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Abstract It is well known that reconstruction problems, as the interdisciplinary subject,
have been studied in numerous contexts including statistical physics, information theory and
computational biology, to name a few. We consider a 2¢-state symmetric model, with two
categories of g states in each category, and 3 transition probabilities: the probability to remain
in the same state, the probability to change states but remain in the same category, and the
probability to change categories. We construct a nonlinear second-order dynamical system
based on this model and show that the Kesten—Stigum reconstruction bound is not tight when
q>4

Keywords Kesten—Stigum reconstruction bound - Markov random fields on trees -
Distributional recursion - Dynamical system

Mathematics Subject Classification 60K35 - 82B26 - 82B20

1 Introduction
1.1 Preliminaries

We start with the following broadcasting process that stands as a discrete, irreducible, ape-
riodic, and reversible Markov chain. Let T = (V, E, p) be a tree with nodes V, edges [E and
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root p € V. Eachedge of the tree acts as a channel on a finite characters set C, whose elements
are configurations on T, denoted by 0. We set a probability transition matrix M = (M;;) as
the noisy communication channel on each edge. The state of the root p, denoted by o, is
chosen according to an initial distribution 7 on C, and then propagated in the tree as follows:
for each vertex v having u as its parent , the spin at v is defined according to the probabilities

P(O'v:j|0'u:i):Mij

with i, j € C. Roughly speaking, reconstruction is to answer the question that considering
all the symbols received at the vertices of the nth generation, does this configuration contain
non-vanishing information transmitted by the root, as n goes to co?

In this paper, we will restrict our attention to d-ary trees, i.e. the infinite rooted tree where
every vertex has exactly d offspring (every vertex has degree d + 1 except the root which has
degree d). Let o (n) denote the spins at distance n from the root and let o (n) denote o (n)
conditioned on o, = i. Consider a characters set C = C; U C3, consisting of two categories
Ci={l,...,q}and C; = {q + 1, ..., 2q} with ¢ > 2, and the state of the root p is chosen
according to the uniform distribution on C. Moreover, a 2g x 2g probability transition matrix
M = (M;})24x24 is defined as follows:

po ifi =],
M;; = p1 ifi # jandi, j are in the same category,
p> ifi # j and i, j are in different categories,

where po, p1 and p; are all nonnegative, such that po + (¢ — 1)p1 + gp> = 1. It can
be verified that the eigenvalues of M are A = po — p1, A2 = po + (¢ — 1)p1 — gp>, and
A3 = po+(q—1)p1+qpr = 1. Therefore, there are two candidates A1 and A, for the second
largest eigenvalue in absolute value, say, A, which plays a crucial role in the reconstruction
problem.

Definition 1 The reconstruction problem for the infinite tree T is solvable if for some
i,jecC,
limsupdzy (o' (n), o/ (n)) > 0
n—oo

where dry is the total variation distance. When the lim sup is 0, we say the model has
non-reconstruction on T.

1.2 Background

Beyond the basic interest in determining the reconstruction threshold of a Markov random
field in probability, this problem is relevant to statistical physics, biology (Daskalakis et al.
[12], Mossel [33]), and information theory (Bhamidi et. al. [5], Evans et al. [15]), where one is
interested in computing the information capacity of the tree network. Most closely related to
the origins of this work, for spin systems in statistical physics, the threshold for reconstruction
is equivalent to the threshold for extremality of the infinite-volume Gibbs measure induced
by free-boundary conditions, see Georgh [17]. The reconstruction threshold also has an
important effect in the efficiency of the Glauber dynamics on trees and random graphs. It is
well known that when the model is reconstructible, the mixing time for the Glauber dynamics
on trees is n!T?(D while it is slower than at higher temperature when the mixing time is
O (nlogn). The corresponding bound is tight for the Ising model, namely, the mixing time is
O(nlogn) when dA? < 1. In Martinelli et al. [30], this result is extended to the log Sobolev
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constant and it is also shown that for measures on trees, a super-linear decay of point-to-
set correlations implies an £2(1) spectral gap for the Glauber dynamics with free boundary
conditions. A similar transition takes place in the colouring model as shown in Tetali et
al. [46]. Sharp bounds of this type are not known for the hardcore model, although it is
conjectured that the Glauber dynamics should again be O (n log n) in the non-reconstruction
regime.

For any channel M, it is well known that the reconstruction problem is connected closely
to A, the second largest eigenvalue in absolute value of M. An important general bound was
obtained by Kesten and Stigum [21,22]: the reconstruction problem is solvable if d A2 > 1
(A may be a complex number), which is known as the Kesten—Stigum bound. On the other
hand, for larger noise (d|A|> < 1) one may wonder whether reconstruction is possible, by
exploiting the whole set of symbols received at the nth generation, through a clever use of
the correlations between the symbols received on the leaves. The answer depends on the
channel.

For the binary symmetric channel, it was shown in Bleher et al. [7] that the reconstruc-
tion problem is solvable if and only if d)? > 1. For all other channels, however, it would
be a little challenging to prove the non-reconstructibility. Mossel [32,34] showed that the
Kesten—Stigum bound is not the bound for reconstruction in the binary asymmetric model
with sufficiently large asymmetry or in the Potts model with sufficiently many characters,
which sheds the light on exploring the tightness of the Kesten—Stigum bound. The first exact
reconstruction threshold in roughly a decade, was obtained by Borgs et al. [8], in which the
authors displayed a delicate analysis of the moment recursion on a weighted version of the
magnetization, and thus achieved a breakthrough result.

A particularly important example is provided by g-state symmetric channels, i.e. Potts
models in the terminology of statistical mechanics, with the transition matrix

po p1 oo Pl
I O 4
M=1 . . :
pr p1ocr PO

and A = po — pi. This model was completely investigated by Sly [43] by means of the
recursive structure of the tree, and more importantly, Sly showed that non-reconstruction is
equivalent to lim,,, o x, = 0, where x, = EP(0, =1 | oln)) — é. Thus the key idea was
to analyze the recursion relationship between x;, and x;,1. This work then went on to engage
the refined recursive equations of vector-valued distributions and concentration analyses, to
confirm much of the picture conjectured earlier by Mézard and Montanari [31].

