is
FEin = 2nK and the Fermi energy for unpolarized gases Ey ~ 13.6nK, and thus
A= E;/Er =~ 0.15. If we use the same formula of w’=" above for an estimation
of the most negative eigenvalue, we arrive at 7./Ty ~ 0.06, which means that
T, ~ 0.8nK. Although it is still slightly below the lower limit of the accessible
temperature in current experiments, we expect that further increase of fermions
density, say, in optical lattices will greatly increase T..
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Chapter 7

Spin-orbit coupled Fermi liquid
theory of ultra-cold magnetic

dipolar fermions

7.1 Introduction

Recent experimental progress of ultracold electric dipolar heteronuclear
molecules has become a major focus of ultracold atom physics [121, 122, 162].
Electric dipole moments are essentially classic polarization vectors induced by the
external electric field. When they are aligned along the z axis, the electric dipolar
interaction becomes anisotropic exhibiting the d,2_s.2-type anisotropy. In Fermi
systems, this anisotropy has important effects on many-body physics including
both single-particle and collective properties [132, 133, 134, 135, 136, 163, 164,
165, 166, 167, 168]. Fermi surfaces of polarized electric dipolar fermions exhibit
quadrupolar distortion elongated along the z axis [132, 133, 167, 136]. Various
Fermi surface instabilities have been investigated including the Pomeranchuk type
nematic distortions [134, 136] and stripelike orderings [163, 164]. The collective
excitations of the zero sound mode exhibit anisotropic dispersions: The sound ve-
locity is largest if the propagation wavevector ¢'is along the z axis, and the sound is
damped if ¢ 'lies in the xy plane [136, 135]. Under the dipolar anisotropy, the phe-

nomenological Landau interaction parameters become tridiagonal matrices, which

86
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are calculated at the Hartree-Fock level [136, 134], and the anisotropic Fermi liquid
theory for such systems has been systematically studied [136].

The magnetic dipolar gases are another type of dipolar system. Compared
to the extensive research on electric dipolar Fermi systems, the study on magnetic
dipolar ones is a new direction of research. On the experimental side, laser cool-
ing and trapping Fermi atoms with large magnetic dipole moments (e.g., %'Dy
and Dy with p = 10up)[125, 126, 169] have been achieved, which provides a
new opportunity to study exotic many-body physics with magnetic dipolar inter-
actions. There has also been a great amount of progress for realizing Bose-Einstein
condensations of magnetic dipolar atoms [128, 129, 130, 131, 169].

Although the energy scale of the magnetic dipolar interaction is much weak-
er than that of the electric one, it is conceptually more interesting if magnetic
dipoles are not aligned by external fields. Magnetic dipole moments are proportion-
al to the hyperfine spin up to a Lande factor, thus, they are quantum-mechanical
operators rather than the nonquantized classic vectors as electric dipole moments
are. Furthermore, there is no need to use external fields to induce magnetic dipole
moments. In fact, the unpolarized magnetic dipolar systems are isotropic. The
dipolar interaction does not conserve spin nor orbit angular momentum, but is
invariant under simultaneous spin-orbit (SO) rotation. This is essentially a spin-
orbit coupled interaction. Different from the usual spin-orbit coupling of electrons
in solids, this coupling appears at the interaction level but not at the kinetic-energy
level.

The study of many-body physics of magnetic dipolar Fermi gases is just at
the beginning. For the Fermi liquid properties, although magnetic dipolar Fermi
gases were studied early in Refs. [170] and [134], the magnetic dipoles are frozen,
thus, their behavior is not much different from the electric ones. It is the spin-orbit
coupled nature that distinguishes non-polarized magnetic dipolar Fermi gases from
polarized electric ones. The study along this line was was pioneered by Fregoso
and Fradkin [150, 151]. They studied the coupling between ferromagnetic and
ferronematic orders, thus, spin polarization distorts the spherical Fermi surfaces
and leads to a spin-orbit coupling in the single-particle spectrum.

Since Cooper pairing superfluidity is another important aspect of the many-
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body phase, we also briefly summarize the current progress in electric and magnetic
dipolar systems. For the single-component electric dipolar gases, the simplest
possible pairing lies in the p-wave channel because s-wave pairing is not allowed by
the Pauli exclusion principle. The dipolar anisotropy selects the p.-channel pairing
[138, 139, 140, 141, 142, 143, 144, 145]. Interestingly, for the two-component case,
the dipolar interaction still favors the triplet pairing in the p, channel even though
the s wave is also allowed. It provides a robust mechanism for the triplet pairing to
the first order in the interaction strength [146, 147, 148, 149]. The mixing between
the singlet and the triplet pairings is with a relative phase £7, which leads to
a novel time-reversal symmetry-breaking pairing state [147]. The unconventional
Cooper pairing symmetry in magnetic dipolar systems [165] was studied in Chapter
7. We have found that it provides a robust mechanism for a novel p-wave (L = 1)
spin triplet (S = 1) Cooper pairing to the first order in interaction strength. It
comes directly from the attractive part of the magnetic dipolar interaction. In
comparison, the triplet Cooper pairings in *He and solid-state systems come from
spin fluctuations, which is a second-order effect in interaction strength [155, 2].
Furthermore, that pairing symmetry was not studied in *He systems before in
which orbital and spin angular momenta of the Cooper pair are entangled into the
total angular momentum .J = 1. In contrast, in the 3He-B phase [153], L and S
are combined as J = 0, and in the 3He-A phase, L and S are decoupled and J is
not well-defined [154, 152].

