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ABSTRACT OF THE DISSERTATION

Line Defects and Interfaces from Holography

by

Kevin Chen
Doctor of Philosophy in Physics
University of California, Los Angeles, 2022
Professor Michael Gutperle, Chair

In this dissertation, we discuss half-BPS solutions of gauged supergravity that are holo-
graphic realizations of conformal line defects and interfaces. These solutions are constructed
by taking a suitable ansatz for the geometry, consisting of a warped product of an AdS
spacetime and a sphere, if necessary, over a line, and solving the supersymmetry variations.
Quantities such as one-point functions in the presence of the defect and the entanglement

entropy are calculated holographically.

In chapter , we review the AdS/CFT correspondence and holography. In chapter ,
we relate two different formulations of AdSg solutions in type I1B supergravity. In chapter
, we construct solutions in six-dimensional F'(4) gauged supergravity that are dual to line
defects. In chapter [4, we construct solutions in four-dimensional N = 2 gauged supergravity
that are dual to line defects, obtained by a double-analytic continuation of BPS black hole
solutions. In chapter [f] we construct Janus solutions in three-dimensional N' = 8 gauged

supergravity that are dual to interface CFTs.
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CHAPTER 1

Introduction

1.1 The AdS/CFT correspondence

The AdS/CFT correspondence [5] is an important tool for understanding quantum gravity
and field theories. It states that, in certain cases, a theory of gravity formulated on an anti-
de Sitter (AdS) background in d 4+ 1 dimensions is equivalent, or dual, to a conformal field
theory (CEFT) that lives on its d-dimensional boundary. This equivalence is a realization of
the holographic principle of quantum gravity [6,/7], and part of the work leading up to this
discovery had been on studying black hole thermodynamics using field theoretic methods [8].
In the end, both directions of the duality are important—observables of the strongly-coupled
field theory can be calculated in the gravitational theory [9,/10]. It is with this particular
application that this dissertation will mostly be concerned. For reviews and lecture notes on

the AdS/CFT correspondence, see [11H14].

To motivate discussion, let us briefly summarize the example given in [5]: consider N
coincident D3 branes in type IIB string theory. In the low-energy limit, where we send the
string length scale £, — 0 but keep N and the string coupling g, fixed, we only have massless
string states—mnamely those of four-dimensional NV = 4 U(NN) supersymmetric Yang-Mills on
the D-branes, in addition to the bulk free supergravity. On the other hand, we can take the
same low-energy limit in the D3 brane solution of supergravity,

ds? = f_l/Q(— dt?* + da? + daj + dx%) + 42 (dr2 + 72 ng) ,

R
f=1+—, R* = 47g,0*N . (1.1)
r



The excitations coming from the near-horizon region around r = 0 are red-shifted to low
energies, as viewed by an observer at infinity, and they decouple from the bulk supergravity.
In the limit » < R, the geometry becomes that of AdSs x S%,
2 R?

ds? = ﬁ(_ dt* + dat + dzj + dzj) + oz dr?| + R*dQZ . (1.2)
This suggests that four-dimensional N' = 4 supersymmetric Yang-Mills theory is the same
as type IIB string theory on AdSs x S®, and numerous checks support this correspondence.
For one, the global symmetries of both theories agree: the SO(4,2) isometry group of AdSs
is the same as the conformal group in four dimensions, and the SO(6) group of S® rotations

is identified with the SU(4) R-symmetry of the field theory.

The classical supergravity description is valid when N is largeﬂ and the AdS; radius R
is much larger than the string length,
R4
1<K 7o gsN . (1.3)
But since g;N ~ ¢%,,N, this regime corresponds to large 't Hooft coupling in the field
theory. So the AdS/CFT correspondence is a strong-weak duality—a strongly-coupled field
theory is dual to a weakly-coupled gravitational theory, and vice versa. This allows us to

study the dual CFT using classical supergravity in a regime where traditional field theoretic

calculations may be intractable.

In this dissertation, we study line defects and interfaces in the CFT. These objects are
realized holographically in the gravitational theory as excitations above the AdS vacuum.
However, the equations of motion for fluctuations around the vacuum can be difficult to
analyze. In many cases, the ten- or eleven-dimensional supergravity can be consistently
truncated to a lower-dimensional gauged supergravity, where the infinite tower of Kaluza-

Klein modes of a compact submanifold is truncated to just a finite subset and the equations

'We can also interpret this as the AdSs radius R being much larger than the Planck length, since
R* /(;1, ~ N. This suppresses loop contributions in the gravitational theory.



of motion close on the remaining modes. Solutions to the equations of motion in the lower-
dimensional gauged supergravity are often easier to find as there are fewer fields to consider,
and they can be uplifted to solutions in the higher-dimensional supergravity. For instance,
type IIB supergravity on AdS; x S® can be consistently truncated to five-dimensional SO(6)
gauged supergravity [15-17]. Even in cases where a consistent truncation has not yet been
established, it is still fruitful to study solutions of the lower-dimensional gauged supergravity

in order to study general properties of these excitations.

1.2 Holography

In this section, we outline how CFT observables can be computed from the gravitational
theory, according to [9,/10]. For concreteness, consider (Euclidean) AdS;;; in Poincaré

coordinates,

1
ds? = g(dz2 +da} + - +daj) . (1.4)

The d-dimensional dual CFT is located at the 2 — 0 boundary. Note that the CFT vacuum
state is dual to this pure AdS solution; excited states are dual to asymptotically AdS solutions
of the supergravity, where the metric approaches an AdS metric at the boundary. The
asymptotic behavior of the bulk fields near the boundary determine correlation functions of

the CF'T. To illustrate this, consider a free massive scalar in the bulk,

1 1
[ e g5 au00.0+ gnet) . (15)

Solving the equations of motion on the AdS background and ignoring the backreaction, we

obtain two linearly independent solutions whose leading-order expansions in z are

(x,2) = do(x)2 + dp ()2 + -+, (1.6)
where
d d?
)\j:—§:|: Z—l—mQ, (1.7)



are the roots of the equation A(A — d) = m?. Note that unitarity requires m? > —d?/4, so
A+ are real |18]/19]. The boundary value ¢g(x) couples to an operator O(x) of the CFT via

a coupling term fb dy PoO and we identify A, as the scaling dimension of this dual operator.ﬂ

The statement of the AdS/CFT correspondence is the identification of the bulk AdS

partition function as a generating function for correlation functions in the boundary CFT:

<exp /bdy ¢0(9> = exp(—Son-shell[¢0]) (1.8)

where Sonshel[@0] 18 the classical on-shell supergravity action. Then, CFT correlation func-

tions can be calculated by functional derivatives,

g )
= S0 5¢0(xn)son-shell[¢0] o (1.9)

A similar procedure applies for other types of fields, such as vectors and tensors. This

(O21) --- Olan))

identification is made more precise below.

Correlation functions in the CFT have UV divergences that require renormalization to
make them well-defined. Likewise, the gravitational on-shell action is divergent due to the
infinite region of integration at the boundary. To control the divergences of the gravitational
theory, we use holographic renormalization |21,22]: we expand, as a power series in z near

the boundary, the bulk metric,
ds? = %(sz + gij(x, z) da* da?) |
9i;(7,2) = g(0yij(T) + 29015 () + - -+ + 2%gayij (x) + 27 1og 2 Giayi; (x) + -+, (1.10)
and all bulk fields of the theory. For a general bulk field F(z, z), this expansion is
Fa,2) = 2 (fi(@) + 2y (@) + -+ 2 fon(@) + 2" logz (@) +-- ), (L1D)

(for the scalar field, the powers m and m+n correspond to A_ and Ay above). The boundary

value f(g) that multiplies the leading order term corresponds to the source for a CFT operator

2If —d?/4 < m? < 1 — d?/4, there exists a second possible quantization where instead we take A_ to be
the scaling dimension and ¢;(z) to be the source that couples to the dual operator [20].
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(e.8. g(0)ij sources the stress tensor [23]). If we plug these expansions into the equations of
motion and group the terms order by order in z, the coefficients f(1),..., f—1), f(n) can be
solved for entirely in terms of the f( sources. The coefficient f,) is undetermined by the
equations of motion, and will be associated with the expectation value of the corresponding
CFT operator in the presence of the sources. The coefficient f(n) that multiplies a log z is

generically needed in order to satisfy the equations of motion, and will be related to the

conformal anomaly.