Inspired by the popular K80 model proposed by Kimura [23], which distinguishes between
transitions and transversions, we analyze the case that transition matrix has two mutation
classes with g states in each class. Improved flexibility comes along with increased com-
plexity, which is mainly due to the fact that the additional class of mutation complicates
the discussion of the second largest eigenvalue in absolute value. However, by introduc-
ing additional auxiliary quantities y, and z, besides x, defined in Sect. 2.1, we succeed in
investigating the tightness of the Kesten—Stigum bound.

1.3 Applications

The reconstruction problem arises naturally in many fields including statistical physics, where
the Ising model and the Potts model are popular and have been studied extensively from
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620 W. Liu et al.

different angles, see [2,10,13,14,16,19,20,27-29,36,38,40,41,44,45,47,48]. In this article,
we focus on the reconstruction threshold on trees, which plays an important role in the
dynamic phase transitions in certain glassy systems subject to random constraints. For random
colorings on the Erdés—Rényi random graph with average connectivity d, Achlioptas and
Coja-Oghlan [1] proved that there is a phase transition, from the situation that most of the
mass is contained in one giant component, to the case that the space of solutions breaks into
exponentially many smaller clusters. This phase transition has been proved corresponding to
known bounds on the reconstruction threshold for proper colorings on trees, see e.g. Mossel
and Peres [35], Semerjian [39] and Sly [42].

In computational biology, the broadcast model is the main model for the evolution of base
pairs of DNA. Phylogenetic reconstruction is a major task of systematic biology, which is to
construct the ancestry tree of a collection of species, given the information of present species.
The corresponding reconstruction threshold answers the question whether the ancestral DNA
information can be reconstructed from a known phylogenetic tree. This threshold is also cru-
cial to determine the number of samples required, in the sense that, only enumerations of each
type of spin at the leaves are collected, regardless of their positions on the leaves. Interested
readers on Phylogenetic tree reconstruction are referred to Roch [37] and Daskalakis et al.
[12].

The popular K80 model [23], has some obvious advantages over other models in Phylogeny
reconstruction, which is favored by both Akaike Information Criterion and Bayesian Infor-
mation Criterion (see Sect. 2.2.2 in Cadotte and Davies [9]). The K80 model distinguishes
between transitions (A <> G, i.e. from purine to purine, or C <> T, i.e. from pyrimidine to
pyrimidine) and transversions (from purine to pyrimidine or vice versa). Inspired by this and
related literatures, we analyze the case that the transition matrix has two mutation classes and
q states in each class. We believe that the g-state symmetric Potts model as a generalization
of 2-state symmetric Ising model, cannot fully represent the spirit of the classical 2-state
symmetric Ising model in terms of dichotomy, and this is one of the areas this work can
contribute to.

A tree is a connected undirected graph with no simple circuits. In other words, an undi-
rected graph is a tree if and only if there is a unique simple path between any two of its
vertices. The theory that the reconstruction threshold on trees corresponds to the reconstruc-
tion threshold on locally treelike graphs, is verified in Gerschenfeld and Montanari [18]. The
strong and increasing interest in the study of the properties of social networks, is a result of
the rapid and global emergence of online social networks and their meteoric adoption by mil-
lions of Internet users. When it comes to Socio—psychological mechanisms of generation and
dissemination of network, our model’s advantage in providing more flexibility to mimic psy-
chological behaviors is obvious. For example, our model and the construction threshold can
be used to effectively identify community effect in social networks and customer loyalty in
marketing research, especially for different firms or organizations who want to promote their
products or philosophies. In this sense, many possible extensions can be made on research
on graph structures with psychological factors involved, such as the work by Liu, Ying and
Shakkottai [24] on analyzing the formation and propagation of opinions across networks by
an Ising model based approach, the work by Bisconti et al. [6] on reconstruction of a real
world social network using the Potts model and Loopy Belief Propagation, etc.

1.4 Main Results and Proof Sketch

Because non-reconstruction happens at most d|A|?> = 1, without loss of generality, it would
be convenient to presume 1/2 < d|A|?> < 1 in the following context.
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Main Theorem AssumeQ < |Ay| < |A1|. When g > 4, for every d the Kesten—Stigum bound
is not tight, i.e. the reconstruction is solvable for some L even if d)»% < 1L

The ideas and techniques used to prove the Main Theorem can be seen as the following.
One standard to classify reconstruction and nonreconstruction is to analyze the quantity
Xxp: the probability of giving a correct guess of the root given the spins o (n) at distance
n from the root, minus the probability of guessing the root randomly which is i in this
case. Nonreconstruction means that the mutual information between the root and the spins
at distance n goes to 0 as n tends to infinity. It can be established that the nonreconstruction
is equivalent to

lim x, = 0.
n—o00

Our analysis is similar to Borgs et al. [8], Chayes et al. [11] in the context of spin—glasses,
and Sly [43]. However, the two classes of mutation complicates the discussion of A, the second
largest eigenvalue in absolute value of the transition matrix, which makes the problem much
more challenging. In this case, it is necessary to consider the corresponding quantities similar
to x,, viz. wrong guess but right group y,, and wrong guess and even wrong group z,,. In Sect.
2.2, we investigate the properties and relations between x,,, y, and z,. By these preliminary
results, we focus on the analysis of x,, and z, in the sequel.

In order to research the reconstruction, according to the Markov random field property,
we establish the distributional recursion and moment recursion, by analyzing the recursive
relation between the nth and the (n 4 1)th generations’ structure of the tree. Furthermore,
we display that the interactions between spins become very weak, if they are sufficiently
far away from each other. Therefore, we can obtain a nonlinear dynamical system. If x,, is
small, we are able to develop the concentration analysis and achieve the approximation to
the dynamical system:

Xnt1 =~ d)\%xn + (d)‘-% - d}‘%)zn + w (%}‘-?(xn + Zn)2 - 46])»%)»%(%1 + 2n)Zn
~4q132;)
awet ~ didz, — SO0 (3, 1 202 — 4gada2)

Finally, we investigate the stability of the system and then establish the threshold of ¢
relevant to the reconstruction. When ¢ > 4, even if dx% < 1 for some Aj, x;, will not
converge to 0 and hence there is reconstruction beyond the Kesten—Stigum bound. More
detailed definitions and interpretations can be seen in the next section.