Fermi liquid theory is one of the most important paradigms in condensed
matter physics on interacting fermions [171, 155]. Despite the pioneering papers
[170, 134, 150, 151], a systematic study of the Fermi liquid properties of magnetic
dipolar fermions is still lacking in the literature. In particular, Landau interaction
matrices have not been calculated, and a systematic analysis of the renormaliza-
tions from magnetic dipolar interactions to thermodynamic quantities has not been
performed. Moreover, collective excitations in magnetic dipolar ultracold fermions
have not been studied before. All these are essential parts of Fermi liquid theory.
The experimental systems of 1! Dy and 93Dy are with a very large hyperfine spin
of ' = 22—1, thus the Fermi liquid theory taking into account of all the complicated

spin structure should be very challenging. We take the first step by considering
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the simplest case of spin—% magnetic dipolar fermions which preserve the essential
features of spin-orbit physics and address the above questions.

In this chapter, we systematically investigate the Fermi liquid theory of
the magnetic dipolar systems including both the thermodynamic properties and
the collective excitations, focusing on the spin-orbit coupled effect. The Landau
interaction functions are calculated and are diagonalized in the spin-orbit coupled
basis. Renormalizations for thermodynamic quantities and the Pomeranchuk-type
Fermi surface instabilities are studied. Furthermore, the collective modes are also
spin-orbit coupled with a topologically non-trivial configuration of the spin dis-
tribution in momentum space. Their dispersion relation and configurations are
analyzed.

Upon the completion of this work, we became aware of the nice work by
Sogo et al. [172]. Reference [172] constructed the Landau interaction matrix for
dipolar fermions with a general value of spin. The Pomeranchuk instabilities were
analyzed for the special case of spin %, and collective excitations were discussed.
This chapter has some overlaps on the above topics with Ref. [172] but with a
significant difference, including the physical interpretation of the Pomeranchuk
instability in the J = 17 channel and our discovery of an exotic propagating spin-
orbit sound mode.

The remaining part of this chapter is organized as follows. The magnet-
ic dipolar interaction is introduced in Sec. 7.2. The Landau interaction matrix
is constructed at the Hartree-Fock level and is diagonalized in Sec. 7.3. In Sec.
7.4, we present the study of the Fermi liquid renormalization to thermodynamic
properties from the magnetic dipolar interaction. The leading Pomeranchuk in-
stabilities are analyzed. In Sec. 7.5, the spin-orbit coupled Boltzmann equation is
constructed. We further perform the calculation of propagating spin-orbit coupled

collective modes. We summarize this chapter in Sec. 7.6.

7.2 Magnetic Dipolar Hamiltonian

We introduce the magnetic dipolar interaction and the subtlety of its Fourier

transform in this section.
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The magnetic dipolar interaction between two spin—% particles located at

71,2 reads

Ve () =5 [ St S = 305t - 1S -] (7.1)

where S = %5; a,d, B, " take values of T and |; 7 = 7} — 75 and 7 = 7/r is the

unit vector along .

The Fourier transform of Eq. (7.1) is

47w

Vagsrar (@) = = |3(Suar - (S - @) = S - S| (7.2)

which depends on the direction along the momentum transfer but not its mag-
nitude. It is singular as ¢ — 0. More rigorously, Vi, s (¢) should be further

multiplied by a numeric factor [136] as

oq) = 3<j1((£6) B jl((]CiL))’

(7.3)
where € is a short range scale cut off, and L is the long distance cut off at the scale
of sample size. The spherical Bessel function j;(x) shows the asymptotic behavior
ji(z) = £ at @ — 0, and ji(z) — Lsin(x — %) as  — oo. In the long wavelength
limit satisfying g¢ — 0 and ¢L — oo, g(¢) — 1 and we recover Eq. (7.2). If
¢ is exactly zero, V,p.3+ = 0, because the dipolar interaction is neither purely
repulsive nor attractive, and its spatial average is zero.

The second quantization form for the magnetic dipolar interaction is ex-

pressed as

Hine = 2VZ¢T k"{‘(fﬂ%( )aﬁ,@’ (fj)

kR .q

X Vg (K + Qow (F), (7.4)

where V' is the volume of the system. The density of states of two-component Fermi
gases at the Fermi energy is Ny = %];Q, and we define a dimensionless parameter
A = Nop?. X describes the interaction strength, which equals the ratio between
the average interaction energy and the Fermi energy up to a factor on the order of

1.
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7.3 Spin-orbit coupled Landau interaction

In this section, we present the Landau interaction functions of the magnetic
dipolar Fermi liquid, and perform the spin-orbit coupled partial wave decomposi-

tion.