With these expansions, we can regulate the on-shell action by restricting the integral to
z > ¢ for some small constant ¢ > 0. Upon integrating z, we obtain a regularized action on

the boundary with a finite number of divergences as ¢ — 0,

Sreg = / dx V9(0) (5_ka(o) + €_k+1a(1) +---+loge Q) + 0(50)) , (1.12)
where a(g), ..., aa) are local functions of f() and do not depend on f,). The coefficient a )

that multiplies a loge is associated with the conformal anomaly [24]. These divergences can
be canceled out by local counterterms S.; which are expressed in terms the boundary fields
F(z,¢) and induced metric h;;(z) = g;j(x,€)/e? on the boundary. In other words, we invert
the series in to obtain fio) = f(o)(F(z,¢€),€), which we substitute into the a(, . .., aw)

coefficients. The renormalized action,
Sren = Sreg + Sct ) (113)

is then finite as we take ¢ — 0 and can be used to calculate well-defined CFT correlation
functions in the presence of sources, in the manner described by (1.9). For instance, if O(z)
is the CFT operator dual to the bulk field F(z, z), the one-point function of O(z) in the

presence of sources is

1 48 1 98
0 — lim N im Z_:m—d_i) . 1.14
< >sources 20 \/% 5f(0) e—0 ( \/E (S.F(l’, 5) ( )

Explicit evaluation of this limit yields

<O>sources ~ f(n) + O(f(g)) ’ (115)



where C' is a local function of the sources, and so leads to contact terms in higher order

functions.

Another quantity that we can calculate using the AdS/CFT correspondence is the entan-
glement entropy. Let A be a (d — 1)-dimensional static submanifold of the boundary CFT,
and let B denote its compliment. The entanglement entropy Sgg of the region A can be

calculated holographically using the Ryu-Takayanagi prescription [25]26],

o Area(T'y)
EE 4G§\‘?+1) )

where 'y is the (d — 1)-dimensional minimal surface in the bulk AdS,;;; whose boundary

(1.16)

coincides with that of A. Intuitively, since the entanglement entropy is defined in the CFT
by tracing out B and making that region inaccessible to an observer in A, we can think of
this from the bulk point of view as hiding the region B behind an event horizon. Then
is a measure of entropy on the horizon, analogous to the Bekenstein-Hawking entropy of a
black hole [27]. A covariant version of this prescription was subsequently developed in [28],

and allows for time-dependence of the entanglement entropy.

1.3 Conformal defects

In addition to local operators, QFTs also contain important extended objects. The most
famous are Wilson and 't Hooft lines in four-dimensional gauge theories, which play a role
in characterizing the phases of the theory [29,30]. Related to these are Gukov-Witten
surface operators [31,32], which generate one-form global symmetries that the Wilson and
't Hooft lines are charged under [3334]. A special class of extended objects in CFTs are
conformal defects, which preserve a subgroup of the conformal symmetry. For example,
boundaries and line defects have been studied extensively in two-dimensional CFTs [35-40].
In general, a p-dimensional conformal defect in a d-dimensional CFT preserves a SO(p, 2) x
SO(d — p) subgroup of the SO(d,2) conformal group, which corresponds to the residual

conformal transformations of the defect and the rotations in the transverse directions [41].
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In a SCFT, an extended object that additionally preserves a superconformal subgroup is

called a superconformal defect.

In addition to the usual bulk CFT operators, whose operator product expansion (OPE)

take the schematic form,
O1(2)Os(y) ~ > Cualr — y| 2722 04(y) (1.17)
k

there can also be local operators O living on the defect, which can fuse amongst themselves
according to their own OPE. Also, when a bulk operator is brought towards the defect, it

excites defect operators according to a bulk-to-defect OPE;,
O(x) ~ Y Boslri|*20(x)) , (1.18)
o

where we have assumed for simplicity a flat defect and separated x into the x| perpendicular
and x| parallel directions. In particular, bulk operators acquire a non-vanishing one-point

function in the presence of the defect, due to the OPE with the defect identity operator,
(O(x)) = Aoz | . (1.19)

Conformal defects can be realized holographically in the gravitational theory by probe
branes. For example, the fundamental Wilson line in four-dimensional N' = 4 U(N) super-
symmetric Yang-Mills corresponds to an insertion of a fundamental string in AdSs x S° that
ends at the boundary along the curve of the Wilson line [42,/43]. The generalization to higher
representations, which involves insertions of D3 branes in AdSs x S° carrying fundamental
string charge, was subsequently worked out in [44-48]. When the number of probe branes
becomes large, the backreaction can not be neglected and a fully backreacted supergravity
solution replaces the probe description. For the case of the Wilson lines mentioned above,
this solution was found in [49]. This is done by taking a geometry whose isometries match
the preserved SO(p,2) x SO(d — p) subgroup, which is most easily done by taking a warped

product of AdS,,; and S P! over a line,

ds® = fi(r) dsias,,, + f2(r)dQ5_, | + fs(r)dr® (1.20)



In this dissertation, we use this ansatz geometry to consider holographic realizations
of two types of superconformal defects in gauged supergravity: line defects (p = 1) and
interfaces (p = d — 1). Interfaces, in this context, are conformal defects with the additional
requirement that the defect has no degrees of freedom itself—local operators on the interface
only involve fields of the bulk CFT. For example, the Janus solution in [50] is a deformation
of type IIB supergravity on AdSs x S® which divides the asymptotic AdS boundary into
two halves, and the bulk dilaton approaches a different constant value in each half. Since
the asymptotic value of the dilaton is associated with a source for the Lagrangian density of
four-dimensional A/ = 4 supersymmetric Yang-Millsf| the corresponding dual CFT contains
a planar interface, across which the gauge coupling is discontinuous [51]. Solutions with a
spatially-varying axion are obtained by taking SL(2,R) transformations [52]. These Janus
solutions break all supersymmetries, but Janus solutions that preserve some supersymmetry
were subsequently discovered [52-55], which correspond to supersymmetric interfaces [56,57].

For a partial list of other examples of supergravity solutions corresponding to interfaces,

see [58H67].

3More precisely, it is dual to the fourth descendent Q*© of the A = 2 chiral primary O/ = Tr(<I>{I<I>J}).
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CHAPTER 2

Relating AdS; solutions in type IIB supergravity

Five-dimensional superconformal field theories take an interesting place among superconfor-
mal field theories. They realize a unique superconformal algebra F'(4), they are strongly
coupled in the UV, and many exhibit unusual properties such as enhanced exceptional flavor
symmetries |[68-70]. However, until recently, very few supergravity solutions in ten or eleven
dimensions dual to five-dimensional SCFTs were known. The first solutions [71-73] were
constructed in massive type IIA supergravity. Special examples of type IIB solutions were
constructed from the massive ITA solutions using (non-Abelian) T-duality in [74-76]. In [77],
type IIB supergravity solutions were constructed from first principles. The solutions take the
form of a fibration of AdSg over a four-dimensional base manifold and pure spinor geometry
was used to determine the conditions for sixteen unbroken supersymmetries. It was found
that the manifold M, is a S? fibration over a two-dimensional space and the problem was
reduced to solving two partial differential equations on this two-dimensional space. In [78], a
different approach utilizing Killing spinors on an AdSg x S5 fibration over a two-dimensional
Riemann surface ¥, was used to reduce the BPS equations of the bosonic background. It
was shown that local solutions can be expressed in terms of two holomorphic functions on
the Riemann surface ¥o. Later, regular global solutions were constructed [79,80] and shown
to be related to the conformal fixed-points of field theories derived from taking a conformal
limit of (p,q) 5-brane webs [81,/82]. Various aspects of these solutions have been studied

recently, see e.g. [83H95].

The goal of this chapter is to relate the form of the local IIB solutions found in [77]



to the ones found in [78] and determine the exact map between the two. In addition, we
analyze the regularity conditions and the map for global regular solutions. The structure
of this chapter is as follows. In sections and [2.2] we briefly review the two supergravity
solutions of [77] and [78], respectively. In section [2.3] we determine the exact map between
these two solutions, and illustrate the relation with some explicit examples. In section [2.4]
we look at how the global regular solution of [80] is mapped into framework of [77]. We

conclude with a discussion in section 2.5

2.1 Review of AFPRT solutions

Here we outline the solution in [77] by Apruzzi, Fazzi, Passias, Rosa, and Tomasiello (AF-
PRT). The spacetime takes the form of AdSg x S? x 35 and the supergravity fields depend on
the two-dimensional space ¥y through four quantities (x, o, A, ¢), two of which are actually
independent and can be used to parameterize ¥o. Following [77] we take (z,a) to be inde-
pendent and A = A(z,a) and ¢ = ¢(x, a) to be dependent functions. Here e is a warping

function and e? is the dilaton. These quantities satisfy two partial differential equations,

4A—¢ 1
d {6 cot ad(e** cosa) + 3—62A\/ 1 — 22d(e* V1 — 22sin a)] =0,
x

xZ

3sin(2a) dA A dg = da A [6 dA + sin? a(— d(22) — 2(2? + 5) dA + (1 + 22?) d¢)] C(2.1)

The metric in the string frame is

, cosadg 1 ,sinfa | 1 /dp » dg ? 2 24 7.2
dsg = sin? a? * §q(1 - ) cos « [E (? oot a?) o) e s, 22
where p, ¢ are quantities defined by
24

g=e“cosa,
p=c**"lsinav1 — a2 . (2.3)

The one-form field strength Fj is

e™? [12dA A 9 A )
_ - _ ~ ¢ ~2¢ 2
Fi = s189 reosa | sma +4e M2® — 1) d(e?sina) + e*’sinad(e (1 + 22%)) |, (2.4)

10



and the three-form NS-NS and R-R field strengths, Hs and Fj, are

1 6dA
Hy = s1—e**V1 — a2sina {— —— + 2 (1 +2?)d(e* sina) + sinad(¢ + :1:2)] Avolgz |

9z sin o
24-¢ in? 36dA

Fy = 326 VI 22 + 44 (2? — 7)d(e? sin o)
54 cosa | sina

+e*sinad(e (1 + 227)) ] A volg: | (2.5)

where s; and sy are & signs and volg2 denotes the volume form of S? with unit radius. The
self-dual five-form field strength Fj vanishes in this background. These field strengths satisfy
the Bianchi identities,

OZdFl 5
0=dFs— HzA Iy,

0=dH; . (2.6)

The signs s1, so depend on the specific supergravity solution, which we discuss later in this

chapter.

