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The Angular Intensity Correlation Functions C(1) and C(10) for
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Randomly Rough Dielectric Surface
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aDepartment of Physics, Theoretical Physics Group,

The Norwegian University of Science and Technology,

N-7491 Trondheim, Norway

bDepartment of Physics and Astronomy

and Institute for Surface and Interface Science,
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cInstitute of Spectroscopy, Russian Academy of Sciences,
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ABSTRACT

We calculate the short–range contributions C(1) and C(10) to the angular intensity correlation function for the

scattering of s-polarized light from a one-dimensional random interface between two dielectric media. The calculations

are carried out on the basis of a new approach that separates out explicitly the contributions C(1) and C(10) to the

angular intensity correlation function. The contribution C(1) displays peaks associated with the memory effect

and the reciprocal memory effect. In the case of a dielectric–dielectric interface, which does not support surface

electromagnetic surface waves, these peaks arise from the coherent interference of multiply-scattered lateral waves

supported by the interface. The contribution C(10) is a structureless function of its arguments.

Keywords: correlations, memory effect, rough surfaces, scattering

1. Introduction

Recent theoretical studies [1,2] of angular intensity correlation functions of light scattered incoherently from a weakly

rough random metal surface have predicted new correlation functions in addition to the short–range (C(1)), long–

range (C(2)), and infinite–range (C(3)) correlation functions predicted in earlier studies of angular intensity correlation

functions of light scattered from volume disordered media [3], and subsequently observed experimentally [4-6]. The

new correlation functions predicted in the context of rough surface scattering have been labeled the C(10) and
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C(1.5) correlation functions. The former is of the same order of magnitude as the C(1) correlation function, which

describes the memory effect and the reciprocal memory effect, so named because of the wave vector constraints that

govern their occurrence. The C(10) correlation effect had been overlooked in an earlier study of angular intensity

correlation functions in rough surface scattering [7] because it was based on the factorization approximation [8], an

approximation that was not used in Ref. [1, 2]. The C(1.5) correlation function, which also cannot be obtained within

the factorization approximation, was predicted to display peaks associated with the roughness-induced excitation of

the surface plasmon polaritons supported by the metal surface, just as the C(1) correlation function does when the

conditions for the occurrence of the memory effect and the reciprocal memory effect are satisfied. However the C(1.5)

correlation function is significantly weaker than the C(1) correlation function. In very recent experimental work [9]

the envelopes of the C(1) and C(10) correlation functions have been measured experimentally for the scattering of

p-polarized light from weakly rough, one-dimensional gold surfaces. The C(1.5), C(2), and C(3) correlation functions

have yet to be observed experimentally.

In contrast with the theoretical and experimental studies of angular intensity correlation functions of light scat-

tered from randomly rough metal surfaces cited above, there have been no theoretical studies to date of these

correlation functions for light scattered from dielectric surfaces, and the only experimental studies [10] of these cor-

relation functions, which are limited to C(1), demonstrate the existence of the memory effect and of the reciprocal

memory effect, but do not present results for the envelope of C(1).

In this paper we present a theoretical study of the angular intensity correlation functions C(1) and C(10) of

s-polarized light scattered from a one-dimensional random interface between two dielectric media. Although a

dielectric-dielectric interface does not support surface electromagnetic waves, it does support lateral waves [11], and

one of our aims in this work is to show that these waves can give rise to features in C(1), namely peaks when the

conditions for the occurrence of the memory and the reciprocal memory effects are satisfied, just as surface plasmon

polaritons do in the case of a vacuum-metal interface. A second aim of this work is to present an approach to the

calculation of an angular intensity correlation function that explicitly separates out the contributions C(1) and C(10)

to it, allowing each to be calculated separately. The remainder of the correlation function, which represents the sum

of the contributions labeled C(1.5), C(2), and C(3), also allows each of these contributions to be treated separately,

and will be the subject of a separate paper.