7.3.1 The Landau interaction function

Interaction effects in the Fermi liquid theory are captured by the Landau
interaction function. It describes the particle-hole channel forward-scattering am-
plitudes among quasiparticles on the Fermi surface. At the Hartree-Fock level, the

Landau function is expressed as

fao/,ﬂﬁ’(i“a I;,) = fi/,ﬁﬁ/(d) + ffa’,ﬁﬁ’(l%’ l%’), (7.5)
where k and &' are at the Fermi surface with the magnitude of &y and ¢'is the small
momentum transfer in the forward scattering process in the particle-hole chan-
nel. f;{x,ﬁﬁ,(cf) = Vs po () is the direct Hartree interaction, and fga,ﬂﬁ/(/g; /2:") =
— algya/ﬁl(l_c’ — /%”) is the exchange Fock interaction. As ¢ — 0, f¥ is singular, thus

we need to keep its dependence on the direction of §. More explicitly,

2
R T/ R
fi/,ﬁﬁ/(Q) = 7Maa’,,@6’(Q)v (7.6)
2
PN T .

fclja’,ﬁﬁ’(k; k/) = —?]\4&&/’6,3/(771)7 (77)
where the tensor is defined as Mo g3/ (G) = 3(Gaa - §)(Fsp - §) — Tow - Gz and m
is the unit vector along the direction of the momentum transfer m = éigl. We

have used the following identity:

3(5a5’ ) T?L) (&Ba/ ’ m) - 5a5’ ) 5/)’@’

= 3(Gaar - M) (Gpp - 1) = Gaar - T g (7.8)

to obtain Eq. (7.7).

7.3.2 The spin-orbit coupled basis

Due to the spin-orbit nature of the magnetic dipolar interaction, we intro-

duce the spin-orbit coupled partial-wave basis for the quasiparticle distribution
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over the Fermi surface following the steps below.
The 1o (k) is defined as

677'040/(];) = naa’(];) - 5&&’“0(%’)7 (79)

where naw (k) = (6 (k)b (K)) is the Hermitian single-particle density matrix

with momentum % and satisfies n,o = nl,, and ng(k) is the zero-temperature

- -

equilibrium Fermi distribution function ng(k) = 1—0(k—ky). 0naw (k) is expanded

in terms of the particle-hole angular momentum basis as

Onoar (k) = D 0nsu. (F)xss. o
Ss,

= > onky (F)xhs. (7.10)
Ss.

where Yss. 0o are the bases for the particle-hole singlet (density) channel with

S =0 and triplet (spin) channel with S = 1, respectively. They are defined as

X00,00 = 5040/7
F1 )
X10,00/ = Ozaa'y Xl+l,aa! = \/E(Um,ao/ + Zo-y,ao/)y

(7.11)

which satisfy the orthonormal condition tr(XTSSz Xss,) = 2055054, -
Since quasiparticles are only well defined around the Fermi surface, we

integrate out the radial direction and arrive at the angular distribution,
- k2dk -
Mo (k) = | —=0naa (k). 7.12
o (F) = [ G5tz (112)
Please note that angular integration is not performed in Eq. (7.12). We expand
0naar (k) in the spin-orbit decoupled bases as

6naa’(l%) - Z 5anSszYLm(%)XSsz,aa’a
LmSs.,

= Z 6nzm55zygm(k)xgsz’aa/7 (713)
LmSs,

where YLm(/%) is the spherical harmonics satisfying the normalization condition

[dEY (k) Yim(k) = 1.
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We can also define the spin-orbit coupled basis as

yJJz;LSU;y 050/) = Z<Lm532’JJz>YLm(i€)XSsz,aa’7

ms

y}Jz;LS(I%7aO[/) - Z<Lmssz’JJZ>YEm(%)ngz,aa’7

msz

(7.14)

where (LmSs.|JJ,) is the Clebsch-Gordon coefficient and Y;;...s satisfies the

orthonormal condition of

/ dk te[Vh, (B Vs (k)] = 26,005 510108551

(7.15)
Using the spin-orbit coupled basis, (5n,m/(l%) is expanded as
5naa'(if) = Z Ongy..Ls yJJZ;LS(]AfaO‘O/)
JJ2;LS
= Z 5n§JZ;LSy}JZ;LS(k7aO/)7 (7.16)
JJ.iLS

where 0ny..05 = stz (LmSs,|JJ.)0npmss. -

7.3.3 Partial-wave decomposition of the Landau function

We are ready to perform the partial-wave decomposition for Landau inter-
action functions. The tensor structures in Egs. (7.6) and (7.7) only depend on
Gao and g, thus the magnetic dipolar interaction only contributes to the spin-
channel Landau parameters, i.e., S = 1. In the spin-orbit decoupled basis, the
Landau functions of the Hartree and Fock channels are expanded, respectively, as

NO H,F 77 7
Efaa’;ﬂﬁ’(k;7 k;/) = Z YLm(k)Xlsz (OZO/)

S J7 ! !
Lmsz;L'm’s’,

H,F >
TLmlsz;L/m/ls’zY;/m’ (kl)XIS’Z (BBI)

X

(7.17)

For later convenience, we have multiplied the density of states Ny and the factor
of 1/47 such that T are dimensionless matrices. Without loss of generality, in

the Hartree channel, we choose ¢ = Z.
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The matrix elements in Eq. (7.17) are presented below. In the Hartree

channel,
I A
TLmlsz;Lfmfls/z = ?(25&,0 - 5sz,il)5L,05L',05m,05m/,05szs;; (7~18)
and in the Fock channel,
TF _ _@( orr - Or42,1/ _ Op—2,1/ )
Lmlss;Lim1s, 2 \L(L+1) 3(L+1)(L+2) 3(L-1)L
« / 0[5 — ATV ()Y, ()Y ()Y (). (7.19)

The magnetic dipolar interaction is isotropic, thus the spin-orbit coupled basis are
the most convenient. In these basis, the Landau matrix is diagonal with respect

to the total angular momentum J and its z-component J, as

N, A oA ~ ~

Z;faa';ﬁﬁ’(ka k') = Z Viszm(k,ad ) Eyy p1,00, 01 y}]g;[/l(kwgﬂl)' (7.20)
JJ.LL!