2 Second Order Recursion Relation

2.1 Notations

Letuy, ..., uy be the children of p and T, be the subtree of descendants of v € T. Further-
more, if we set d(-, -) as the graph-metric distance on T, denote the nth level of the tree by
L, ={v e V:d(p,v) =n}andthenlet o;(n) be the spins on L, N'Ty ;. For a configuration

A on L, define the posterior function

fuli.A) =P, =i | o(n) = A). @2.1)
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622 W. Liu et al.

By the recursive nature of the tree for a configuration A on L(n + 1) N ’H‘uj, there is an
equivalent form

Sn@, A) =Poy; =i |oj(n+1)=A).
Now for any 1 <i < 2g¢, define a collection of random variables
Xi(n) = fuli, o))

to describe the posterior probability of state i at the root given the random configuration o (1)
of the leaves, and analogously,

XV = f,(1,0'm), XPm) = £,2,0'm), XPm) = fulg +1,0')).

By symmetry, the collections { f, (i, oln):2<i< q}and{f,(, ol(n)): g+1 <i <2q}
are exchangeable respectively; in addition, f,(j, o’ (n)) is distributed as

‘ b XDy ifi =],
fuGoo'(m) ~ { XP(n) ifi # jare in the same category,
X®(n) ifi # j are in different categories.

Finally, denote the first and second central moments of X @ (n), X @ (n) and X ® (n), which
would be the principal quantities in our analysis, as

1 1 1
x=E(XVYm)——)., w=E(X®0-=—), z=E(Xm)——).
2q 2q 2q

and
1\? 1\? 1\?
uy =E(XVm)y— —) , v, =E(XxPm)——) ., w,=E(X®m)——) .
2q 2q 2q
2.2 Preliminaries

Foranyi =1, ---,2g and nonnegative n € Z, it is concluded from the symmetric property
of the tree that

1
EXi(n) = 2%

is always true.

Lemma 1 For anyn € NU {0}, we have
29 1\2
X :EZ Xin)——) =0, z,<0, and x,+z, >0.
n — 1 2q - ’ n = ’ n n —_
1=

Proof First, by Bayes’ rule, we have

1
0t 50 = DY H(LAPGm) =Alo,=1)=2q ) Pl(n) =A)f(1,A)
A A
= 2gEX3(n)

and
1\2 X 5 h 24 1
0<E (X,(n)——) =) EXi(n)— — ) EXi(m)+ —=x,. (22)
Z 2q ; 2q ; 2q
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2q
Next, we consider the covariance matrix of random variables {X i(n) — i } and express
1
covariances in terms of x,, y, and z,. Similarly, we obtain

1
Yn+ 24 29 ) P(o(n) = A) fu(l, A) fu(2, A) = 2gEX1 () X2 (n),
A

so for any i1 < iy in the same category, it is concluded from the symmetric property of the
tree that

o MV (xoom— L) = _1 L )
E<X”(n) ZQ)<X'2(’1) 261>_E(X1 261><X2 Zq)_2q'

Similarly, if i; and i, are from different categories, we have

1 1 )
E <Xl](n) - Z) (Xiz(n) - Z) = Z

Therefore, the covariance matrix is given by

Xpo Yno .. Y Zm Zm ... ZIn
29 2q 29 2 q 2q
Yo Xeo .. Y Zm Zm .. Zn
2qg  2q 29 29 2 2q
q q q q q q
MW=l oz . om om owm o
2qg  2q 29 29 2 2q
Zn Zm ., Zn Yo Xn . On
29 2 29 29 24 2q
2¢ 2q 2¢ 29 2 2q

2gx2q
whose eigenvalues are 0, 22@=Din=dn 4pq =2 It is well known that the covariance
matrix of a multivariate probability distribution is always positive semi-definite, which
implies that all eigenvalues are nonnegative, say, x, + (¢ — 1)y, —qz, > 0and x,, — y, > 0.
It suffices to complete the proof, by these results and the fact of x, + (¢ — 1)y, + gz, = 0.

Lemma 2 For any n € N U {0}, the following hold:

(1) xn =up + (@ — Dvp + quy;

i) E(XD0) = L) (X = &) = vy + 22

XD (n) — i) (X<3>(n) _ i) — w, +

2 1 3 1Y) _ n n n .
X0 = 5) (X000 — ) = = - e — %
folg+ 1.0 ) — &) (a2 0 00) = ) = =2 — 5Eps

1 1 1 1 _ 2v, n n
fo@oo ) = &) (falg. ot o) = o) = =2 — i 4

(iii) E
@iv) E
v) E

NN NN TN

(vi) E
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624 W. Liu et al.

Proof By the total probability formula and using Lemma 1, we can prove (i) as follows:

2q 1\2
x=E) <X,-(n) - Z)

i=1

2q

2q 1\2
=;E Z(x,-m)—g) |0, =J | Plo, =)

i=1

o1 M Y @ Y
gzq[E<X (")_Z) +<q—1)E(x (")_Z)

j=1

1 2
+qE (X“)(n) - —) ]
2q
12 12
=E (X“kn) - —) +(q— DE (X@)(n) - —)
2q 2q

1\2
+qE <X<3>(n) - 7)
2q
=u,+(@q— v, +qw,.
Applying the same technique, we obtain

EXPm)xPn) = ZP(ap =1|o(n) = AP0, =2|0(@) = AP (n)
A

=Alo,=1)

=Y IPo, = 1] 0(n) = APPo(n) = A| o, =2)
A

2
—E (X<2> (n))
and hence (ii) follows:

1 1 12 Yp — X Yp — X
E X(l) - X(z) N Q. ) X(2) _ n n _ n n.
( (n) zq) ( (n) 26] 2q + 26] vy + 2q

Similarly, (iii) turns out to be true due to

EXDm)Xx® ) = E <X(3)(n)>2 .