2. The Scattering System

The physical system we consider in this work consists of a dielectric medium, characterized by a real positive dielectric

constant ǫ0, in the region x3 > ζ(x1) and a dielectric medium, characterized by a real positive dielectric constant ǫ,
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Fig.1 The scattering system studied in this paper.

in the region x3 < ζ(x1) (Fig. 1). The surface profile function ζ(x1) is assumed to be a single-valued function

of x1 that is differentiable and that constitutes a zero-mean, stationary, Gaussian random process defined by the

properties

〈ζ(x1)〉 = 0, 〈ζ(x1)ζ(x
′

1)〉 = δ2W (|x2 − x′

1|). (2.1)

In Eqs.(2.1) the angle brackets denote an average over the ensemble of realizations of ζ(x1), and δ = 〈ζ2(x1)〉
1

2 is the

rms height of the surface. In numerical calculations we will use the Gaussian form

W (|x1|) = exp(−x2
1/a

2) (2.2)

for the surface height autocorrelation function. The characteristic length a appearing in the expression is called the

transverse correlation length of the surface roughness.

The Fourier coefficient ζ̂(k) of the surface profile function is also a zero-mean Gaussian random process charac-

terized by the following statistical properties:

〈ζ̂(k)〉 = 0, 〈ζ̂(k)ζ̂(k′)〉 = 2πδ(k + k′)δ2g(|k|), (2.3)

where g(|k|), the power spectrum of the surface roughness, is defined by

g(|k|) =
∫

∞

−∞

dx1W (|x1|)e−ikx1 . (2.4)
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The form of g(|k|) that corresponds to the choice (2.2) for W (|x1|) is

g(|k|) =
√
πa exp(−a2/k2/4). (2.5)

3. Scattering Theory

We assume that the surface x3 = ζ(x1) is illuminated from the medium whose dielectric constant is ǫ0 by an s-polarized

electromagnetic wave of frequency ω, whose plane of incidence is the x1x3-plane. In the region x3 > ζ(x1)max the

single nonzero component of the electric vector of this wave is the sum of an incident wave and a scattered field,

E>
2 (x1, x3|ω) = exp[ikx1 − iα0(k)x3] +

∫

∞

−∞

dq

2π
R(q|k) exp[iqx1 + iα0(q)x3], (3.1)

where α0(q) =
√

ǫ0(ω2/c2)− q2, Reα0(q) > 0, Imα0(q) > 0. A time dependence of the form of exp(−iωt) has been

assumed in Eq. (3.1) but explicit reference to it has been suppressed. The scattering amplitude R(q|k) satisfies the
reduced Rayleigh equation

∫

∞

−∞

dq

2π
M(p|q)R(q|k) = N(p|k), (3.2)

where

M(p|q) = I(α(p) − α0(q)|p− q)

α(p)− α0(q)
, N(p|k) = −I(α(p) + α0(k)|p− k)

α(p) + α0(k)
, (3.3)

with α(q) =
√

ǫ(ω2/c2)− q2, Reα(q) > 0 , Imα(q) > 0, and

I(γ|Q) =

∫

∞

−∞

dx1 e
−iQx1e−iγζ(x1). (3.4)

The solution of Eq. (3.2) can be written in the form [12]

R(q|k) = −2πδ(q − k)− 2iG(q|k)α0(k), (3.5)

where G(q|k) is the Green’s function associated with the random rough interface. It is defined as the solution of the

equation

G(q|k) = 2πδ(q − k)G0(k) +

∫

∞

−∞

dp

2π
G0(q)V (q|p)G(p|k), (3.6)

where

G0(k) =
i

α0(k) + α(k)
(3.7)

is the Green’s function for a planar dielectric-dielectric interface. The scattering potential V (q|k) is defined by Eqs.

(3.2) and (3.6), and is found to satisfy the integral equation

∫

∞

−∞

dp

2π
[M(q|p) +N(q|p)] V (p|k)

2iα0(p)
= {M(q|k)[α0(k)− α(k)]−N(q|k)[α0(k) + α(k)]} 1

2α0(k)
. (3.8)
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In what follows we will need the averaged Green’s function 〈G(q|k)〉. Due to the stationarity of the surface profile

function ζ(x1), 〈G(q|k)〉 must be diagonal in q and k, 〈G(q|k)〉 = 2πδ(q − k)G(k). An application of the smoothing

method [12] to Eq. (3.6) yields the result that G(k) is given by

G(k) =
1

G−1
0 (k)−M(k)

=
i

α0(k) + α(k) − iM(k)
. (3.9)