The matrix kernel Fyj r1.77,11 reads as

A

Frpoignon = ?5J,15L,05L/,0(25Jz,0_5Jz,:|:1)
+ > (Lmds | JIN LM LS T LY TE e - (7:21)

We found that up to a positive numeric factor, the second term in Eq. (7.21) is the
same as the partial-wave matrices in the particle-particle pairing channel, which
was derived for the analysis of the Cooper pairing instability in magnetic dipolar
systems presented in Chapter 7.

However, the above matrix kernel Fjj 1.5, is not diagonal for channels
with the same values of J.J, but different orbital angular momentum indices L and
L'. Moreover, the conservation of parity requires that even and odd values of L
do not mix. Consequently, Fyj 177,11 is either diagonalized or reduced into a
small size of just 2 x 2. For later convenience of studying collective modes and
thermodynamic instabilities, we present below the prominent Landau parameters
in some low partial-wave channels. Below, we use (J*J,LS) to represent these

channels in which + represents even and odd parities, respectively.
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The parity odd channel of J = 0~ only has one possibility of (07011) in
which

m
Fo-o11;0-011 = 5)\~ (7.22)

There is another even parity density channel with J = 07, i.e., (07000), which
receives contribution from short range s-wave interaction but no contribution from
the magnetic dipolar interaction at the Hartree-Fock level. The parity odd channel

of J =1 only comes from (17J,11) in which

Fi-ra1-0.11 = — A (7.23)

|

Another channel of J = 17, i.e., (17J,10), channel from the p-wave channel density
interactions, which again receives no contribution from magnetic dipolar interac-
tion at the Hartree-Fock level. These two J = 17 modes are spin- and charge-
current modes, respectively, and thus, do not mix due to their opposite symmetry
properties under time-reversal transformation.

We next consider the even parity channels. The J = 17 channels include
two possibilities of (JJ,LS) = (11.J,01),(17.J,21). The former is the ferromag-
netism channel, and the latter is denoted as the ferronematic channel in Refs.
[[134]] and [[150]]. Due to the spin-orbit nature of the magnetic dipolar interac-
tion, these two channels are no longer independent but are coupled to each other.
Because the Hartree term breaks the rotational symmetry, the hybridization ma-

trices for J, = 0, £1 are different. For the case of J, =0, it is

< Fioot;1000 Floot;1021 > A < 8 \/§>
F1+0 — = ,

Fioo1;1001  Flozi;1021 12\ v2 1
(7.24)
whose two eigenvalues and their associated eigenvectors are
wi® = 0.697), ¥l % =(0.98,0.19)7,
wi™® = 0.06mA, Y0 =(-0.19,0.98)". (7.25)

The hybridization is small. For the case of J, = +1, the Landau matrices are the
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same as

F Friotiior Fronnz TA —4 V2
11 = = — )
Frioi101 Fii2i2 12 V2 1

(7.26)

Again the hybridization is small as shown in the eigenvalues and their associated

eigenvectors

wi™ = —0377A, ¢l =(0.97,-0.25)7,
wi' = 0.12rA, ¥ =(0.25,0.97)7. (7.27)

Landau parameters, or, matrices, in other high partial-wave channels are neglected,
because their magnitudes are significantly smaller than those above.

We need to be cautious on using Eqs. (7.24) and (7.26) in which the Hartree
contribution of Eq. 7.6 is taken. However, Eq. (7.6) is valid in the limit ¢ <
k¢ but should be much larger than the inverse of sample size 1/L. It is valid
to use Eqgs. (7.24) and (7.26) when studying the collective spin excitations in
Sec. 7.5 below. However, when studying thermodynamic properties, say, magnetic
susceptibility, under the external magnetic-field uniform at the scale of L, the
induced magnetization is also uniform. In this case, the Hartree contribution is
suppressed to zero, thus the Landau matrices in the J = 17 channel are the same

for all the values of J, as

FIJZOI;IJZOI FlJZOI;lJZQI
F1+,thm()‘) -
th

F1J221;1J201 FlJz21;1Jz21

A 0 V2
:12<\@ 1). (7.28)

In this case, the hybridization between these two channels is quite significant. The

two eigenvalues and their associated eigenvectors are

L 2_\FT
wl - 12>‘7 ¢1 _(\/;7 3) 9
T 1 2
wl = g)\, ¢;+:(\/;\/;)T. (7.29)
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7.4 Thermodynamic quantities

In this section, we study the renormalizations for thermodynamic properties
by the magnetic dipolar interaction and investigate the Pomeranchuk-type Fermi

surface instabilities.

7.4.1 Thermodynamics susceptibilities

The change in the ground-state energy with respect to the variation in the
Fermi distribution density matrix include the kinetic and interaction parts as

vV oV Vv

. (7.30)

The kinetic-energy variation is expressed in terms of the angular distribution of

Moo (k) as

0B,  Am . . A
o= NOZ / dk6naa (k)0naa (k)

= F Z 5n2mssz5an55z, (731)
O Lmss.