The statement (iv), (v) and (vi) can be handled in the same way, using the symmetry,

EXPmXPn) =) Plo, =2|0mn) = AP0, =q+ 1| o) = AP (0(n)
A

=Alo,=1)
= ZP(% =1]o(m) = AP, =2]0(@m) = AP (co(n)
A

=Alo,=qg+1)
= ZP(op =q+1]on) =AP, =2q|on)=AP (o)
A
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=Alo,=1)
=Efy(q +1,0' ) f1(2q, 0 (n)). (2.3)
To obtain EX® (n) X ® (n), recall that

1
i+ — =EX®®m)
2q

2q
=Efilqg+1,0' ()Y fuli,o' ()
i=1
=EXPm)XP ) + (g - DEXP )X (n)
+EX)? + (g = DEfu(q + 1.0 () fu(2q. 0" (n))
=EXVm)X®m) +2(g — DEX@ )X (n)
+E(XP)2,

which implies that

1 1 wy Zn Yn
@Ay I (@ L) _ _
N (X "™ 2q> (X " 2q> T og—-1 2q@q-1 2’ @9

Thus, (2.3) together with (2.4) gives

Wn _ Zn
-1 2q-1

(fn(q +1,0'(n) - *) (fn(Zq oln) — 7) = _
2q 2q

As the preceding discussion, consider

2q
Yo+ i —EfQ.0' )Y 1.0 ()

i=1
= 2E(XP () + (¢ = 2E£,(2, o' (n)) fu(q, o' (n))
+qEXP ()X (),

1 1
E (fn<2, ol(n) — Z) (fn(q, o'(n) — Z)

! (y,,+i 2E<x<2>(n>)2—qu<2>(n)x<3>(n)>

and thus

q ) 2
2 + 1 + 1
20 \" T 2g) T ag?
__ 2v, _ Zn + quwp

g—2 2¢-1) (@-D@g-2)

2.3 Means and Covariances of Y;;
Define
— c 1
Yy = £, (.o} + 1),

and it is apparent that the random vectors (Y;;); 2 _, are independent, for j = 1,...,d, by
the symmetries of the model. The central moments of Y;; would play a key role in further
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analysis, and therefore it is necessary to figure them out in the first place. Foreach 1 < j < d,
we rely on the total probability formula to conclude:

1 1
E (Y1 j) = E) = poE (X“)(n) = Z)

4 -DpE <x<2>(n> - i)

(i) wheni =1,

) 1
+gpE( XY (n) — —
2q

= Axy + (A1 — A2)Zn;

(i) for2 <i <gq,

1 _ ) 1
E Yij(”)—i =pE(X (”)—2

1
+[po+ (g —2)p1IE (X<2>(n) - Z)

1
+qpaE <x<3> (n) —)
2q

Mo Mt(@—Dh

= X
g—1" g—1

ns

(iii) forg+1 <i < 2g, by means of the identity Zizil Y;j(n) = 1, it follows immediately
that

1 1 < 1
E Y' / - - - E Y i _— = A‘ ;
( lj(n) 2(]) 7 ;zl < lj(n) 2q> 22n
(iv) resembling the discussion of (i), (ii) and (iii), it is further concluded that when i = 1,

1\2 14 —2x4
E(Ylj(")_7> = —————xnt+ Aiun + (A1 — 22)wy;
q 2q

(v) for2 <i <gq,

1\? 1 2 A A A4 (g — D
E<Yij(n)_7> = <7+72+71)xn_ Ly = 2 -1 2 wn;
2q 29 2 q@—1 q—1 q-—1

(vi) forg+1<i <2gq,

1\ 1-x
E (Yij(n) - Z) = 736” + Aawy;

(vii) for2 <i <gq,

P o Y @D -1z,
E<Y1’(") 2q><Y”(”) 2q>_ 2w@—=1 " 2g-D

A @+ Dr—2
w

_q_ln_ q—l ns
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(viii) forg +1<i < 2gq,

E(Y;(n) ! Y;i(n) ! Moo+
i(n) — — iin)— — ) =——x,+— Wp;
1j 2q ij 2q an 2q 1Wn
(ix) forl <i; <ir» <gq,

1 1
e (1= 57) (v - 5;)

_ [_2(4 +2)A1 + (g — 2)A2
2q(q — (g —2)

1 } Zn
_ Xy —
2q(g — 1) 2(g =1
2X 2(g + D+ (g —2)x2
+ Un Wn;
(g—D@—-2) (g—1(g—-2)

(x) forl <ij <q <ip <2q,

el - ) (v - M NET—Y
() — — i) — — | = ————xn+ — — ——wy;
" 2¢ )\ 2¢)  2q(q-1D"""2¢ ¢q-1"

xi) forg+1<i; <ip <2q,

1 1 )\2 — 1 Zn )\2
E(Y ) — ) (Y - = Xy — _ w,.
2q 2q)  2q(q—1) 29—1 q-—1

2.4 Distributional Recursion

The key method of this paper is to analyze the relation between X M xn), XD @) and XD (n+
D, XPm+1 using the recursive structure of the tree. Take A = o'(n + 1) and then the
following relations follow from the Markov random field property:

(1) 1 Z
XHn+ D) = fo (o + D) = =5~
Zi:l Zi
and
3) _ 1 _ Zgt1
XY+ = fur1(g+1l,o (n+1)) = 2 o
i=1Zi
where

(A) forl <i <gq,

d 1
Zi=2Zim) =[] |1 +24(po—p2) ( ¥ij — %
j=1
1
+2q(pr—p) Y. (Y- %
I<t#i<q q

d 1
= 1_[ [1 +2q(po — p1) <Yij - 7)
j=1 1
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628 W. Liu et al.