2.2 Review of DGKU solutions

Here we outline the solution in 78] by D’Hoker, Gutperle, Karch, and Uhlemann (DGKU).
The spacetime takes the form of AdSg x S? x ¥y, where Y is a Riemann surface parametrized
by complex coordinates w, w. The supergravity fields depend only on >5 through two holo-
morphic functions A4 (w). For completeness we present the following quantities which are

useful to express the supergravity fields in a concise form. We use the notation 0 = d,, and

11



Ry = aAi 9

KY = —re? e

OB = A A — A_DA,
G=|A - A P+B+B,

C(L+R\* 200G

The metric in the Einstein frame is
dsp = fg dsiqs, + f5 dsie +4p°| dw |* (2.8)

where the metric factors are

>
f2 - “_2L
2 9p2 \/,Z—) 3
4
(p?)? = g—g\/ﬁ . (2.9)

Note that to make contact with the parameterization in section [2.1 the metric should be

transformed into the string frame,
ds? = e??dsd, . (2.10)

Here the dilaton is normalized in the standard fashion to 7 = y +ie~?. The solution [7§]
utilizes an SU(1,1)/ U(1) parametrization of the complex scalar field in terms of B, which

is related to the axion-dilaton field via

14
B—-'T (2.11)
1—ir
and is given by [91] in terms of the defined quantities as
S VD
B = S+T/vD (2.12)

“S-T/ND
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where for notational convenience we introduced the quantities,

S=-A +A_,
7_ _ H+5g ‘Zl_f_ag .
K

This gives expressions for the axion y and the dilaton e?,

o (S+8—(T-TP/D
B 2AST +8T)/vVD
L (S2=&) - (T2-T?)/D
XSS (T-Te/D -

Y

If we also define

Ur = (ky £ £.)0G |
then noting the relations,

U +U =K (S+S), U -U_ =r*(T-T),
U, + UL =T +T), U, — U, = (S -S),

we have yet another expression for the axion and dilaton,

o_ (ReU_)? + (ImU_)?/D ~ (RelU)*+ (ImU_)?/D
(ReUd_ Reld, +ImU_TImU,)//D |0G|2k2 /D
_ Reld_ImU; —ImU_Reld; /D

(Rell_)? + (ImU_)2/D

X

The one-form field strength Fj is given in terms of the axion y by
F1 = dX .
The complex two-form potential C, is given by
2T

CQ = g 2—) — 3(«4+ —|—A7) V0152 .

This can be written in terms of the real two-form potentials Cy and B,

CQZBQ+iCQ,

13

Y

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)



where now

L[T-T _ _
B, = _@{T _3(A++./47 —A+—A>:|V0152 ,
C2 = % [T; T - 3<A+ + ./Zl_ + ./Zl+ + A_)} VOls2 . (222)

This gives the R-R and NS-NS three-form field strengths F3 and Hs,

Fy =dC; — Hzx

The self-dual five-form field strength Fj vanishes. These field strengths satisfy the same
Bianchi identities (2.6) given previously.

2.3 Mapping local solutions

Given these two different approaches to finding half-BPS solutions with AdSg factors in type
IIB supergravity, our goal is to determine how they are related. We note that the difference
in the parameterization of the solution lies in the two-dimensional Riemann surface 5. The
DGKU solution uses a uniformized form with complex coordinates w, w whereas the AFPRT

solution uses coordinates which are adapted to the pure spinor construction leading to the

PDEs (2.1).

In order to relate the DGKU solution with the AFPRT solution the goal is to identify the
four quantities (z, a, A, ¢) of AFPRT in terms of the coordinates w, w given the holomorphic
data A (w) of DGKU. We use the fact that the four quantities (f2, f2, x, ¢) are scalars with
respect to Yy and hence are independent of coordinate choices. Consequently they can be
used to obtain a map between the two parameterizations. We show in the following that the

coordinates x and « and the independent functions A and ¢ can be expressed in terms of

the holomorphic functions A4 (w) and that they satisfy the PDEs (2.1)).
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2.3.1 Positivity

We start by slightly adapting the discussion of positivity in |[78]. On the Riemann surface 3,
we consider solutions where the supergravity fields remain finite and the metric components

are strictly positive,

0<f3, 3.0 (2.24)

Then the definitions (2.7) imply that 2, G, and v/D are non-zero, finite, and have the same
sign. From the definition of D, we necessarily have D > 1. In taking the square-root we
have a sign ambiguity, so without loss of generality we can take v/D > 1. This gives us the

equivalent constraints,

2
3 2 . .
0< k"G <ooonXx (2.25)

2.3.2 Matching metric factors

We can start by identifying the metrical factors of dsg. and ds3,g, in the two string frame

metrics (2.2) and (2.8),
2 62 _ L aa 2\ i1 2
2¢”” = ge (1 —z)sin“« ,

2e0/2 = 24 (2.26)

Then using the definitions in (2.9) we have

po_ 1 (2.27)

(1 —22)sin’a
The dilaton e? is given explicitly in (2.17), and so is e4 through (2.26). Then including
(2.27) above, we can express three quantities of AFPRT in terms of w, w:

(1—2%)sin’a et e? .

15



Only one more quantity needs to be matched. If we equate the remaining portions of the
two metrics, which correspond to dszz, we can simplify to get

COtZOJ(%)Q + L(% + 3 cot? aﬁ)z = Qde dw . (2.28)

q 9Dz? \ p q

We may also make the replacement cot? a = D(1 — 2?) — 1. This equation turns out to be
not very helpful because it contains derivatives of o in dg. We can write the left-hand side
in terms of «, its first-order derivatives 0, and Oz, and other quantities we already know
how to write in terms of w,w. Matching the differentials dw dw, dw dw, and dw dw on both
sides will give first-order non-linear PDEs for a(w,w). We will not attempt this approach

as it turns out there is a more direct way match the last remaining quantity.

2.3.3 Matching one-forms

The last remaining quantity can be matched using the one-form field strength. In AFPRT,
F} is given in (2.4]). In DGKU, we have an expression for the axion y in (2.18]). We can then

simplify the equation F} = dy to

43D —1)(1 — 2*)dA — 2(1 + 22*)dp + 2(1 — 2*) dIn D

= 651500¢? dy (D(1 — 22) — 1)V2 . (2.29)

It is important to note that the da dependence drops out. Now apart from 22, every quantity
appearing in this equation (i.e. A, ¢, D, and x) can be written in terms of w, w. By making
the replacement d — J,, and squaring of both sides of the equation, we obtain a complex-
valued quadratic equation for 2. This quadratic equation is very complicated for general

A functions, but will always have a real root with the surprisingly simple form,

2 (S+8)?—(T-T)*D
1—2% = SIS (2.30)

This was arrived at by firstly taking explicit examples for A, where the one-form equation

(2.29]) was simple enough to be solved and guessing a general solution, and then verifying this

16



solution algebraically for general AL using Mathematica. So far no insightful simplifications
have been found; due to the simplicity of the solution despite the complexity of the quadratic
equation, it is very possible that this conclusion can be obtained from simpler considerations.

Another useful form is given by

o (Reld )2+ (ImU )?/D
P TRt )2+ ()2 (2:81)

2.3.4 Explicit examples

Before continuing, let us verify this mapping for two established solutions which were dis-

cussed as examples in [77].

Example 1 — The first example of a type IIB solution in [77] is given by

C1 Co
QAZT, €¢:ﬁ, ZEZO, (232)
cosl/6 o sin v cos?/3 v

for 0 < a < m/2. As the only independent variable is «, this solution is slightly degenerate.
The holomorphic data which reproduces this solution is given in [78], and is slightly changed

here for convenience,
Ay = —ng +ibw | Bw=0)=—. (2.33)

Below we give some relevant derived quantities. In this example, we use coordinates w =

(X +iY)/2.

k? = 2abY .