~

where the units of dngs, (k) and 0np,,ss. are the same as the inverse of the volume.
The variation in the interaction energy is

5Eint
v

1 . - A )
— 5 Z // dkdk faa,,ﬂﬁ/(k7k)6na’a(k)5n5/5(]{})

aa’ BB

* *
= 2 E (5an552fLisz,L/m/SS’z(SnL/m/Ss'z'

’ ol .
Lms.L'm’s’;S

(7.32)

Adding them together and changing to the spin-orbit coupled basis, we arrive at

57E_87T

TR > onbysMysLsarsongus, (7.33)

JJ.LL";S

where the matrix elements are

Mjrrs.grs =0y + Frrrs.gnrs- (7.34)



98

In the presence of the external field h; ;. 1g, the ground state energy becomes

oF 1
v 167?{27 Z onGy.psMysrs.g.0050M77..105
X0 i Tws
- Z hJJzLS(SnJJZ;LS}z (7.35)

JJ.LS
where xyg = Ny is the Fermi liquid density of states. At the Hartree-Fock level, Ny
receives no renormalization from the magnetic dipolar interaction. The expectation
value of dn ;. s is calculated as
OnJ1.LS = X0 Z(M);}ZLS;JJZL'ShJJzL’S (7.36)
L/

For the J = 1% channel, M~ & I — Fy+ 4,,()\) up to first order of X in the
case of A < 1. As a result, the external magnetic field h along the z axis not only
induces the z-component spin polarization, but also induces a spin-nematic order
in the channel of (J*J,LS) = (11021), which is an effective spin-orbit coupling

term as
SH = —w\hzw* { — 3k)0,
_ 3kz(kzaz+kyay)]}¢g(lg). (7.37)

Apparently, this term breaks time-reversal symmetry, and thus cannot be induced
by the relativistic spin-orbit coupling in solid states. This magnetic field induced
spin-orbit coupling in magnetic dipolar systems was studied by Fregoso et al. [134,
150]

7.4.2 Pomeranchuk instabilities

Even in the absence of external fields, Fermi surfaces can be distorted spon-
taneously known as Pomeranchuk instabilities [173]. Intuitively, we can imagine
the Fermi surface as the elastic membrane in momentum space. The instabilities
occur if the surface tension in any of its partial-wave channels becomes negative.
In the magnetic dipolar Fermi liquid, the thermodynamic stability condition is
equivalent to the fact that all the eigenvalues of the matrix My 175,175 are pos-

itive.
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We next check the negative eigenvalues of the Landau matrix in each partial-
wave channel. Due to the absence of external fields, the Pomeranchuk instabilities
are allowed to occur as a density wave state with a long wave length ¢ — 0. For
the case of J = 17, it is clear that in the channel of J, = =+1, the eigenvalue
w%ﬂ in Eq. (7.27) is negative and the largest among all the channels. Thus the
leading channel instability is in the (JJ,) = (17 £ 1) channel, which occurs at
w}ﬂ < —1, or, equivalently, A > A{;; = 0.86. The corresponding eigenvector
shows that it is mostly a ferromagnetism order parameter with small hybridization
with the ferronematic channel. A repulsive short-range s wave scattering, which
we neglected above will enhance ferromagnetism and, thus, will drive A{;; to a
smaller value. The wavevector ¢ of the spin polarization should be on the order
of 1/L to minimize the energy cost of twisting spin, thus, essentially exhibiting
a domain structure. The spatial configuration of the spin distribution should be
complicated by actual boundary conditions. In particular, the three-vector nature
of spins implies the rich configurations of spin textures. An interesting result is
that the external magnetic field actually weakens the ferromagnetism instability. If
the spin polarization is aligned by the external field, the Landau interaction matrix
changes to Eq. (7.28). The magnitude of the negative eigenvalue is significantly
smaller than that of Eq. (7.26). As a result, an infinitesimal external field cannot
align the spin polarization to be uniform but a finite amplitude is needed.

For simplicity, we only consider ferromagnetism with a single plane wave
vector ¢ along the z axis, then the spin polarization spirals in the zy-plane. S-
ince ¢ ~ 1/L, we can still treat a uniform spin polarization over a distance large
comparable to the microscopic length scale. Without loss of generality, we set
the spin polarization along the x axis. As shown in Ref. [150], ferromagnetism
induces ferronematic ordering. The induced ferronematic ordering is also along
the x axis, whose spin-orbit coupling can be obtained based on Eq. (7.37) by a
permutation among components of k as H’, (k) o (k% — 3k2)o, — 3ky(kyoy + k.o.).
According to Eq. (7.27), ferromagnetism and ferronematic orders are not strong-
ly hybridized, the energy scale of the ferronematic SO coupling is about 1 order
smaller than that of ferromagnetism. An interesting point of this ferromagnetism

is that it distorts the spherical shape of the Fermi surface as pointed by Fregoso
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and Fradkin [150]. This anisotropy will also affect the propagation of Goldstone
modes. Furthermore, spin waves couple to the oscillation of the shape of Fermi
surfaces bringing Landau damping to spin waves. This may result in non-Fermi
liquid behavior for fermion excitations, and will be studied in a future work. This
effect in the nematic symmetry-breaking Fermi liquid state has been extensively
studied before in the literature [174, 175, 176, 177, 178, 179)].