1
—29(p1—p2) Y <Yzj - Z)

q+1=t=2q

1
= 1_[ |:l + 2gr; <Yij — Z)

j=1

1
+ 2(A1 — A2) Z (Yej—*) ,

q+1<t<2q

(B) forg +1<i <2gq,

=

Zi=Zi(n) =

1
[1 +2q(po — p2) (Yij - Z)

+ 2q(p1 — p2) Z <Yz]' - Z)

q+1=<t#i<2q

d 1
=11 [1 +2q(po — p1) <Yij - T)
j=1 1

~.
Il

—2q(pr—p2) Y, (Yzj - *)

1<@<q
d 1
= 1+2gh (Vi) — —
D[ ql(” 261)

1

+200—22) Y (Yej - Z)

I<t=q
To continue the proof, it is necessary to firstly reveal some identities concerning Z; (n).
Lemma 3 For any nonnegative n € Z and 1 <i < 2q, we have
EZ,(0)Zi(n) = EZ;(n)?,
and givenany2 < i1 <q <q+ 1 <i> <2q, we have

EZi(n)Zi,(n) = EZg41(n) Z2q (n).

Proof When i = 1, the result is trivial. If 2 < i < 2g, for any configurations A =
(Ay, ..., Ay) onthe (n + 1)th level, where A; denote the spins on L1 N ']Tuj ,we have

Plo(n+1)=A)

Zi(A) =2q
[19_, Poj(n+1) = 4))

Plop,=ilon+1)=A).
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By the symmetry of the tree, we have

2

Plo(n+1)=A)

EZ\Z; = (29)° Plo,=1|0(mn+1) = A)
1 ZA:< ?IP(U/'("'F]):A,/)) !

xPlo,=ilom+1)=A)Pomn+1)=A]o,=1)
2
Plo(n+1) = A) 5
= (2¢)* Pro,=1]ocmn+1)
;(Hj?:lp(aj(nﬂ):fx,»)) (o
= A xPom+1)=A|o,=i)
2
P (n+1) = A) , .
=(2q)2 P lo,=i|lo(n+1)
;(nj_lp(aj(nﬂ):/xj)) (s
= APom+1)=Alo,=1)
=EZ’.

Similarly, given arbitrary 2 < i; < g < iy < 2gq,

2

Ploc(n+1)=A)

EZi, Zi, = (29)* Po,=1]|om+1)=A)
o ZA:(1_[‘}=1P(rfj(n+1)=AJ-)> P

xPlop,=i1|on+1)=A)Pom+1)=A]0, =ir)
2
Plo(n+1)=A)
= (29)* Plo,=q+1|om+1)=A)
;<H?1P<oj<n+1>=m>> ’
xPlo,=2q|lon+1)=A)Poonr+1)=A|o,=1)
=EZ,1122.

Next approximate the means and variances of monomials of Z; by expanding them using
Taylor series. The following relations hold, where the symbol O, emphasizes that the corre-
sponding constant depends only on g.

(i) Wheni =1,
EZ = 1+d [2qx%xn +2¢(Af = 23)2]
d(d 2
D 124322, + 2902 = 3)2] + 0,60):

(i) For2 <i <g¢,

2qk2 2qA2
EZ =1+d Xn T+2 A3
qg—1 q -

dd—1 2g A2 2g13
+( )|:—q1x,, (q

2
3.
2 q— l 1 +2q)\-2) Zn:| + Oq(xn)v
(iii) Forg +1 <1i < 2gq,

dd—-1)

EZ = 1 +d(2q}3z,) + (2q2322)* 4 04 (D).
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Consider covariances of (Z;). By Lemma 3, itis known that EZ, Z; = EZI.Z, therefore we
obtain the following results:

(a) wheni =1,

EZ} =14dIT +

dd—1)
—7—ﬁ+%@x

where

2
1 1
M =E|1+2gA (Ylj—i)-f—Z(M—kz) > (ng—2> -1

q+1=<t=<2q

X
= 6q)»%xn + 6q(k% - A%)zn + 4q2)\? (un — i)

X,
+ufﬁ@vmﬁcw—iﬂ;
2q

(b) for2 <i <g,

dd—1
EZ? =14dIl, + %H% + 04 (x)),

where

I, =E | 1+2gx; | Vi ! +2(A — A2) Z Ye; ! 1
2= qgAL\ Lij 2 1 2 Lj 2

g+1=<t<2q
29(q —3) ., 29(q —3) ., 2 49> 5 x
:ﬁ)\.lxn‘i‘ ﬁ)\.l_6qk2 Zn_q_l)\.l Mn_i
3A —3)
Lyt @=3h,, (wn _ L) ;
q—1 2q
(c) forg+1<i <2gq,
dd—-1)
EZ? =1 +dITs + ?Iﬁ + 04(x)),
where
2
1 1
M =E| 1420 (Y — — | +202—-2) Y (Yy—5)| -1
2q 2q
g+1=<t<2q

n

X,
=Mﬁm+%ﬁ+ﬁm+Mﬁ%«w—Z»
(d) for2 <iy <ix <gq,

d(d -1
EZi\Zi, =EZyZ, = | +dIls + %HZ + 04(xD),
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where
1 1
My =E| 142k (Yo — — ) +200 -2 > (Y4—-=
2q 2q
q+1=t=2q N
14291 (Y, ! +200-2) Y (¥ ! 1
% b _ _ _
qr qj 2q 1 2 lj 2(]
q+1=t=2q _
6g22 6g12 8q223 x
_ St (6aid s Zn+#<un_i>
qg—1 qg-—1 (g—D(@—-2) 2q
611 + (3g — 6)A
420011 Gg )2A%<wn_x7n>_
(g—Dg—2) 2q
(e) forg+1<i <2gq,
dd-1 _, 3
EZ,Z; =EZ,Z41 = 1 +dIl5 + ?Hs + 04(x;),
where
s =E | 1+2g7 | Ya; ! +200-2) Y. Yy !
5= qAl 2j 2(] 1 2 £ 2q
q+1=<t=<2q
1 1
x| 14 2gAr; Y(q+1)j—7 +2(A1 — A2) Z Yoj — —1
q ol 2q
=t=q
2g23 2q23 ) 49> Xn
=— - 2g — A2 - ).
q_1Xn+ q_1+q2 Zn q_112<wn 26])