1
g = gab(l — YS) s
1
S 1-Y3’
U = 2ab*Y? |
e = ——nuw—
ay J1-Y3’

17



A_ V2

e = m s
aX
= —. 2.34
X=5 (2.34)
For positivity, we take 0 < Y < 1. The one-form equation (2.29) simplifies to
92%Y (4 — 2022 + 2522Y3
b BV (2.35)

(1 -Y3)2
and has a solution z? = 0. This is consistent with our solution for z? in (2.31)) as ¢/_ has
zero imaginary part. Then the equation for D in (2.27)) implies the coordinate change,

Y =cos?? o . (2.36)

Plugging this into our expressions for e? and e in (2.34) above gives exactly the desired
solution ([2.32), with the identifications,

¢ = V20, o =2b/a . (2.37)

If we write out the metric starting from (2.8) with w = (X +1i cos*3 a)/2, we can match the
metric in [75, Eq. (A.1)] if we identify

W22 = — 0= by = =X 2.38
4 9 cosl/3 “ & 37 (2.38)
and the axion and dilaton if we identify
27 . 9.
_ 2ljas1)3 b= 212513 2.39
= elm’, gL , (2.39)

where quantities with ~ are those of [75]. Then the three-form field strengths F3 and Hj also
match. In the literature, this solution is obtained by a Hopf T-duality on the AdSg x S*

Brandhuber-Oz solution to massive IIA supergravity |71].

Example 2 — A second solution given in [77] is

C1 TCo
A ot —

et = ——— = —
cosl/6q sin® acos/B o’

(2.40)
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for 0 < a < w/2 and 0 < x < 1. The holomorphic data which reproduce this solution is
Ay = —gw?’ Fibw+il8a, Blw=0)=0. (2.41)

Let us now try to rederive this AFPRT solution with this as our starting point. Below we

give some relevant derived quantities. In this example, we use coordinates w = X + 3:Y".

k? = —24abXY ,
G = —144abX (1 —Y?) |
D XY 4+ (1-Y3)?
X2y (1-Y3)
U_ = 144ab*(XY? +i(1 = Y?)) ,
é b 1

I

el = —
6a /Y (1 — Y3)(X2Y + (1—Y?3)2)
L V12b
= W s

a

X b(—X2 +15Y2 - 6Y7) . (2.42)

e

For positivity, we take 0 < Y < 1 and X < 0. The one-form equation (2.29) has two
solutions for x?: one complex-valued, which does not admit a simple expression, and one

which coincides with our solution (2.31]),

2 (1-v?)
= i 2.43
T XY L (1ovRp (2.43)
From the equation for D in (2.27)), we also have
sinffa=1-Y?. (2.43b)
Together, these imply the coordinate change,
sinfa V1 — a2
X =- ,
cos'Ba
Y =cos?Pa . (2.44)
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This gives us the desired e? and e” with the identifications,
g =V12b co = b/6a . (2.45)

We can also match the metric, dilaton, and field strengths in [74, Eq. (11)] if we identify

1so:e 40 1 4b sin®a /1 — 22

WA= —— —
4 3 cost/Ba’ 3costBa =z

o= S i p= Sirmm
512 ’ 16 ’

where quantities with = are those of [74]. Then the three-form field strengths F3 and Hj

0=a, T =

)

(2.46)

also match. In the literature, this solution is obtained by a non-Abelian T-duality on the

Brandhuber-Oz solution.

2.3.5 Summary of the relation

We have shown in this section the four quantities (z, v, A, ¢) of AFPRT can be expressed in

terms of the holomorphic functions of DGKU in the following way:
6 _ (ReU_)? + (ImU_)*/D
- |0G|*w2/ VD ’
44 (RelU_)’D+ (ImU_)?
|0G|*x2/6G ’
(ReU_)? + (ImU_)*/D
(ReU_)? + (ImU_)% ~
(RelU_)? + (ImU_)?

in? o = . 2.4
sin” « (Re24_)?D + (Im UL )2 (2.47)

We have verified that the map holds for two previously known solutions related to T-duals

1—22=

of type IIA solutions. For general local solutions the algebra becomes very extensive. The
following steps in verifying the map of DGKU to AFPRT have been performed algebraically

for general AL using Mathematica:

1. Match the remaining parts of the metric corresponding to dsQE. Much of the work has
already been done in (2.28)), but now we are able to take derivatives on the left-hand

side with relative ease. It also turns out quite nicely that ¢> = (S + S)? and p = 6G.
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2. Match the three-form field strengths. We can check that the equations for Hz and Fj
in the AFPRT solution match those of the DGKU solution. As our map only involves
22 and sin? o, it does not distinguish between the signs of = or cos«. These signs are

fixed by the sign convention,
s1 = —sign(x) sign(ImU_) , sy = —sign(cos ar) sign(Reld_) . (2.48)

Then the AFPRT three-form fields strengths in Egs. (2.5)) simplify to
2 (ReU_)? + (ImU_)? y

H3:—

9D -1) K2 ImU_
——— + (1 +27)(2dA + d(Insin” o)) + d¢ + d(z*)| A volgz ,
sin” «v
Gsina k2
Fr— —
’ 18 Rell
36dA 2 .2 2 2
—— +2(2° — 7)(2dA + d(Insin® ) — 2(1 + 22°) d¢ + 2d(z") | A volge .
sin” «v

(2.49)
These are equivalent to those of DGKU in Egs. (2.23]). This means that in section m,

for Example 1 we take s, = —1, and for Example 2 we take s; = —1 and s, = +1.

3. Check the two PDEs. We can simplify the first PDE of (2.1)) to

[9DReU  (Relt 1 (Reld_)*D + (ImU_)?
ImU_ K2 3(D—-1) k2 ImU_

dg| =0, (2.50)
while the second PDE has no significant simplification.

In summary we have shown that the general local DGKU solution can be mapped to the
AFPRT parametrization and satisfies the PDEs ([2.1) as a consequence of the holomorphy
of the Ay (w).

2.4 Mapping global solutions

After constructing a map from the local DGKU to AFPRT solutions, we now look at the

global solutions constructed in [80]. They constitute a class of solutions (i.e. specified A4
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functions) where ¥ is taken to be the upper half-plane of the w complex plane, whose
boundary is the real axis. The 0.4+ have poles on the boundary. The geometry is completely
regular everywhere, except for the location of the poles where the supergravity background
becomes that of a (p, ¢) five-brane. The supergravity solution can be viewed as the conformal
near-horizon limit of a (p, q) five-brane web and the poles are interpreted as the residues of
the semi-infinite external five-branes framing the web. If we take (z,a) to be alternative
coordinates of ¥, we can ask how these features are mapped over. We will find that while
these global solutions are represented by a single coordinate patch on the w complex plane,
mapping over to the (z, o)-coordinates requires multiple coordinate patches in order to have

single-valued supergravity fields.

For simplicity we define
1/VD =sinav1 — a2 . (2.51)
In particular, this means sin > 0. Then as 22 < 1 by definition, the square,
—1<x2<1 and 0<a<m, (2.52)

becomes a very natural coordinate system for (z,a). We will adopt this coordinate system

for this section.

2.4.1 Boundary conditions

We are mainly interested in solutions where the AdSg factor governs the entire non-compact
part of the geometry. Therefore, we will assume that ¥ is compact, with or without boundary.
On a non-empty boundary 9%, we enforce f7 = 0 while keeping the other conditions the
same. Physically, this corresponds to shrinking the S? sphere closing off the geometry and
forming a regular three-cycle which carries the five brane charges. This is equivalent to the

boundary conditions,

k*=G=0and 0 < G/k* < 00 on % . (2.53)
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The 0 < G/k? constraint is relaxed at isolated points on the boundary to allow for sufficiently

mild singularities, such as at the poles corresponding to five-branes.

We can now make some general remarks on the boundary 9%. As |0G|* # 0 we have

1/D = 0. From the definition of &/_ in (2.16]), we also have Ret/_ = 0. Therefore,

) B (ReU_)* + (ImU_)*/D
LT T TR 2+ (i) - "
5 _ (ReUd_)* + (ImU_)? (ImU_)?
e = Reu Dm0 @)D+ (mu 2

Thus ? = 1 is fixed, but because (Rel_)*D ~ k?/G is non-zero and finite (away from
the five-brane poles), sin® @ can take generic values on the interval [0,1]. Therefore we can
say that the boundary 0% corresponds to (segments of) the x = +1 edges of the
(z,a) square. Note that the boundary may not necessarily be mapped to the entire edge

0 < a <, but can map to just a segment of the edge.

2.4.2 Example: non-Abelian T-dual

As a warm-up, let us return to the second example of section 2.3.4) with a = 1/4 and b = 1/6
for concreteness. We will first identify the Riemann surface ¥ on the w complex plane, and

then see how this region maps into the (z,a) square. Recall that w = X + 3:Y'.

K =—-XY ,

G=-6X(1-Y?. (2.55)

We satisfy 0 < k2, G on the semi-infinite strip X < 0 and 0 < Y < 1, which we take to be 2.
Additionally, k2 = G = 0 on the line segment X = 0 and 0 <Y < 1, which we take to be the

boundary 9%. The semi-infinite lines at Y = 0 and Y = 1 are then coordinate singularities,
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-5 -1 0

(a) ¥ in w-coordinates (b) ¥ in (z, a)-coordinates

Figure 2.1: Showing 3 in different in coordinate systems.

where various metric components blow up,

2
f3 = SV YO + (1Y)
f62 _ 6Y_1/4(1 o Y3)1/4(X2Y + (1 . Y3)2)1/4 7
1
P =YL =YY + (1Y) (2.56)

The coordinate patch for ¥ on the w complex plane is shown in Figure [2.Ta] The black line

represents the boundary 0%, and the red lines represent the coordinate singularities.