The proper self-energy M(k) appearing in these expressions is defined by the relation 〈M(q|k)〉 = 2πδ(q − k)M(k),

where the unaveraged self-energy M(q|k) is the solution of

M(q|k) = V (q|k) +
∫

∞

−∞

dp

2π
M(q|p)G0(p)[V (p|k)− 〈V (p|k)〉]. (3.10)

In order to calculate M(k) and the Green’s function G(q|k) we need the scattering potential V (q|k). We can

solve the equation it satisfies, Eq. (3.8), as an expansion in powers of the surface profile function ζ(x1). In what

follows we will make the small roughness approximation [13]. This consists of approximating V (q|k) by the term of

first order in the surface profile function V (1)(q|k):

V (1)(q|k) = (ǫ − ǫ0)
ω2

c2
ζ̂(q − k). (3.11)

The results we obtain are therefore limited to weakly rough surfaces. In the small roughness approximation the

self-energy M(k) obtained by Eq. (3.10) is given to lowest nonzero order in ζ(x1) by

M(k) = W 2

∫

∞

−∞

dp

2π
g(|k − p|)G0(p), (3.12)

where

W = δ(ǫ − ǫ0)
ω2

c2
. (3.13)

4. The Correlation Function C(q, k|q′, k)

The angular intensity correlation function of interest to us is defined by

C(q, k|q′, k′) = 〈I(q|k)I(q′|k′)〉 − 〈I(q|k)〉〈I(q′|k′)〉. (4.1)

The intensity I(q|k) entering this expression is defined in terms of the scattering matrix S(q|k) for the scattering of

light of frequency ω from a one-dimensional random surface by

I(q|k) =
√
ǫ0

L1

(ω

c

)

|S(q|k)|2, (4.2a)

where S(q|k) is given in terms of the scattering amplitude R(q|k) by

S(q|k) = α
1

2

0 (q)

α
1

2

0 (k)
R(q|k). (4.2b)
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The wavenumbers k and q in Eqs. (4.2a) and (4.2b) are related to the angles of incidence and scattering, θ0 and θs,

respectively, by (Fig. 1)

k =
√
ǫ0(ω/c) sin θ0, q =

√
ǫ0(ω/c) sin θs; (4.3)

L1 is the length of the x1-axis covered by the random surface; and the angle brackets in Eq. (4.1) denote an average

over the ensemble of realizations of the surface profile function ζ(x1).

We note that the definition of the intensity used by West and O’Donnell in their study of angular intensity

correlation functions in the scattering of light from a random vacuum-metal interface [9] differs by a factor from that

given by Eq. (4.2a), namely

I(q|k)wo =
cos θs
2π

√
ǫ0
I(q|k). (4.4)

With the definition of I(q|k) given by Eq. (4.2a) we write the correlation function C(q, k|q′, k′) in the form

C(q, k|q′, k′) = ǫ0
1

L2
1

(ω

c

)2 α0(q)α0(q
′)

α0(k)α0(k′)
[〈|R(q|k)|2|R(q′|k′)|2〉 − 〈|R(q|k)|2〉〈|R(q′|k′)|2〉]. (4.5)

If we substitute into this expression the result for R(q|k) given by Eq. (3.6), and omit all terms proportional to

δ(q − k) and/or δ(q′ − k′), as uninteresting specular contributions, we obtain

C(q, k|q′, k′) = ǫ0
16ǫ0
L2
1

(ω

c

)2

α0(q)α0(k)α0(q
′)α0(k

′)[〈|G(q|k)|2|G(q′|k′)|2〉 − 〈|G(q|k)|2〉〈|G(q′|k′)|2〉]. (4.6)

Now G(q|k) satisfies [14]

G(q|k) = 2πδ(q − k)G(k) +G(q)t(q|k)G(k), (4.7)

where the function t(q|k) is the solution of [14]

t(q|k) = w(q|k) +
∫

∞

−∞

dp

2π
w(q|p)G(p)t(p|k), (4.8)

with

w(q|k) = V (q|k)− 〈M(q|k)〉. (4.9)

Then, again omitting all terms proportional to δ(q − k) and/or δ(q′ − k′), we obtain from Eq. (4.6)