2.5 Main Expansion of x,; and z,41

In this section, we aim to figure out the second order recursive relation between x,,41 and
Zn+1, by virtue of the following identity

a a ar r2 a

L@, r a4 25
s+r s s2+s2s+r 2.5)

Specifically, takinga = Z1, s =2qg and r = 21‘211 Z; —2q,(2.5) yields

2q
VA VA VA A Zi =2
xn+1+2*:E2(171: ~L-E 2im 21 2
a Yizi 2 (29)
2q 2
Z AR
1K qu (Z,_]zt . q) : (2.6)
Zi:l Z; (29)
2
s L g e pZaen Zgr1 (2, Zi — 29)
= — _
g TyH g, 2 (29)?
2
Zyw1 (L Zi - 29)°
+E—, 52 (2.7)
Yo Zi (29)
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Finally, plugging the results of Sect. 2.4 into (2.6) and (2.7) and taking substitutions of
X, = x, + z, and Z, = —z,,, we obtain a two dimensional recursive formula of the linear
diagonal canonical form:

Xpi1 = dA3 X, + 4421 (%xp«g + 4qxfx§2cnzn> + Ry + R, + Vy

(2.8)
Zup1 = dA2Z, + 44D (q‘ljx‘l‘x,% - 4qxgz,3) R4V,
where
2,
gl 2 1\ ELz-20°
i YM. .z 24 Q9?7
2
R. —E Zq+1 _ L (Z[il Zi — 2‘])2
) YM 7, 24 Qe
and
u 1 w 1
MHMEQﬁﬂi~7+J—f+m)
X,  2q X,  2q

with Cy a constant depending on ¢ only.

3 Proof of the Main Theorem

If the reconstruction problem is solvable, then o (n) contains significant information on the
root variable. This may be expressed in several equivalent ways (Mossel [32], Proposition
14).

Lemma 4 The nonreconstruction is equivalent to

lim x, = 0.
n—0o0
In order to study the stability of dynamical system (2.8), we expect Ry, R; and V,, V,
to be just small perturbations, for example, of the order o(x,%). It is known that fixed finite
different vertices far away from the root can affect the root little, based on which, it is possible

Z
£ and 5 are both
Zi:l Zi Zi:l Zi

sufficiently around ﬁ, and thus are able to bound R, and R; in (2.8).

to explore further the concentration analysis. We can verify that

Lemma 5 Assume min{|A1|, |A2|} > o, for some ¢ > 0. For any ¢ > 0, there exist N =
N(q,e)and § =6(q, e, 0) > 0, such that ifn > N and x,, < 6, then

2

IR,| <ex? and |R.| < ex?.

Proof Forany n > 0and 1 <i < 2q, applying Cauchy-Schwartz inequality,
2 2
Z (S Zi=20° p 1 ik Zi-2)
Sz (297 29 Q97

g Zi 27
- (29)*

Zy 1
: _1
Y4z 2
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By I R | D
- 29)? Xz 24|
24 7. _ 9.2
+E((Z,-=1 Z —2) 1(‘ Z _2i >n)>
2q9) Y2z 24
gz =20
- (29)?

E(Z%L Zi —2q)* 2 P Z; 1
He==—) Pl =
i=1Zi

1/2
. ,,)) |
We can derive from the calculation for distributional recursion that
2 2
E O, zi —29)? >l zi —29)*
(29)? 2g)*

Similar to Lemma 2.11 of Sly [43] and Lemma 4.3 of Liu and Ning [25], there exist C3 =
C3(q,n,0) and N = N(q, n), such that whenn > N,

) <Ci(g)x} and E < C2(q).

— — — | >1n ) < Cs3x,.
2
Yz 24 "

Thus there exists C4 = C4(q, 1, 0), such that

. ( zZi 1 ) (X3 Zi —29)°
2

Rl = -
' 207, 2 (29)?

< nClx,%.

Finally, it suffices to take C1n = ¢/2, and thenif x, < §, we have R, < exﬁ. Similar analysis

gives R, < ex;,.

Prior to establishing the concentration results involving V, and V_, we need to firstly show
that the value of x, does not drop too fast to be non-reconstruction.

Lemma 6 For any o > 0, there exists a constant y = y(q, 0) > 0, such that
Xn+1 2 ¥V Xn,
for all n, if min{|A1], |X2]} > 0.
Proof Similarly to (2.1), for aconfiguration A on T, NL(n4-1), define the posterior function
gn+1(1, A) =P(o, =1]o1(n+1) = A)

1 1
=—+po (fn(l, A) - 2—)
q

2q
i 1
+p1 ; (fna, A) — Z)
2q 1
+p2 ) (fno', A) — Z)
i=q+1
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LY (fn(l, A) - i)
2q

2q
2q
A — A 1
+E22 N (i ) - o
q ' 2q
i=q+1

and then

1 1
Egur1(l,ol(n+ 1) = — + ME ([ Yi1(n) — —
2q 2q

A — A el ) 1
q (g+n1n 2q

1 2 2 2
= g T M O =)z

—+

The estimator that chooses a state with probability f;,+1 (i, o1 (n+1)) correctly reconstructs
the root with probability i +k%xn + (A% —A%)zn . Apparently this probability must be less than
the maximum-likelihood estimator (Mézard and Montanari [31]). Therefore, the following
inequalities hold:

IA

1 2 2 2
Z_i_klxn_i_(kl — A3z Elg}i’éqxi(n'f‘l)

1 | 2 1/2
2% + (Emiax (Xi(n+ D - Z) )

172

IA

1 24

1 2
Lle (x,-(n+1)——)
2q ; 2q

1 1,2
= Z +xn+l'

IA

On one hand, if A% > A%, then it is concluded from x,, + z, > 0 in Lemma 2.2 that

1/2
)‘%xn = )L%xn + ()L% - )L%)(-xn + ) = }‘%xn + (k% — )h%)Zn = xnil'

On the other hand, if )\% < )L% then )\%xn < xl/2

n s since z,, < 0. To sum up, we always have

. 1/2
mln{)ﬁ, A%}xn < xn{H.