The coordinate change, given in ([2.44)), maps this semi-infinite strip on the w complex

plane into the quadrant [0, 1] x [0,7/2] of the (z, ) square. Explicitly,

B (1 _YB)Q
TV Xy -y

a=sin"'V1I-Y3. (2.57)

Features of this map are shown in Figure [2.1, The boundary maps onto the line segment
x = +1 as expected. We have also included contours for visual aid, represented by dotted
gray lines. On the left-hand side we have drawn some contours of constant X, and on the

right-hand side we show their images in the (x, «)-coordinates.
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2.4.3 Example: 3-pole global solution

Let us finally turn our attention to the global solutions. We summarize the relevant details
from [80] for the general case of L poles, and then specialize to a concrete example of three

poles.

Take ¥ to be the upper half-plane of the w complex plane, and 9% to be the real-axis.
Let p, € R be the locations of L poles on the real-axis, and s, € H be the locations of N
zeros strictly in the upper half-plane, where L = N + 2. Then let

L

0AL(w) =) Z : (2.58)

w —
— Pe

where Z4 for £ = 1,2,..., L are constants defined by

1 N
Z8=iCo[[e—s) [ ——— . 2'=-2¢, (2.59)
el 2,;% (pe — pr)

and Cj € C is a complex-valued normalization Constantﬁ If we integrate the expressions for

0AL(w), we have

L
Ap(w) = A"+ Z In(w —py) (2.60a)
/=1
_ L
A_(w) = A"+ " Z In(w - py) | (2.60b)
/=1

where A° € C is a constant satisfying the equation below for k = 1,2, ..., L,

L
AZE 4+ AOZE + Y (24028 — 20 28 ) Infp — pu| = 0. (2.61)

i
This makes x? and G vanish on the real-axis, according to the usual definitions in after
some consideration of branch cuts. G contains dilogarithms, so any quantity containing it

in undifferentiated form (such as D) will not admit a simple form. However, near a pole

4In terms of the original paper, iCy = wyAg where @y = —wp and |\g| = 1.
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we can look at the asymptotic behavior. Let us consider a pole p,, and take the semi-circle
w = py +re?, where 0 < 0 < 7 and 0 < r < |p,, — pe| for all £ # m. Then we have the

following relevant leading behaviors:

Inr|
1
Reld_ ~ k2,(Z™ — Zm)|1;—r| sind | (2.62D)
1
ImU_ ~ k2(Z7 — ZT)|H—T| cosf , (2.62¢)
where
L
Zmz@ _ Zmzé
K2, = —2i e 2.63
; Pm — Dr ( )
L#m
so that near a pole as r — 0,
9 B (ReU_)? + (ImU_)*/D 9
1—x = (Rell 2 + (Imll)? — sin“ 6, (2.64a)
. 9 (ReU_)* + (ImU_)? 3
= — : 2.64b
e Rl D+ (mif w0 (2640

Therefore, small semi-circles around a pole on the w complex plane map to lines of constant
« on the (z,a) square, which approach either the & = 0 or @ = 7w edge as r — 0. Because
x is approximately =+ cos6, these semi-circles necessarily map to the entire line segment
running between —1 < x < 1. This can all be loosely summarized by saying poles on the

boundary 0% correspond to the a = 0,7 edges of the (z,«) square.

For concreteness let us take the 3-pole solution, which is the simplest global solution with

the fewest number of poles. We pick the locations of the three poles,
p1:17 pQZO, pgz—l, (265)
the location of the one zero,
1 .
S = 5 + 22 s (266)
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and the normalization constant,
Co=1. (2.67)

The relations (2.61]) are solved by A° = iCysIn 2.

This defines a coordinate change (w,w) — (x,«) from the upper half-plane into the
square [—1,1] x [0,7]. This map does not admit a simple form as it contains dilogarithms,
but its general features are shown in Figure 2.2 The left-hand diagrams show an unshaded
region on the w complex plane, and the right-hand diagrams show the corresponding region
on the (x,a) square. Solid black lines represent the boundary 9%. “X” marks on the w
complex plane represent locations of the five-brane poles, which map to black dashed lines

on the (z,a) square. Two contours C}, Cy are included for visual aid.

There are three important considerations which make this map well-defined:

1. For convenience, we pick a map which obeys the sign convention with s; = s9 =
+1. On the w complex plane, we have represented the curve where Imi/_ = 0 with
an orange dotted line. This curve is mapped to x = 0. The side of the curve where
ImU_ > 0 gets mapped to the z < 0 side of the (z,«) square, and the side where
ImU_ < 0 gets mapped to x > 0. Similarly, the curve where Rel/_ = 0 is represented
with a blue dotted line Pl

2. In order to map the entire upper half-plane of the w complex plane into (z,a)-
coordinates in a one-to-one manner, we need to introduce multiple coordinate patches.
This follows from a simple counting argument: each of the three poles needs to be
mapped their own o« = 0 or a = 7 edge, only two of which exist on the square. We can
accommodate a one-to-one map at the expense of introducing multiple (z, @) squares

and gluing them together.

SReld_ also vanishes on the boundary 9%, but we exclude this.
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For instance, the ps = 0 pole maps to the a = 0 edge, and the boundary segments
p3 < Rew < py and p, < Rew < p; map to the x = —1 and x = 1 edges, respectively.
The p; = 1 and p3 = —1 poles then map to the & = 7 edge of two different (z, «)
squares and respectively. These two patches are glued together along the
orange line “b”. Figure [2.2b| shows these two patches glued together at the expense of

introducing a branch cut, represented by the red jagged line.

. The Jacobian J of the map vanishes on the solid red line,

ox 0 _ _
J o= det |7 & {a(Reu)aD—a(Reu)aD]. (2.68)
3@ 804 Imi_ Imi_

In the present example, if a contour on the w complex plane passes through this line,
the image of the contour in (x, a)-coordinates will instead bounce off this line. This
means that we need an additional coordinate patch to maintain a one-to-one map.
For instance, consider the contour Cy in (2, @)-coordinates: it starts on the coordinate
patch 2.2d], hits the red line “f”, and then bounces off onto another coordinate patch
221

To summarize, ¥ is represented on the w complex plane by a single coordinate patch,

taken to be the upper half-plane. When we map over to (x, a)-coordinates, we need at least

three coordinate patches to represent the whole 3: 2.2d] 2.21, and [2.2hl [2.2d]is glued to
along “b”, to along “f”, and to along “e”.

2.5 Discussion

In this chapter, we have found an explicit map between the type IIB AdSg solutions formu-

lated in [77] and in [78]. This mapping is given by a coordinate change (w,w) — (z,«) for

the surface Y5 and was explicitly verified for two previously known examples. This result

shows that the two solutions are indeed equivalent and that therefore the solutions of [78] are

the most general type IIB solutions with an AdSg factor preserving sixteen supersymmetries.
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Figure 2.2: Coordinate patches needed for the 3-pole solution.

29



Furthermore, we mapped over the global solutions of [80] and found that multiple coor-
dinate patches in (x, ) were necessary in order to have single-valued solutions. This arose
from a simple counting argument that each five-brane pole of the global solution needs to
be mapped to its own horizontal edge of the (z, a)-coordinate square, but global solutions
have > 3 poles whereas each (x,«) square has 2 horizontal edges. Thus, an advantage of
the complex coordinate parametrization of 78] is that a global solution can be represented
in a single coordinate chart. Note that in 77|, the four quantities (A, ¢, z, a) were initially
treated on the same footing and subsequently (z,a) were chosen to be coordinates of the
two-dimensional space Y. It is an interesting open question whether the global solutions

can be formulated by making different coordinate choices.

In [96,97], the AFPRT solution was reduced on AdSg and an effective scalar coset theory
was constructed. The symmetries of the coset can be used to generate new solutions. It would
be interesting to investigate how the coset transformations act on the DGKU solutions using
the mapping constructed in this chapter. Another interesting direction would be to see how

the alternative formulation in [98] can be related to the DKGU solutions.
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CHAPTER 3
Holographic line defects in F'(4) gauged supergravity

In this chapter, we construct supergravity solutions that are holographically dual to line de-
fects in five-dimensional superconformal field theories. One approach to construct such line
defects is to consider probe branes. Our aim is to construct non-singular supergravity solu-
tions that correspond to the fully back-reacted solution, which should describe the system
when the number of probe branes becomes large. The fact that the ten-dimensional type
ITA and IIB undeformed AdSg vacuum solutions [71-80},85,96] are already warped products
makes the construction of holographic defect solutions in ten dimensions quite challenging.
Here, we consider a simpler system, namely Romans’ six-dimensional F'(4) gauged super-
gravity [99]. Recent results [91,92,/100] show that any solution of this six-dimensional theory
can be uplifted and embedded in the general IIB solutions of [78-80]. This implies that
the solutions in this chapter lift to ten-dimensional holographic defect solutions. Recently,
various supersymmetric solutions of F'(4) supergravity without additional matter multiplets
have been constructed in [101-103|. Examples of solutions of F'(4) gauged supergravity with

matter couplings can be found in [64}/104-106].