The next subleading instability is in the J = 1~ channel with L = 1 and
S =1 as shown in Eq. (7.23), which is a spin-current channel. The generated
order parameters are spin-orbit coupled. For the channel of J, = 0, the generated
SO coupling at the single-particle level exhibits the three-dimensional (3D) Rashba
type as

Hyo1- = | D 0L (k) (keoy — kyou)asths(F), (7.38)
k

where |n,| is the magnitude of the order parameter. The same result was also ob-
tained recently in Ref. [172]. In the absence of spin-orbit coupling, the L = S =1
channel Pomeranchuk instability was studied in Refs. [[180]] and [[181]], which ex-
hibits the unconventional magnetism with both isotropic and anisotropic versions.
They are particle-hole channel analogies of the p-wave triplet Cooper pairings of
3He isotropic B and anisotropic A phases, respectively. In the isotropic uncon-
ventional magnetic state, the total angular momentum of the order parameter is
J = 0, which exhibits the k- a-type spin-orbit coupling. This spin-orbit coupling
is generated from interactions through a phase transition and, thus, was denoted
as the spontaneous generation of spin-orbit coupling. In Eq. (7.38), the spin-orbit
coupling that appears at the mean-field single-particle level cannot be denoted as
spontaneous because the magnetic dipolar interaction possesses the spin-orbit na-
ture. Interestingly, in the particle-particle channel, the dominant Cooper pairing
channel has the same partial-wave property of L =S = J =1 [165].

The instability in the J = 17 (spin current) channel is weaker than that
in the 17 (ferromagnetism) channel because the magnitude of Landau parameters
is larger in the former case. The 17 channel instability should occur after the
appearance of ferromagnetism. Since spin-current instability breaks parity, where-

as, ferromagnetism does not, this transition is a genuine phase transition. For
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simplicity, we consider applying an external magnetic field along the z axis in the
ferromagnetic state to remove the spin texture structure. Even though the J = 17
and 1~ channels share the same property under rotation transformation, they do
not couple at the quadratic level because of their different parity properties. The

leading-order coupling occurs at the quartic order as

=

§F = By(ii - i)(S - S) + Balii x S|, (7.39)

where 7 and S represent the order parameters in the J = 1~ and 17 channels,
respectively. 1 needs to be positive to keep the system stable. The sign of [,
determines the relative orientation between 7 and S. It cannot be determined
purely from the symmetry analysis but depends on microscopic energetics. If

Bo > 0, it favors 7 || 5‘, and 77 L S is favored at By < 0.

7.5 The spin-orbit coupled collective modes

In this section, we investigate another important feature of the Fermi liquid,

the collective modes, which again exhibit the spin-orbit coupled nature.

7.5.1 Spin-orbit coupled Boltzmann equation

We employ the Boltzmann equation to investigate the collective modes in

the Fermi liquid state[171]

D7 Rot) = Ll Fot), n7 B )] + 12 {36(“ kit) On(7 k1) }

1 De(7, k,t) On(F k,t))
-, Z { R } —0, (7.40)

coordinate (7, k) in the phase space and [,] and {, } mean the commutator and an-
ticommutator, respectively. Under small variations in n,q (7, k, t) and €q0 (7, k, t),
oo (7, Ky t) = 10(k)0nar + Onar (7, K, 1),
- a3k P
oot (T Ky 1) = €(k)0nar + / Wfaa/ﬂﬁ/(k, k")
X 5n,35/(fc’). (7.41)
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the above Boltzmann equation can be linearized. Plugging the plane-wave solution
of

e (7oK, t) = Gngar(k)e @0, (7.42)

we arrive at

- 1 0 N, P
5naa’(k) - 5 = Z/ko' Ofcwé’ﬂﬁ/(kk)

s — cos b,

X onge (k') =0, (7.43)

where s is the dimensionless parameter w/(v¢q). The propagation direction of the
wavevector ¢ is defined along the z-direction.
In the spin-orbit decoupled basis defined as dnp;,gs, in Sec. 7.3.2, the

linearized Boltzmann equation becomes

5anSSZ + QLL/;m(5)FL’m’Ssz;L”m”Ss’Z/dnL”m”Ss’Z/ = 07

(7.44)

where €7,7/(s) is equivalent to the particle-hole channel Fermi bubble in the dia-
grammatic method as

cos 0,

Qrn(s) = = [ A0V (Vi () (7.45)

s —cosfy

For later convenience, we present €27 /.,,, in several channels of LL" and m as follows

Qooo(s) = 1— ;m\iz\ FiZsO(s <1),
Quoo(s) = Qoro = V35Q00:0(s),

Qo(s) = 14 35*Qoo(s),

Qua(s) = Qupa(s) = —% [1 31— )0uma(s)]

(7.46)

Equation (7.44) can be further simplified by using the spin-orbit coupled
basis 0n;,..s defined in Sec. 7.3.2,
onyr;Ls + Z Kyrsrros($)Errps.yros

JLL
X 5nJ/JZL//S =0, (747)
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where the matrix kernel K rs.77.1s reads

KJJZLS;J/JZL/S(S) = Z<LmSSZ|JJZ><LImSSZ|JIJZ>

ms

X QLL’;m(S)- (748)

7.5.2 The spin-orbit coupled sound modes

Propagating collective modes exist if Landau parameters are positive. In
these collective modes, interactions among quasiparticles rather than the hydrody-
namic collisions provide the restoring force. Because only the spin channel receives
renormalization from the magnetic dipolar interaction, we only consider spin chan-
nel collective modes. The largest Landau parameter is in the (17001) channel in
which the spin oscillates along the direction of . The mode in this channel is
the longitudinal spin zero sound. On the other hand, due to the spin-orbit cou-
pled nature, the Landau parameters are negative in the transverse spin channels of
(I"+1 0 £1), and thus no propagating collective modes exist in these channels.
The hybridization between (17001) and (11021) is small as shown in Eq. (7.25),
and the Landau parameter in the (17021) channel is small, thus, this channel also
is neglected below for simplicity.