Next choose £ = p2. It can be concluded from (2.8), Lemma 5, as well as the inequalities

ul_i <17
Xn  2q|

L 3.1)
Xn Zq -

that there exists a § = §(gq, ¢) > 0, such that, when x,, < §, one has

Xnt1 > (dmin{a}, A3} — e)x, > (d — Do*x, > 0%xn.

On the contrary, if x,, > 4§, one has x,41 > (min{kz, )»%}x,,)2 > ,948x,,. Finally, taking
y = min{p?, 0*8} completes the proof.

The following lemma improves the result of Lemma 1 by establishing the strict positivity
of the sum of x,, and z,,.
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Lemma 7 Assume L1 # 0. For any nonnegative n € Z, we always have
Xp +2zn > 0.

Proof In Lemma 2.2 we have proved that x,, 4+ z, > 0, so here it suffices to exclude the
equality. Now let us apply reductio ad absurdum and assume x, + z, = 0 for some n € N.
It follows that for i #~ j in the same configuration set, one has

E(X;(n) — X;(n)* = 2EX](n) = 2EX; (M) X ;(n) = x;%i" —0
Therefore, X1(n) = Xo(n) = -+ = Xg(n) and Xg1(n) = Xg12(n) = -+ = Xoq(n) as.,

that is, for any configuration combination A on the nth level, we always have
Plo,=1|oc(n)=A)=P(o, =2]0@m) = A).
Denote the leftmost vertex on the nth level by v, (1), and it follows
Plo, =1|0oy,) =1 =Po, =2]0y,0) =1).
Define the transition matrices at distance s by
Us=Mj,, Vi=Mij, and W,;= Mf,q+1’
and then it is convenient to figure out the iterative formulae for them
Us = poUs—1 + (g — Dp1Vs—1 +qpaWs—1
Vs = p1Us—1 +[po+ (¢ = 2)p11Vs—1 + gp2Ws—
Ws = paUs—1 + (g = Dp2Vs—1 + [po + (¢ — Dp1]1Ws—1.

To evaluate this three order recursive system, starting with the difference of the first two
equation

Us = Vs = 21 (Us—1 — Vs—1),
and then in light of the initial conditions Uy = 1 and Vyp = Wy = 0, it follows that
Us — Vs = A1 (3.2)
Finally, from the reversible property of the channel, we can conclude that
'1=U,—V,=Plo, =10,y =1)—Plo, =20,y =1) =0,
i.e., A1 = 0, a contradiction to the assumption of A; # O.

The following result provides the crucial concentration estimates of u, — )2‘—; and w,, —

when x;, is small.

Xn
2q°

Lemma 8 Assume |A2| > o, and |)1| = |A2| or |M1|/|A2] = « for some k > 1. For any
e > 0, there exist N = N(q, k, &) and § = 5(q, k, 0, &) > 0, such that ifn > N and x,, < §,
one has

wy 1

Xn

Uy 1

Xn

<& and < €.
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Proof Applying the identity (2.5), we have

2
1 29
(Zl T 2q Zui=1 Zi)

upr1 =E 5 )
(Ziil Zi)
2
2q
1 1
i=1
3.3
1 . 2 2 2 (3.3)
-—E[z,-—) "z Zi | —44°

2

2q
i=1

The first expectation of (3.3) will contribute the major terms of the expansion:
2

=
Elzi-—S 'z
2 257

2q
2
=EZ; - 1) - ZE(Zl -D> zi-29

i=1
2

R =

X
= 2dq)3x + 2dq(A] — 13)z0 + 4dg7 2] (u —~ Z)

Xn

+ 12dg*A3 (b1 — 12) (w,, -
2q

) + 04 (x2).

Similarly, we can bound both the second and third terms of (3.3) by Oy (x,zl):

2

2q 2q
1
E ZI—EE:Z,» § Zi| —44*| = 0,(x2),
i=1 i=1

and
) 2

2q
E[[Y zi]| —44*| =0,(x)).
i=1

Note that all the O, terms in the context only depend on g. Substituting these bounds into (3.3)
gives

Xn+1
2q

Xn

2q

Unil = +dnd (un — ;—”> F3d02 (0 — h2) (wn - ) + 0,02, (34)
q
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by means of x, 1 = dkfxn +d (A% - k%)zn + Oy (x,%). Moreover, the similar expansion of
wp+1 would be

Wst = —5E(Zgs1 — D2+ 0,02 = 2L L dadn, (wn - Z) + 0, (x2),

2q
2
0, ( *n ) . (3.5)
Xn+1

Next display the discussion in the X’ O Z plane. First consider the case of |A1|/|A2]| > « for
« > 1. In a small neighborhood of (0, 0), since d)\% < K2d|)\.%| < dk% < land &), > 0, the
discrete trajectories approach to the origin point “tangentially” to the X'-axis, if x,, is small
enough for some n (see Bernussou [4] for reference). Besides, the conclusion of Lemma 7
excludes the trajectory along Z-axis. Then for some M > 1, there exist absolute constants
N1 = Ni(q,«, M) and 81 = 81(q, k, M), such that if n > N; and x,, < §;, we have

42

and thus

warr 1 dAiag2n <ﬂ - L) +
Xntl  2q Xppl \Xn  2q

1
X}’LZMZn andm lxn+0(x)>0

where the remainder term O, (x2) comes from the expansion of x,, 4 1. Consequently, it follows
Xntzn =X > +1 X, Wthh yields, in connection with z, < 0 in Lemma 2.2,

Xn Xn Xn Xn
Xogl  dAIx, +d(03 — 2Dz, + Oy (x,%) A, + 04 (x)) ~ (1 — ) drix,
oM 1 (3.6)
M —1d)3 '
The second case taken into account is [A1| = [Az|. In view of 1/2 < d\? = d)»% <1,

there also exist absolute constants Ny = Na(q, M) and 6, = 82(g, M), such thatif n > N,
and x, < 8, one has