Five-dimensional SCFTs have a unique superconformal algebra, F'(4) [107,/108], and
its subalgebras were classified in [109,/110]. This analysis shows that superconformal de-
fects should exist, such as the half-BPS Janus solution found in [64]. In this chapter,
we construct supergravity solutions corresponding to half-BPS superconformal line defects
preserving eight of the sixteen supersymmetries of F'(4), falling into a D(2,1;2) x SU(2)

sub-superalgebra. The structure of this chapter is as follows. In section we present
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the necessary background on F'(4) gauged supergravity. In section [3.2) we derive the non-
singular line defect solution using the BPS equations first derived in [111]. In section[3.3] we
perform some holographic calculations using the solution presented in section In par-
ticular, we calculate the on-shell action and the one-point function of the stress tensor using
holographic renormalization. Some implications of our solution and directions for future
research are given in section [3.4] In the appendices, we present our conventions and details

of the calculation of the counterterms using the method of holographic renormalization.

3.1 F(4) gauged supergravity

In this section we review the features of F'(4) gauged supergravity [99] which will be relevant.
Six-dimensional F'(4) gauged supergravity contains the following bosonic fields: a metric G,
a real scalar ¢, a 2-form gauge potential B, a non-Abelian SU(2) vector field A* for i = 1,2, 3,

and an Abelian vector field A°. The bosonic Lagrangian of the theory takes the following
form [f]

L=Rxs1—4X ?xdX ANdX — V(X) 41
1 1 .
- §X4 x¢ H N H — QX_Z(*GFZ/\F’+*6F/\F)

V2

where the field strengths derived from the potentials are given by

1 1 1 1 . ,
—B/\(EdAO/\dA°+—mB/\dAO+§m2B/\B+§F’/\FZ) ; (3.1)

H=dB ,
Fi = dAZ + ggijkAj VAN Ak s
F=dA’ +V2mB , (3.2)

and, for convenience, the scalar field ¢ has been redefined in terms of X by

X = exp<—2\%¢) . (3.3)

6See appendix for our conventions regarding differential forms.
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Then the potential produced by the gauging of the supergravity is given by
V(X)=m?X"% —4v/2gmX 2 — 29°X? | (3.4)
which can be rewritten in terms of a superpotential f(X) as

V(X) = 16X2(dx F(X))* — S0£(X)?

f(X) = 1(mX—3 +v2¢X) . (3.5)

8
The equations of motion following from the variation of the Lagrangian (3.1)) are

_ 1 1 N 1.
R,, =4X20,X0,X + 1V (XN)G + ZX4 (HM °H,.5— oH Ay Haﬂ,yGW)

1 -2 a 1 af R n} 1 a3

+§X <FN Fya—gF FogGw + F',°F', —gF FaﬁGW) :
1 1

= —§F/\F—§FZ/\F’ VomX 2 % F

- FNH,

A" 5 H)

(X~ *6F)

D(X~ 1):—F¢/\H
) =

1 1
d(X " g dX X2 (x6F ANF +#gF NF') — ZX4 x¢ H N\ H — éXaXV(X) x6 1, (3.6)

where D is the gauge covariant derivative,
DF" = dF" + gegjun AV N F* (3.7)

The supersymmetry variations of the fermionic fields can be expressed in terms of an SU(2)-
doublet of symplectic-Majorana-Weyl Killing spinors (¢ for a = 1,2 as

2

U = VG g AL (T, — i f(XOTLLC + o Hoo TP

+ z‘lwlﬁ(r;p — 6e,"T?) (F, 0% — 2T F, (T")%,)¢" (3.8)
6" =X TH9, X (" + 21X Ox f(X)T.C* — )2(42 H,,,["°T.C

- i8\/§1P“”(FW6“b — 2, F},(T"),)¢", (3.9)
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where I'"™ for m = 1,2,...,6 generate the (5 + 1)-dimensional Clifford algebra in an or-
thonormal frame and T, = T''#3156, The T = —io?/2 are the generators of SU(2) satisfying
[T, T9) = e, T*.

The space of inequivalent theories are labeled by the couplings m and ¢, modulo the

parameter rescaling ¢ — a~'g, m — a®m accompanied by appropriate field redefinitions.

The choice,

g = 7 (3.10)

is a canonical choice, so that in the supersymmetric AdSg vacuum the scalar takes the value

X = 1. We will make this choice throughout this chapter, using m in lieu of g. The potential
then takes the form,

V(X)=m?(X°-12X"% - 9X?) . (3.11)

In [112] it was shown that six-dimensional F'(4) gauged supergravity is a consistent non-
linear Kaluza-Klein reduction of the warped AdSg solutions of type ITA massive supergravity.
Recently an analogous statement has been shown [91,92] for the warped AdSg x Sy solutions
of type IIB supergravity found in [78-80]. The fact that such a consistent truncation exists
implies that any solution of F'(4) gauged supergravity can be lifted to ten-dimensional solu-
tions, which have precise holographic duals. For example, the massive type IIA solution is
dual to a d = 5, USp(N) gauge theory for large N [71]. Consequently, the defect solution
we construct in section also exists in the AdSg solutions of massive type ITA and type
I1B and corresponds to a line defect in the dual CFT.

3.2 Line defect solution

In this section we find a non-singular line defect solution by solving the BPS equations. An
appropriate ansatz can be obtained by considering the unbroken sub-superalgebra of the

superconformal algebra F'(4) suitable for a conformal line defect, namely D(2,1;2) x SU(2),
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which has a bosonic part SO(2,1) x SU(2)?. We can associate the SO(2,1) with the global
isometry of an AdS, factor. The three SU(2) factors can be interpreted as the isometry
SO(4) ~ SU(2) xSU(2) of a three sphere S? and unbroken SU(2) R-symmetry. Consequently,

the isometries are realized by an AdS, x S?® geometry warped over an interval I,,
ds® = 2V dsigs, + V1) da? 4 2V ds2, | (3.12)

where ds? g, and ds%; are unit-radius metrics. Note that the warp factor V' is non-dynamical,
but it is introduced because its gauge-fixing will turn out to simplify the BPS equations
drastically. The isometries and unbroken R-symmetry imply that all gauge fields have to
vanish, but there can be a non-vanishing B potential along the AdS, factor and a non-trivial

scalar profile,
B = b(a) volags, , X =X(a), A'=A' =0, (3.13)

where volaqg, is a unit-radius volume 2-form.

3.2.1 BPS equations

The BPS equations for the ansatz (3.12)) and (3.13]) have been derived in [111], where it was

shown that solutions which preserve eight of the sixteen supercharges satisfy the following

system of first-order ordinary differential equations (ODES)E
0 = —e" sin(20)(f — XOxf) ,
X' = —ieVX cos(20)_1(e_U sin(20) + 2sin(260)° f + (7 + cos(46))X0x f) ,
U = ;lev cos(20) " (7Y sin(20) + (5 + 3cos(46))f + 6 sin(29)2X8Xf) ,
W' = —iev cos(26) " (—e Y sin(26) 4+ (=9 + cos(46)) f + 2 Sin(20)2X6Xf) :

y eV +2U
X?

cos(26) 1(6 U 4 2sin( (20)(f +3X0xf)) ,

Y' = geV cos(20) " (e7V sin(26) + (5 + 3 cos(46)) f + 6sin(20)° X 0x f) (3.14)

"We have set L = 1 in the equations of [111].
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where ' denotes the derivative with respect to «. Y and 6 are functions related to the spinor
parameters (“.

The first three equations for 6, X', and U’ should be treated as a coupled system of
ODEs. Once these are solved, the last three equations for W/, &/, and Y’ should be treated
as three independent ODEs, the right-hand sides acting as inhomogenous terms. In fact,
assuming we have a solution of the first three equations, the solution for W(«a) and b(«) is

b=by— %X (€7 +2sin(20)(f — X0x f)) ,

eV =mr(e’? cos(20) " + 2tan(260)(3f + Xoxf)) , (3.15)

where by and r are (real) integration constants. by is set to zero in order to satisfy the
equations of motion. 7 can be interpreted as the S® radius. The solution for Y (a) is

inconsequential for our considerations in this chapter, but for completion is
Y = Ypel/? | (3.16)

where Yj is a constant.