Because the propagation wave vector ¢ breaks the parity and 3D rotation
symmetries, the (17001) channel couples to other channels with the same .J,. As
shown in Eq. (7.47), the coupling strengths depend on the magnitudes of Landau
parameters. We truncate Eq. (7.47) by keeping the orbital partial-wave channels
of L =0 and L = 1 because Landau parameters with orbital-partial waves L > 2
are negligible. There are three channels with L = S =1 as (07011), (17011), and
(27011). We further check the symmetry properties of these four modes under the
reflection with respect to any plane containing ¢. The mode of (17011) is even and
the other three are odd, thus it does not mix with them. The Landau parameter
in the (27011) channel is calculated as 55\, which is 1 order smaller than those in
(17001) and (17001), thus this channel is also neglected. We only keep these two
coupled channels (17001) and (17001) in the study of collective spin excitations.

The solution of the two coupled modes reduces to a 2 x 2 matrix linear
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Figure 7.1: The sound velocity s in the unit of vy v.s. the dipolar coupling
strength A. At 0 < A < 1, s(A\) & 1+ 0". On the order of A > 1, s(\) becomes
linear with the slope indicated in Eq. (7.56).

equation as

( 1 +Qoo;o($)F1001;1001 SQoo;o(S)Foon;oon ) ( 0m1001 )

=0, (7.49)
SQOO;O(S)F1001;1001 1+ Qoo;o(S)Foon;oon

dnoo11

where the following relations are used

Kioo11001(5) = Qoo0(s)
Kioot011(s) = Koorr001(s) = (0010]10)(1010]00)Q01,0(s) = sQ00;0(s)

1 2
Koorro011(s) = Z [(Im1 — m|00>|2911;m(5) = 5911;0(5) + 5911;1(8) = Qoo.(8)-

(7.50)

The condition of the existence of nonzero solutions of Eq. (7.49) becomes

F. 1

(1 - 82)930;0(8) + 2900;0(5)ﬁ + ﬁ

=0, (7.51)

where F'y = (Fioo1:1001 + Footr011)/2 and Fix = \/Fioor1001 Fooi10011-

Let us discuss several important analytical properties of its solutions. In

order for collective modes to propagate in Fermi liquids, its sound velocity must
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satisfy s > 1, otherwise it enters the particle-hole continuum and is damped, a

mechanism called Landau damping. We can solve Eq. (7.51) as

Fy £ /F? + (s*—1)F?
Q(:)EO;O(S) - = \{8;_— ].)FE . : (752)

Only the expression of the g, (s) is consistent with s > 1 and is kept. The other
branch has no solution of the propagating collective modes.
Let us analytically check two limits with large and small values of A, re-

spectively. In the case of 0 < A\ < 1 such that s — 14 07, Eq. (7.51) reduces

to
Qoo(5rer) ~ 1 — =02+ ~In(s — 1) = —— (7.53)
o(s ~1—-In —In(s—1) = ——. .
00;0(SA<1 5 5 oF,
Its sound velocity solution is
—2(1+%) _o_ 12
Sac1 ~ 14 2e i) =1+ 2e " Tnx, (7.54)

The eigenvector can be easily obtained as %(1, 1)T, which is an equal mixing

between these two modes. On the other hand, in the case of A > 1, we also expect

s> 1, and thus Eq. (7.51) reduces to

1 1

Qoo: ~ — = —— 7.55
00:0(Sx>1) SF, 342 ( )

whose solution becomes
F T 3
s N — = ——\.
A1 3 33
In our case, Figp is larger than Fjpyy but is on the same order. The eigenvector
can be solved as ﬁ(\/ﬁbony v/ Fioo1)" in which the weight of the (0011) channel

is larger.

(7.56)

The dispersion of the sound velocity s with respect to the dipolar interac-
tion strength A is solved numerically as presented in Fig. 7.1. Collective sound
excitations exist for all the interaction strengths with s > 1. In both limits of
0 < A< 1and A > 1, the numerical solutions agree with the above asymptotic
analysis of Eqgs. (7.54) and (7.56). In fact, the linear behavior of s(\) already
appears at A ~ 1, and the slope is around 0.6. For all the interaction strengths,

the (17001) and (0~011) modes are strongly hybridized.
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Figure 7.2: The spin configuration [Eq. (7.57)] of the zero-sound mode over the
Fermi surface shows hedgehog-type topology at A = 10. The common sign of
uy and ug is chosen to be positive, which gives rise to the Pontryagin index +1.
Although the hedgehog configuration is distorted in the z component, its topology
does not change for any values of A describing the interaction strength.

This mode is an oscillation of spin-orbit coupled Fermi surface distortions.

The configuration of the (07011) mode exhibits an oscillating spin-orbit coupling

of the k-& type. This is the counterpart of the isotropic unconventional magnetism,

which spontaneously generates the k- g-type coupling [180, 181]. The difference

is that, here, it is a collective excitation rather than an instability. It strongly

hybridizes with the longitudinal spin mode. The spin configuration over the Fermi
surface can be represented as

ug sin 07 cos ¢
S(F,kt) = | upsinfpsingy | @), (7.57)

g COS @j + Uy

where (uy,us)” is the eigenvector for the collective mode. We have checked that
for all the values of A, |ua| > |uy| is satisfied with no change in their relative sign,
thus the spin configuration as shown in Fig. 7.2 is topologically non-trivial with
the Pontryagin index 1 which periodically flips the sign with time and the spatial

coordinate along the propagating direction. It can be considered as a topological
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zero sound.