Xn Xn Xn M 1

— < = —.
Xnpl diixg + 0g(x2) T (1— &) dadx, M —1da}

For fixed k, it is known from (2.8) that
utt — (@A X, + dA3Z,)| < Clg)x2,

and then there exists §3 = 83(q, k, M, k) < min{dy, 8}, such that if x, < §3 then one has
Xnte < 283, for any 1 < £ < k. Therefore, for any positive integer k, (3.5) yields

1 _ _ 1 _
Wnrk _ L _ 2y Fnket (wn+k 1 )+ 0, <xn+k Kotk 1>
Xntk 24 Yotk \ Xntk-1 29 Xntk
k
_ 1
= @i (] ol (ﬂ - —) + R,
r—1 Xn+e Xn 2q

where

k k k

Xp0—1 M 1 M
d)2an)k ||L < (dA2a)* — = A
(dAih2) (H — < (dA1lA2)) M—1d2 M—1| 2
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and

. i 205 pi—l 1_(1‘4M I)»zl) M1
R| <2C6 dr7|A2])' ™ <$ —,
|R| =2C83 E ldAZ (drilA2]) ST N M= 1d?
-1 2l 1

with C denoting the O, constant in (3.5). From the identity (i) in Lemma 2, we obtain
0< ';’—: < %, which implies

wy, l<1

X, 2q|” 29

Noting that [A2| < |A1] < d-1? < l/ﬁ, it is possible to achieve %Ikzl < 1 by choosing
M = 4. Therefore, it is feasible to take k = k(¢) sufficiently large and 84 = 84(q, k, k, &) =
84(q, k, &) < 83 sufficiently small to guarantee

Wn+k 1

Xn+k 21]

< E&.

Finally, in view of |X,| > o, there exists y = y (g, 0) by Lemma 6 satisfying x,,_x < Y *x,.
Thus choose N = N(q,«,¢&,k) = N(q, k, &) > max{N; +k, Ny + k}and § = yk64, such
that, if x, < andn > N, one has

— - —| <e. 3.7

Finally, the second part of the lemma follows by plugging (3.7) into (3.4) and proceeding
similarly as above.

Proof of the Main Theorem First, consider o < |X2| < |A1], for any fixed o > 0. By
Lemma 4, it suffices to show that when dk% is close enough to 1, &;, does not converge to 0.
Therefore, itimplies that x,, does not converge to O either, considering0 < X,, = x,+2z, < x,.
It is convenient to make |A2| > o fixed and just A; varying, and then without loss of general-

. 172
+ 3 ) > 1 and thus
2

ity, assume d)»% > . Consequently choose x = «(d, 12) = <

[A1l/122] = «.
As in Lemma 8, display our proof in the XO Z plane. Under the condition of ¢ > 4
and (2.8), it is apparent that

dd—1) (2 -3
Ho =y + DD (D80 agidiav, 2,

+Ry + R, +V,

dd—1)2 -3
> it + LD R - IR

u 1 w 1

—Cyx? (|2 - — E +xn ),

Vxn<xn 2q xﬂ 2(] -xn

where the last inequality comes from |A;| < d~!/2 < 1. Then by Lemma 8 and Lemma 5,

there exist N = N(q,«,0) and § = 8(q,d, k,0) > 0, such thatif n > N and x,, < §,
Xn

then in the small neighborhood of the origin point (0, 0), we have &, > Z, and X, > .
Meanwhile, the following estimates hold:
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1 dd—1)2q(g —3)

Xp < )\4§
48Cy 2 qg—1
wy | fwa 1] _ 1 dd-129q=3) 4
xn 2gq| |x.  2q|” 48Cy 2 g—1 "1
1dd—1)2 3 1dd—1)2q(g -3
R R.| < - ( ) 2q(q — )A?f_ ( ) 2q(q )A?Xn;
32 2 qg—1 8 2 q—1

Therefore, the quadratic term of X,% is “large” enough to control the remainder terms:
1d(d —1)2q(q —3)
2 2 q—1

1d(d—1)2q(q —
: dA2+7d(d ) 2q(q 3)%1)(”
2 2 qg—1

Xy = dA1X, A2

(3.8)

Take ¢ = min{%yN, yd8} > 0, where y = y (g, 0) > 0is the constant in Lemma 6. Because
g > 4 and ¢ is independent of 1|, we can choose |[A1| < d~=12 to make

1d(d—1)2q(q—3) 4
dr? + — Aje > 1. 3.9
1ty g—1 (39
Since xog = 1 — i > %, it is concluded that x,, > %y" > 2¢ when n < N, in addition,
Xy > IntZn XTN > ¢. Now suppose &, > ¢ for some n > N. Then display our

discussion of &), as follows:

(a) If X, > 2y~ le, then

(b) Ife < X, <2y e thenx, <
that

NG
Q

thus it follows from (3.8) and (3.9)

1d(d—1)2q(q —3)
2 g—1

Xngl = Xngl > Ay [dx% + x‘l‘xn] > X, >e.
Finally, we have x,, > X}, > ¢ for all n, by induction. Consequently, it is established that the
Kesten—Stigum bound is not tight.

The second case to be considered is |A1| = |A2|, under which there are two equal multi-
pliers in this nonlinear second order point mapping and the origin point must be a star node.
Although the principal axis is undetermined, just by the comparison of the quadratic terms
and for ¢ > 4, it is concluded that

dd—1) <2q(q -3)
2 1

Atz + 4qx‘]‘xnzn>

dd—1) q 2 452
dd—-1) (2> -7
_ & : )( 4 qu‘l‘x,3+4qx‘,‘xnz,,+4qx‘]‘z,%>
_dd-1 )
= ) 1 n,

and thus the decay rate of &}, is much slower than Z, if x,, is sufficiently small. Therefore, in
light of the preceding discussion, there still exist N = N(g) and § = §(g), such thatifn > N
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and x, < 8, we have X, > Z, and thus x,, = X, + Z, < 2X),. Then the rest discussion
would be similar as the first part. O
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