To simplify the first three equations in (3.14)), we pick a gauge on the warp factor V' |111],

eV =sin(20)(f — XOxf) , (3.17)
so that the first equation in (3.14) becomes ¢’ = —1. The associated integration constant

involves constant shifts of o, which has no physical consequence. So we can set
f(a) = —a . (3.18)

Then the two remaining equations become

X
X' = —5 — cos(4a)) — 2¢7 Y sin(2a) X3 x4
4m sin(2ar) cos(2a) (m(=5 — cos(4a)) — 2e”" sin(20) X* + 6mX") |
1
U’ (m(—l + 3 cos(4a)) — 2¢7 U sin(2a) X + 6mX4) ) (3.19)

T im sin(2«) cos(2a)
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We can note that

X' 2cos(2a)

/ — —
U X * sin(2a)

=0, (3.20)
so if we set

eV = mpX(a)sin(2a) , (3.21)

for some (real) integration constant p, which can be interpreted as the curvature radius of

the AdS, factor, then (3.19) is equivalent to solving a single ODE for X («),

X
= —5 — cos(4a) + 2(3 — psin(2a)”) X*4) . 3.22
4 sin(2a) cos(2a)< cos(da) +2(3 — psin(2a)) X°) (322)
The solution to this equation is
X = cos(2a)1/2(1 — psin(2a)® + qsin(?a)S)_1/4 : (3.23)

for some (real) integration constant g. Then using (3.15)), (3.17), and (3.21), we have a

family of solutions to the BPS equations, labeled by real numbers p, ¢, and r,

1 _ _
el = (1 - psin(2a)® + qsin(2a)3)1/2 sin(2a) % cos(2a) ",

P22
W = 72(3_—% (1- psin(20)® + qsin(?a)?’) 2 sin(2a) % cos(2av) |
2V = % (1- psin(20)® + qsin(2a)3)_3/2 sin(2a) % cos(20)*
b= L=p —11;2(]:;;(2&)3 sin(2a) " cos(2a)? |
X = (1 - psin(2a)® + qsin(2a)3)7l/4 cos(2a)"/? . (3.24)

In the next section we analyze how the regularity of the solutions depends on the integration

constants.

3.2.2 Defect solution

The positivity of the metric factors in (3.24)) implies that the maximal range for the coordi-

nate « is the interval I, is o € [0, 7/4]. Matching the metric to that of AdSs asymptotically
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at the conformal boundary a — 0 requires equating the €2V and €2V factors, which implies
r*(3—p)?=p". (3.25)

This should be viewed as a condition fixing r in terms of p. Near the conformal boundary,
the AdSg radius is £ = m~'. We can also observe that X — 1, which is the appropriate

value for the global AdSg vacuum.

The solutions (3.24) with the condition (3.25) give a family of half-BPS solutions with
AdSg asymptotics, labeled by two constants p and ¢. The ¢ = 0 solutions coincide with those
given in [111]. Incidentally, the ¢ = 0, p = 1 case describes global AdSe,

e’V = % sin(20) 7% | eV = " sin(2a)  cos(20)”
eV = % sin(20)™°, b=0, X=1. (3.26)
Under the coordinate transformation,
cosh p = sin(2a) ™", (3.27)
the metric becomes
ds® = % [cosh2 pdsigs, +sinh® pdsts +dp?| . (3.28)

Let us now describe the behavior of these solutions at a« — 7/4, which corresponds to
the center of the space. The cos(2«) in the metric factors vanishes here so we generically

expect to have a singularity. However, the factor,
Aa) =1 — psin(20)® + ¢sin(2a)* | (3.29)

may also vanish at some 0 < ag < 7/4 by tuning the constants p and ¢, in which case we can
expect to have a singularity located at ag < w/4. If we call § = ap— «, then we have enough
freedom to arrange for A to vanish as either O(3') or O(5?). We can also have oy = 7/4, in

which case A vanishes as either O(3?) or O(3*) and we have to consider the cos(2a) factors.
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This gives us five distinct cases, which are characterized by the behavior of the metric and
fields as 8 — 0. These are summarized in Table [3.1] and the corresponding regions on the

pg-plane are illustrated in Figure . A “1” denotes approaching a constant, i.e. O(3°).

Region on pg-plane 2V 2w 2V B X R
I: A does not vanish | region I gt B 33 p=2 pyz po
I A~p |, ayg<m/4|region I1 py2 gz p=32 q gy g1/2
L A~pB%, ag<na/4|q=2(p/3)*? for p >3 6] g ! g2 Bl
IV: A~pB?, apg=m/d|qg=p—1forp<3 1 B2 1 1 1 B2
IV: A~ ap=7/4|(p,q) = (1,0) or (=3,—4) |1 B2 o1 1 1 1
Vi A~ Bt ag=7/41(pq) = (3,2) g g1 gt

Table 3.1: Leading-order behavior of metric factors, 2-form potential, scalar field, and Ricci

scalar as f — 0 for each distinct case.

11

Figure 3.1: Distinct cases shown on the pg-plane.

Case IV looks the most promising, so we will start there. In the limit = 7/4 — a — 0,

the metric has the following leading behavior,

d82 ~ 32 dﬂZ + (6 - 2p)2

A S P _ _
(6 — 2p)3/2m? » 5 (3.30)



We can avoid an angular deficit/excess at 8 = 0 when (6 — 2p)?/16p® = 1, i.e. when p = 1
or p = —3. These two special cases are denoted IV’ on the table. The former is just global

AdSg, so this leaves a single non-trivial defect solution which remains finite as o — /4,

corresponding to substituting (p, ¢) = (=3, —4) into (3.24)),

ds® = fida® + f3 dsias, + f5 dsis
4 _
fi=— (1 + 3sin(20)° — 4 sin(2a)3) 32 sin(2a) % cos(20)° |
m?

2
2

(1 + 3sin(2a)” — 4Sin(2a)3)1/2 sin(2a) 7> cos(2a) ",

V2 sin(2a) % cos(2a) |

5 (1 —sin(20) ) sin(2a) " cos(2a) 7,

_
9m
fi= 9—( + 3sin(2a)” — 4sin(2a)3)
9_
= (1+

+ 3sin(2a)” — 4sin(2a)3)_1/4 cos(2a)"? . (3.31)

As a check, we have verified that the equations of motion (3.6) hold for this solution. In
summary, we have found a new non-singular solution in case IV’, whereas all other cases [-V
are singular. We will focus our analysis on the non-singular solution (3.31]) in the rest of the

chapter.

3.2.3 Asymptotics

We will now calculate the asymptotic behavior of the defect solution near the conformal
boundary a — 0. Recall that the AdSg radius is £ = m ™!, which we will set to unity from
here on. Following a prescription similar to [21,22], we want to put the metric into the
Fefferman-Graham (FG) form,
ds? = %(dz2 + gij(x, z) da’ da?) |
z

9(z,2) = go(x) + zg1(x) + 22ga(2) + -, (3.32)

where 4,7 = 1,2,...,5 run over the AdS; and S® indices, and 2 — 0 is the conformal

boundary. This is done by taking z = z(«) so that the appropriate coordinate change is
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obtained by a solution to the ODE,
fila)da = — . (3.33)

Expanding in o and integrating term by term gives a perturbative expansion,

22 2504 1
z(a) = 3a — 17a® + 24a* + 7?&5 - %aﬁ - 01300509a7 4o (3.34)

which can be inverted,

1 17, 8 , 241 . 752 , 12275 .

a(z) = 37 + 31’ &l? + 5% " 3645° 45027 (3.35)
This gives the following expansions in the z coordinate,
1 = é(i - 1%3’2”3,_;4124+ 1;?5Z5+ 2?27Z6+”'> ’
bzgzl—%z—l—gz?’—%z‘l %z5+-~ ;
X=1- gzz + %23 — ;—fz‘l %25 — %26 ;21?5 - 3;1?1(1)55128 (3.36)

For the metric, we see that g; = g3 = 0 as expected and g5 will be related to the expectation
value of the stress tensor. We do not have to worry about the gravitational conformal
anomaly as d = 5 is odd, which is consistent with the fact that no terms which are logarithmic

in the FG coordinate z appear in the expansion.

The conformal dimensions of the dual operators in the CFT corresponding to the scalar
¢ and tensor field B are determined by the linearized bulk equations of motion (3.6)) near
the AdS boundary. For instance, we can plug ¢ ~ z2¢ into the linearized equation of motion

for the scalar in AdSg to obtain the relation,
Ay(Ay —5)=—6, (3.37)

where the —6 is the mass-squared of the ¢ field from expanding the potential V(X), with

m = 1. The mass is within the window where both standard and alternative quantization
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is possible [20], which implies that the scaling dimension of dual can be either Ay = 2 or
Ay = 3. However, we can argue that because the dual operators in the gravity multiplet
fall into a superconformal multiplet with the stress tensor as the top component [113], we
should have Ay = 3 for the bottom scalar operator dual to the scalar ¢. It follows from the
near boundary expansion that the defect solution has a non-trivial source as well as

expectation value for the scalar operator.

Similarly, plugging B = z2272dz! A da? into the linearized equation of motion for the

B-field gives
(Ap—2)(Ap—3) =2, (3.38)

and so we have Ag = 4 for the operator dual to 2-form potential B. It follows from (3.36))

that the defect solution turns on a source for the operator dual to B.

3.3 Holographic calculations

In this section we use the formalism of holographic renormalization [21,22] to calculate two
quantities: (i) the on-shell action of the solution, which gives the expectation value of the
dual defect operator, and (ii) the expectation value of the boundary stress tensor in the

presence of the line defect.