C(q, k|q′, k′) = ǫ0
16ǫ0
L2
1

(ω

c

)2

α0(q)|G(q)|2α0(k)|G(k)|2D(q, k|q′, k′)α0(q
′)|G(q′)|2α0(k

′)|G(k′)|2, (4.10)

where

D(q, k|q′, k′) = 〈t(q|k)t∗(q|k)t(q′|k′)t∗(q′|k′)〉 − 〈t(q|k)t∗(q|k)〉〈t(q′|k′)t∗(q′|k′)〉. (4.11)

Before proceeding we also introduce the normalized angular intensity correlation function defined by

Ξ(q, k|q′, k′) = 〈I(q|k)I(q′|k′)〉 − 〈I(q|k)〉〈I(q′|k′)〉
〈I(q|k)〉〈I(q′|k′)〉 , (4.12)
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which in terms of the function t(q|k) takes the form

Ξ(q, k|q′, k′) = D(q, k|q′, k′)
〈|t(q|k)|2〉〈|t(q′|k′)|2〉 . (4.13)

We note that this definition of the normalized angular intensity correlation function differs from that introduced by

West and O’Donnell [9]. If we note that 〈t(q|k)〉 = 0 (see Eq. (4.7)), we can rewrite D(q, k|q′, k′) equivalently as

D(q, k|q′, k′) = |〈t(q|k)t∗(q′|k′)〉|2 + |〈t(q|k)t(q′|k′)〉|2 + {t(q|k)t∗(q|k)t(q′|k′)t∗(q′|k′)}, (4.14)

where {· · ·} denotes the cumulant average [15].

The result given by Eq. (4.14) is very convenient. Due to the stationarity of the surface profile function ζ(x1),

〈t(q|k)t∗(q′|k′)〉 is proportional to 2πδ(q − k − q′ + k′). It therefore gives rise to the contribution to C(q, k|q′, k′)
called C(1)(q, k|q′, k′) , and describes the memory effect and the reciprocal memory effect. Similarly, 〈t(q|k)t(q′|k′)〉 is
proportional to 2πδ(q−k+q′−k′), and therefore contributes the correlation function C(10)(q, k|q′, k′) to C(q, k|q′, k′).
The third term on the right hand side of Eq. (4.14) {t(q|k)t∗(q|k)t(q′|k′)t∗(q′|k′)} due to the stationarity of the surface

profile function ζ(x1) is proportional to 2πδ(0) = L1, and gives rise to the long- and infinite-range contributions to

C(q, k|q′, k′) given by the sum C(1.5)(q, k|q′, k′) + C(2)(q, k|q′, k′) + C(3)(q, k|q′|k′). Thus, the approach presented

here separates explicitly the contributions to C(q, k|q′, k′) that have been named C(1)(q, k|q′, k′) and C(10)(q, k|q′, k′).
What is more, this approach explicitly shows the relative magnitudes of the different contributions to the correlation

function. Indeed, since 2πδ(0) = L1, when the arguments of the delta-functions vanish the C(1)(q, k|q′, k′) and

C(10)(q, k|q′, k′) correlation functions are independent of the length of the surface L1, because they contain [2πδ(0)]2.

At the same time the remaining term in Eq. (4.14), that yields the sum C(1.5)(q, k|q′, k′) + C(2)(q, k|q′, k′) +
C(3)(q, k|q′|k′), is inversely proportional to the surface length, due to the lack of the second delta function. Therefore,

in the limit of a long surface or a large illumination area the long-range and infinite-range correlations vanish.

The explicit expressions for the short–range contributions to the angular intensity correlation functions are

C(1)(q, k|q′, k′) = ǫ0
16ǫ0
L2
1

(ω

c

)2

α0(q)|G(q)|2α0(k)|G(k)|2|〈t(q|k)t∗(q′|k′)〉|2α0(q
′)|G(q′)|2α0(k

′)|G(k′)|2 (4.15)

C(10)(q, k|q′, k′) = ǫ0
16ǫ0
L2
1

(ω

c

)2

α0(q)|G(q)|2α0(k)|G(k)|2|〈t(q|k)t(q′|k′)〉|2α0(q
′)|G(q′)|2α0(k

′)|G(k′)|2, (4.16)

while the normalized angular intensity correlation functions are given by

Ξ(1)(q, k|q′, k′) = 〈|〈t(q|k)t∗(q′|k′)〉|2
〈|t(q|k)|2〉〈|t(q′|k′)|2〉 , (4.17)