7.6 Summary

We have presented a systematic study on the Fermi liquid theory with the
magnetic dipolar interaction, emphasizing its intrinsic spin-orbit coupled nature.
Although this spin-orbit coupling does not exhibit at the single-particle level, it
manifests in various interaction properties. The Landau interaction function is
calculated at the Hartree-Fock level and is diagonalized by the total angular mo-
mentum and parity quantum numbers. The Pomeranchuk instabilities occur at
the strong magnetic dipolar interaction strength generating effective spin-orbit
coupling in the single-particle spectrum.

We have also investigated novel collective excitations in the magnetic dipo-
lar Fermi liquid theory. The Boltzmann transport equations are decoupled in the
spin-orbit coupled channels. We have found an exotic collective excitation, which
exhibits spin-orbit coupled Fermi surface oscillations with a topologically nontriv-
ial spin configuration, which can be considered as a topological zero-sound-like
mode.

Acknowledgements: This chapter is in part a reprint of the paper “Spin-
orbit coupled Fermi liquid theory with magnetic dipolar interaction”, Yi Li and
Congjun Wu, Phys. Rev. B, 85, 205126 (2012).



Chapter 8
Concluding remarks and outlook

We have already presented several studies on novel states of matter with
non-trivial topological properties in both condensed matter and ultra-cold atom
systems. Below we summarize the main results in this thesis and discuss open
problems for further research.

First, we have constructed Landau levels for both Schrodinger and Dirac
fermions in three and four dimensions. This provides a new mechanism for high di-
mensional topological insulators, which is independent from the well-studied band
inversion mechanism. Furthermore, the flat energy spectra of Landau levels are
an advantage in which interaction effects are non-perturbative. High dimensional
Landau level Hamiltonians and eigen wavefunctions are based on harmonic oscil-
lators, and thus are simple and explicit. The lowest Landau level wavefunctions
further exhibit elegant quaternionic analyticity which is a natural extension of the
complex analyticity to high dimensions. Generalizations of Landau levels to the
Landau-type gauges, Dirac fermions, and parity breaking systems are also system-

atically performed. Below we present some open questions.

1. The elegant quaternionic analyticity of the three and four dimensional lowest
Landau level wavefunctions provides a promising platform for the numeric
and analytic studies of fractional topological states. Since the complex ana-
lyticity plays an important role in studying fractional quantum Hall effects
in 2D, we plan to explicitly construct Laughlin-type wavefunction for frac-

tional topological states based on the quaternionic analytic wavefunctions,

108
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and further study novel fractional excitations and their exotic statistics.

. Unlike the two-dimensional Landau level systems in which there exists the
magnetic translation symmetry, such a symmetry does not exist in our cas-
es in three and four dimensions. The usual calculation method for the Z,
topological index is based on Bloch-wave band structures associated with
translation symmetry, and thus does not apply in our systems. So far, we
have used the explicit calculations of surface spectra, whose helical and chiral
properties infer their non-trivial bulk topology. Since topological properties
should not rely on translational symmetry, an open question is how to de-
fine the topological index in an inhomogeneous system. In particular, the
harmonic potential is the simplest inhomogeneity, we are interested in con-

structing a rigorous mathematical formulation in such a system.

. An important question is experimental realizations of three dimensional Lan-
dau level Hamiltonians, including both non-relativistic and relativistic ones
in both symmetric and Landau-type gauges. We will seek collaborations with
experimentalists in both condensed matter and ultra-cold atom physics for

realizations and detections.

Second, we have studied the spin-orbit coupling effects in ultra-cold magnet-

ic dipolar fermion atoms. Magnetic dipolar interactions are rotationally invariant

only under simultaneous spin-orbit rotations. Thus different from the conventional

spin-orbit coupling which is at the single-particle level, magnetic dipolar interac-

tions generate spin-orbit coupling effects at the interaction level. They exhibit in

various aspects in many-body physics with novel topological properties. In par-

ticular, it leads to a robust pairing mechanism for the Weyl pairing state in the

p-wave spin triplet channel. It is a novel pairing symmetry in which the total spin

and orbital angular momentum of the Cooper pair are entangled into the total an-

gular momentum J = 1. Such a state is different from both *He-A and B phases.

We are interested in further exploring these systems with following open questions.

1. So far, we have considered a toy model of spin—% fermions interacting with

magnetic dipolar interactions. However, the energy scale of magnetic dipolar
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interactions are usually very week. Thus, in real experimental systems, the
magnetic dipole moments are very large in order to enhance the interaction
energy scale. We need to generalize our previous study of Cooper pairing
to dipolar fermions with large spins. Even richer patterns of unconventional

and topological Cooper pairings are expected.

2. We are interested in further exploring non-trivial topological properties of our
novel spin triplet Weyl pairing, including the surface modes and topological
defects. In particular, we expect a variety of rich topological spin textures,
superfluid vortices, and their combined defects. Novel fermion zero modes,
such as Majorana fermions, can exhibit around these defects. Such systems
will exhibit novel topological properties that do not appear in the superfluid

3He systems.

3. We will actively explore the collaboration opportunity with experimental
groups of ultra-cold fermions. The study of dipolar fermions has become
a hot research topic in ultra-cold community. Extensive studies have been
performed in electric dipolar systems. The research on magnetic dipolar
systems is just beginning which provides a large opportunity for exploring

novel states.
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