Ξ(10)(q, k|q′, k′) = |〈t(q|k)t(q′|k′)〉|2
〈|t(q|k)|2〉〈|t(q′|k′)|2〉 . (4.18)

The property of a speckle pattern that is characterized by the presence of the factor 2πδ(q − k − q′ + k′) in

C(1)(q, k|q′, k′) is that if we change the angle of incidence in such a way that k goes into k′ = k + ∆k, the entire

speckle pattern shifts in such a way that any feature initially at q moves to q′ = q +∆k. This is the reason why the

7



C(1) correlation function was originally named the memory effect. In terms of the angles of incidence and scattering,

we have that if θ0 is changed to θ′0 = θ0 + ∆θ0, any feature in the speckle pattern originally at θs is shifted to

θ′s = θs +∆θs, where ∆θs = ∆θ0(cos θ0/ cos θs) to first order in ∆θ0.

The property of a speckle pattern that is characterized by the presence of the factor 2πδ(q − k + q′ − k′) in

C(10)(q, k|q′, k′) is that if we change the angle of incidence in such a way that k goes into k′ = k +∆k, a feature at

q = k −∆q will be shifted to q′ = k′ +∆q, i.e. to a point as much to one side of the new specular direction as the

original point was on the other side of the original specular direction. For one and the same incident beam the C(10)

correlation function therefore reflects the ”symmetry” of the speckle pattern with respect to the specular direction.

In this paper we will be concerned only with the short-range correlation functions. The extraction of C(1.5), C(2),

and C(3) from the third term on the right hand side of Eq. (4.14) will be described in a separate paper.

5. The Correlation functions C(1) and Ξ(1).

It has been shown in Ref. [14] that if we rewrite the product t(q|k)t∗(q′|k′) in a direct product notation as

τ (1)(q, q′|k, k′) the ensemble average of τ (1)(q, q′|k, k′) satisfies the equation

〈τ (1)(q, q′|k, k′)〉 = 〈Γ(1)(q, q′|k, k′)〉+
∫

∞

−∞

dp

2π

∫

∞

−∞

dp′

2π
〈Γ(1)(q, q′|p, p′)〉G(p)G∗(p′)〈τ (1)(p, p′|k, k′)〉. (5.1)

In this equation 〈Γ(1)(q, q′k, k′)〉 is an irreducible vertex function. In the present work we will approximate it by

the sum of all maximally-crossed diagrams in the small roughness approximation. It is the contributions associated

with these diagrams that describe the phase-coherent multiple-scattering processes that give rise to the effects we

seek. Due to the stationarity of the surface profile function ζ(x1) each term in the expansion of 〈Γ(1)(q, q′|k, k′)〉 is
proportional to 2πδ(q − k − q′ + k′), so that 〈Γ(1)(q, q′|k, k′)〉 is given by

〈Γ(1)(q, q′|k, k′)〉 = 2πδ(q − k − q′ + k′){W 2g(|k − q|)

+

∫

∞

−∞

dp1
2π

W 2g(|q − p1|)G(p1)G
∗(q′ + k − p1)W

2g(|p1 − k|)

+

∫

∞

−∞

dp1
2π

∫

∞

−∞

dp2
2π

W 2g(|q − p2|)G(p2)G
∗(q′ + k − p2)W

2g(|p2 − p1|)G(p1)

×G∗(q′ + k − p1)W
2g(|p1 − k|) + · · ·}. (5.2)

To evaluate this sum we proceed as follows. We write the power spectrum of the surface roughness g(|q − k|) in the

separable form

g(|q − k|) =
√
πa exp

[

−a2(q − k)2

4

]

=

∞
∑

ℓ=0

φℓ(q)φℓ(k), (5.3a)

where

φℓ(q) =

(√
πa2ℓ+1

2ℓℓ!

)

1

2

qℓe−
a
2

4
q2 . (5.3b)
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In numerical calculations we will replace the upper limit on the sum in Eq. (5.3a) by an integer N , which is increased

until a convergent result for 〈Γ(1)(q, q′|k, k′)〉 is obtained. With the use of this representation we find that

〈Γ(1)(q, q′|k, k′)〉 = 2πδ(q − k − q′ + k′)

×
{

W 2g(|q − k|) +W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q){[I−K(q′ + k)]−1K(q′ + k)]}ℓℓ′φℓ′(k)

}

, (5.4)

where the elements of the (N + 1)× (N + 1) matrix K(Q) are given by

Kℓℓ′(Q) = W 2

∫

∞

−∞

dp

2π
φℓ(p)G(p)G∗(Q − p)φℓ′(p). (5.5)

The result given by Eq. (5.4) now has to be substituted into Eq. (5.1), which is then solved by iteration. However,

in each of the integral terms in the iterative solution we keep only the contribution associated with the first term on

the right hand side of Eq. (5.4), and omit all contributions that contain the second term. The sum of the resulting

integral terms is given by

2πδ(q − k − q′ + k′)

{
∫

∞

−∞

dp1
2π

W 2g(|q − p1|)G(p1)G
∗(q − q′ − p1)W

2g(|p1 − k|)

+

∫

∞

−∞

dp1
2π

∫

∞

−∞

dp2
2π

W 2g(|q − p2|)G(p2)G
∗(q − q′ − p2)W

2g(|p2 − p1|)G(p1)

×G∗(q − q′ − p1)W
2g(|p1 − k|) + . . .

}

. (5.6)

This is nothing more than the sum of the contributions associated with all the ladder diagrams, starting with the

two-rung ladder diagram. We sum this infinite series with the use of the representation (5.3a), and obtain

2πδ(q − k − q′ + k′) W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q){[I−K(q − q′)]−1K(q − q′)}ℓℓ′φℓ′(k). (5.7)

This contribution equals that of the second term on the right hand side of Eq. (5.4) when q′ = −k′. Therefore we

cannot neglect it in comparison with the latter contribution. On combining this result with the one given by Eq. (5.4)

we obtain finally our approximation to 〈τ (1)(q, q′|k, k′)〉:

〈τ (1)(q, q′|k, k′)〉 ≡ 〈t(q|k)t∗(q′|k′)〉

= 2πδ(q − k − q′ + k′){W 2g(|q − k|) +W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q){I−K(q′ + k)]−1K(q′ + k)}ℓℓ′φℓ′(k)

+W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q){I−K(q − q′)]−1K(q − q′)}ℓℓ′φℓ′(k)}. (5.8)

The substitution of this result into Eq. (4.15) yields our result for C(1)(q, k|q′, k′). To normalize the correlation

function we use the fact that 〈t(q|k)t∗(q|k)〉 = τ (1)(q, q|k, k).
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6. The Correlation Functions C(10) and Ξ(10)

In exactly the same way as Eq. (5.1) was derived in Ref. 14 the correlation function 〈τ (10)(q, q′|k, k′)〉 = 〈τ(q|k)t(q′|k′)〉
can be shown to be the solution of the equation

〈τ (10)(q, q′|k, k′)〉 = 〈Γ(10)(q, q′|k, k′)〉+
∫

∞

−∞

dp

2π

∫

∞

−∞

dp′

2π
Γ(10)(p, p′|p, p′)〉G(p)G(p′)〈τ (10)(q, q′|k, k′)〉. (6.1)

In the present case the averaged irreducible vertex function 〈Γ(10)(q, q′|k, k′)〉 will be approximated in the small

roughness limit by the sum of the maximally crossed diagrams. Evaluating the contribution associated with the

maximally crossed diagrams in a standard manner, we obtain for 〈Γ(10)(q, q′|k, k′)〉 the result

〈Γ(10)(q, q′|k, k′)〉 = 2πδ(q − k + q′ − k′){W 2g(|q − k|)

+

∫

∞

−∞

dp1
2π

W 2g(|q − p1|)G(p1)G(k − q′ − p1)W
2(g(|p1 − k|)

+

∫

∞

−∞

dp1
2π

∫

∞

−∞

dp2
2π

W 2g(|q − p2|)G(k − q′ − p2)W
2g(|p2 − p1|)

×G(p1)G(k − q′ − p1)W
2g(|p1 − k|) + · · ·} (6.2)

In writing this expansion we have used the fact that G(k) is an even function of k. We sum this series with the aid

of the decomposition (5.3a) and obtain

〈Γ(10)(q, q′|k, k′)〉 = 2πδ(q − k + q′ − k′)

×
{

W 2g(|q − k|) +W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q)
{

[I− L(k − q′)]−1L(k − q′)
}

ℓℓ′
φℓ′(k)

}

, (6.3)

where the elements of the (N + 1)× (N + 1) matrix L(Q) are given by

Lℓℓ′(Q) = W 2

∫

∞

−∞

dp

2π
φℓ(p)G(p)G(Q − p)φℓ′(p). (6.4)

As in the calculation of 〈τ (1)(q, q′|k, k′)〉, when the result given by Eq. (6.3) is substituted into Eq. (6.1), and the

resulting integral equation is solved by iteration, in each integral term in the resulting expansion only the contribution

associated with the first term on the right hand side of Eq. (6.3) is kept, and all contributions that contain the second

are omitted. The sum of the resulting integral terms is given by

2πδ(q − k + q′ − k′)

{
∫

∞

−∞

dp1
2π

W 2g(|q − p1|)G(p1)G(q + q′ − p1)W
2g(|p1 − k|)

+

∫

∞

−∞

dp1
2π

∫

∞

−∞

dp2
2π

W 2g(|q − p2|)G(p2)G(q + q′ − p2)W
2g(|p2 − p1)

×G(p1)G(q + q′ − p1)W
2g(|p1 − k|) + · · ·

}

. (6.5)

This is just the sum of the contributions associated with all the ladder diagrams starting with the two-rung ladder

diagram. We sum the infinite series (6.5) with the aid of the representation Eq. (5.3a) to obtain the result that it is

given by

2πδ(q − k + q′ − k′) W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q){[I− L(q + q′)]−1L(q + q′)}ℓℓ′φℓ′(k). (6.6)
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Thus, our approximation to 〈τ10(q, q′|k, k′)〉 is

〈τ (10)(q, q′|k, k′)〉 ≡ 〈t(q|k)t(q′|k′)〉

= 2πδ(q − k + q′ − k′)

{

W 2g(|q − k|) +W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q){[I− L(k − q′)]−1L(k − q′)}ℓℓ′φℓ′(k)

+W 2
N
∑

ℓ=0

N
∑

ℓ′=0

φℓ(q){[I− L(q + q′)]−1L(q + q′)}ℓℓ′φℓ′(k)

}

. (6.7)

The second and third terms on the right hand side of this equation are equal when k′ = −k, q′ = −q, and q = −k.

The substitution of this expression for 〈τ (10)(q, q′|k, k′)〉 into Eq. (4.16) yields our approximation to C(10)(q, k|q′, k′).
The correlation function Ξ(10)(q, k|q′, k′) is then readily obtained.

7. Results

To illustrate the results presented in the preceding Sections it is convenient to represent the correlation functions in

the form

C(1)(q, k|q′, k′) = 2πδ(q − k − q′ + k′)
1

L1
C

(1)
0 (q, k|q′, q′ − q + k), (7.1a)

Ξ(1)(q, k|q′, k′) = 2πδ(q − k − q′ + k′)
1

L1
Ξ
(1)
0 (q, k|q′, q′ − q + k), (7.1b)

and

C(10)(q, k|q′, k′) = 2πδ(q − k + q′ − k′)
1

L1
C

(10)
0 (q, k|q′, q′ + q − k), (7.2a)

Ξ(10)(q, k|q′, k′) = 2πδ(q − k + q′ − k′)
1

L1
Ξ
(10)
0 (q, k|q′, q′ + q − k), (7.2b)

where C
(1)
0 (q, k|q′, q′ − q + k), Ξ

(1)
0 (q, k|q′, q′ − q + k), C

(10)
0 (q, k|q′, q′ + q − k), and Ξ

(10)
0 (q, k|q′, q′ + q − k) are the

envelopes of the correlation functions C(1), Ξ(1), C(10), and Ξ(10), respectively, and are independent of the length

of the rough surface. The envelopes are functions of θ′s for fixed values of θ0 and θs, while θ′0 is determined by the

constraint of the δ−function entering the expression for the respective correlation functions. In Fig. 2(a) we plot

C
(1)
0 (q, k|q′, q′ − q + k) (solid line) and C

(10)
0 (q, k|q′, q′ + q − k) (dashed line) when s−polarized light of wavelength

λ = 632.8nm is incident on a randomly rough dielectric surface from vacuum (ǫ0 = 1). The roughness parameters

are δ = 20nm and a = 100nm. The dielectric constant of the scattering medium is ǫ = 2.69. For the parameters

of the scattering system assumed the envelopes of both C(1) and C(10) are structureless functions of θ′s (the angles

θs = 8o and θ0 = 3o are fixed, while the angle θ′0 is determined by the constraint of the δ-function), and are of almost

the same magnitude. The reason for this is that the scattering from a weakly rough dielectric surface is extremely

weak, and no coherent effects can be observed for such a system. The results for the envelopes of the normalized
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Fig. 2. The envelopes of the C(1) (solid line) and C(10) (dashed line) correlation functions (a) and Ξ(1) (solid line)

and Ξ(10) (dashed line) correlation functions (b) as functions of θ′s when s−polarized light is scattered from a

randomly rough surface of a dielectric medium with ǫ = 2.69.

correlation functions Ξ(1) (solid line) and Ξ(10) ( dashed line) obtained for the same parameters are plotted in Fig.

2(b). The function Ξ(1) shows perfect correlations in the vicinity of the memory and reciprocal memory effect peaks,

although the envelope of C(1) does not display any peaks. The minimum in the plot of Ξ
(10)
0 (q, k|q′, q′+ q−k) occurs

in the vicinity of the backscattering direction and is due to its normalization.

As is known [16], when light is scattered by a rough interface between two dielectric media with low dielectric

constrast, although the scattering is weak, nevertheless, an enhanced backscattering peak can be formed in the angular

dependence of the intensity of the light scattered incoherently, due to the coherent interference of the direct and

reciprocal paths traversed by multiply scattered lateral waves. When such an enhanced backscattering peak occurs

one can expect peaks associated with the memory and reciprocal meanory effects to appear in C
(1)
0 (q, k|q′, q′−q+k).

This is indeed what is found. In Fig. 3(a) the envelopes of the correlation functions C(1) (solid line) and C(10)

(dashed line) are plotted as functions of θ′s when s−polarized light of (vacuum) wavelength λ = 632.8nm is incident

on the rough interface between two dielectrics characterized by the dielectric constants ǫ0 = 2.6 and ǫ = 2.69. The

roughness parameters are the same ones assumed in obtaining the results plotted in Fig. 2. The envelope of C(1)

displays peaks at q′ = q (memory effect) and at q′ = −k (reciprocal memory effect), while the envelope of C(10)

remains structureless, but smaller in its amplitude. The envelopes of the normalized correlation functions Ξ(1) (Fig.

3(b), solid line) and Ξ(10) (Fig. 3(b), dashed line) show that perfect correlations occur in the vicinity of the memory

and reciprocal memory effect peaks.
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Fig. 3. The envelopes of the C(1) (solid line) and C(10) (dashed line) correlation functions (a) and Ξ(1) (solid line)

and Ξ(10) (dashed line) correlation functions (b) as functions of θ′s when s−polarized light is scattered from a

randomly rough interface between two dielectric media with ǫ0 = 2.6 and ǫ = 2.69.

8. Conclusions

In this paper we have presented a theoretical study of the angular intensity correlation functions C(1) and C(10) of

s-polarized light scattered from a one-dimensional random interface between two semi-infinite dielectric media. The

angular intensity correlation functions are calculated by means of an approach that explicitly separates out the C(1)

and C(10) contributions to it. We have shown that in the case of a random vacuum-dielectric interface the envelopes

of C(1) and C(10) are structureless functions of the scattering angle θ′s of almost the same magnitude, nevertheless,

the envelope of the normalized correlation function Ξ(1) shows perfect correlations at the positions of the peaks of

the memory and reciprocal memory effects. The envelope of the normalized correlation function Ξ(10) displays a

minimum at the position of the enhanced backscattering peak, which is due to its normalization.

It is also shown that in the case of a random interface between two dielectrics with a low dielectric contrast the

envelope of C(1) displays the peaks of the memory and reciprocal memory effects.
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