3.3.1 Counterterms

For a well-defined variational principle of the metric, we need to add to the bulk action given

by the Lagrangian (3.1)) the Gibbons-Hawking boundary term,

1
[u = )
Pl 167Gy /Mﬁ
1
/ d°zvV/—h Tr(h'K) , (3.39)
oM

I =
GH 87TGN
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where h;; is the induced metric on the boundary and Kj; is the extrinsic curvature. In the
FG coordinates (3.32)) these take the form,

1 z
hij = 2% Kij = _§azhij . (3.40)

This action diverges due to the infinite volume of integration. To regulate the theory, we
restrict the bulk integral to the region z > ¢ and evaluate the boundary term at z =
e. Divergences in the action then appear as 1/* polesﬁ Counterterms are added on the

boundary which subtract these divergent terms, leaving a renormalized action. In all,
Iren - Ibulk + IGH + Ict . (341)

The counterterms can be expressed in terms of local quantities on the boundary. They have

been explicitly worked out in appendix , which mirrors the derivation in [114]E|

1 1 1
Tt / dz® v —h ( —4— —R[h|+ =B"B;; — 4(1 — X)?
oM

T 87Gn 6 8
+ 2 RN — = RN R, [h] — — RN BB,
288 18 i 192 g
1 . 13, . 1.
— éRj[h]BJkBki + E(B IByj)? — gBjJBJkJB’yB‘;) , (3.42)

where the inverse boundary metric 2% is used to raise all indices and construct R[h] and
R;j[h], and B;; is the induced 2-form on the boundary. Note that this is only a subset of
the most general counterterms; we have only included the terms which are non-zero for our

defect solution.

Having a renormalized action allows us to obtain a finite result when computing the
on-shell action of a solution. Using the equations of motion (3.6), we can put the on-shell

“bulk” action into the more convenient form,

1 1 1 1
Ly = — X224+ 3XY %41 / X% HAB+ -X"'%dX ) .
bulk on-shell 8GN /M ( * ) ot 87GN Jonr \ 6 o * 3 o

(3.43)

8In even boundary dimensions, a logarithmic term proportional to log e also appears.

9This fixes a typo in Eq. (5.37), where the coefficient +9/32v/2 should be +7/321/2 instead.
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The second integral over the boundary can be written more explicitly using the boundary
metric h;; as

1 . 1
/ dPrvV—hz| =X*B9Hy, + -X'0.X ) . (3.44)
Y 12 3

The bulk integral can be performed for o € [0,7/4] and the boundary integral, including
Iqy and I, can be evaluated at z = 0. All divergences should cancel out, by construction

of the counterterms. The on-shell action was calculated for both the global AdSg (3.26) and

defect (3.31)) solutions.

_2 1
3 87TGN

2
Lien(defect) = 8 e

Lien(AdSg) = Vol(AdS,) Vol(S?) ,

Vol(AdS,) Vol(S%) | (3.45)

where Vol(S?) = 27% and Vol(AdS,) = —27 is the regularized volume of AdS, [115,116].

3.3.2 Stress tensor

Given the renormalized action, we can calculate the expectation value of the boundary stress
tensor. This contains two parts, one coming from the regularized action and one coming from

the counterterms,

T;h] = T8 [h) + T3 [ - (3.46)

)

As usual [117], the former is given by

2 0Ly + Icn) 1 _
T‘rfag - — — - — KZ— lT 1K . 4
s =TT s i (s = b (171K (3.47)

The latter can be calculated by taking the variation of the counterterms in (3.42)), which is

straightforward to compute [23],

2 0l

ct _
L5l = V—h6hi

ij

(3.48)
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The expectation value of the boundary stress tensor is then related to T;;[h] by taking the

leading term in z, or more concretely,

(T,;) = —

) | (3.49)

By construction of the counterterms, this limit exists and we are left with a finite result,
which we are able to write in terms of FG expansion coefficients. Taking the following

expansion of fields,

Ph=g=go+ g+ 2'gs + 2°g5 + O(2°) ,
B=z"'B.+ 2B+ 2B+ 0(2°) ,

X =1+2X+2"X3+ 0(z") , (3.50)

5

where B_;, By, and B, are 2-forms on the 2!, 22, ..., 2% coordinates excluding z, the expec-

tation value of the boundary stress tensor is

1 5 5 _ 1 _ _
<ng> = —87TGN 595@' - 5901']‘ Tl"(Qo 195) - Zgofij Tr(gg 13_190 132)
1 1
+ 53—1%93@2@ + §BQ¢1€9§€B—1@j - 890in2X3] : (3.51)

This quantity depends on the FG coefficients left undetermined by the equations of motion,
namely g5, Bo, and X3, as expected. Taking the trace with the conformal boundary metric
9o gives,

N
<T‘Z>_ 87TGN

1
—10Tr(gy 'g5) — 1 Tr(gy ' B-19y ' B2) — 40X2X3} : (3.52)

This result is accompanied by a Ward identity encoding the spontaneous breaking of scale

invariance,

5 1 1
3 Tr(go 'gs) + 1 Tr(gy ' B-19y ' B2) — 1% Tr(go'B-1gy ' B-1) + 12X5X3 =0,  (3.53)

which comes from the bulk Einstein equation (3.6), expanded in FG coordinates to order

O(z?). Explicitly evaluating these two expectation values for our defect solution, using the
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expansion coefficients in (3.36), yields

88
—5439AdS 0 ; 1280
(T;5) = 243 2 : <Tz> =93 (3.54)
0 —19s° ’

where gaqgs, and ggs are unit radius.

3.4 Discussion

In this chapter, we found a non-singular solution of F'(4) gauged supergravity, which is of the
form AdS, x S warped over an interval. It preserves eight of the sixteen supersymmetries
and represents a holographic dual of a half-BPS superconformal line defect. This solution is
uniquely determined by the symmetries of the ansatz and the fact that it is half-BPS. So-
lutions of F'(4) gauged supergravity can be consistently lifted to AdSg solutions of massive
type ITIA [112] or type IIB solutions [91},92]. Consequently, the solution found in this chap-
ter lifts to a holographic line defect for the ten-dimensional theories. The ten-dimensional
warped AdSg solutions have a holographic field theory dual, such as USp(/V) gauge theories
for massive type IIA and long quiver theories coming from (p,q) five-brane webs for type

IIB.

The lifted solution should correspond to a heavy line defect in these ten-dimensional
theories and is universal in the sense that it exists in all of the ten-dimensional AdSg solutions.
However, unlike the holographic Wilson line solutions for N = 4 SYM found in [49], we do
not know which representation the line defect corresponds to and we do not have families
of solutions corresponding to different representations in a given AdSg vacuum. One way
to obtain such solutions is to start in the ten-dimensional theory, but since even the AdSg
vacuum has the form of a warped product this is considerably harder than in the AdSs x S°
case. The form of the lifted solution may give hints on how a more general ansatz should look
like. Furthermore, generalizing the solution found in this chapter to theories which include

additional vector multiplets may be useful, since a consistent truncation in some cases was
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found recently [100]. We leave these interesting questions for future work.

3.A Conventions

AdS, | S8 I,
p=|1 213 4 5| 6

=1t r|v 0 ¢|laorz

Table 3.2: Choice of coordinate ordering.

The six-dimensional Hodge dual is given by

V-G
kg(dxt A - Adat) = © )|€V1---VD HLobr gt A e datPr (3.55)
—r)! -

where £123456 = 1. More concretely, we use the coordinates give in Table [3.2]

dsias, = —(L+r?)d? + (1+ )" dr? |

ds%s = dyp? + sin? ¢ df? + sin? ¢ sin® 0 dg? . (3.56)

The norm of a p-form is defined as

1
||F||§ — HFHl“.HPFHlme , (357)

where all indices are raised using the specified metric g. For the Riemann curvature tensor,

we use the sign convention,

Rpaul/ = aﬂl—‘leo + FZ)\FI)/\O' - (ILL A V) )

Ry =R, . (3.58)
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3.B Counterterms

Here we briefly outline the calculation for obtaining the counterterms in (3.42). We will

follow the steps in [114], making some simplifications suited for our purposes.

Using the Einstein equation (3.6) we can write the on-shell bulk action as

Thuik

1 1 1 1 1
= “V(X)x1—=-X*«s HNH—=-X2xsBAB—-BABAB
167G /M {2 (X) 6 1= 5 X 46 gt 6 3 ’

on-shell

(3.59)

where we have set m = 1 and ignored terms involving A® and A°. The on-shell action also

includes the Gibbons-Hawking term,

T ! / &5z (—QZQZ\/—_h). (3.60)

" 167Gx Jous

We assume the following expansions of the fields,

g=go+ g+ 2"+ 0(2"),
B=2'B i +dzAAy+ 2B, + (’)(22) ,
H=—22d2AB_j+2'dB_; —dz AdAy+dz A B, + O(2) ,

X=1+2X,+0(7"), (3.61)

® coordinates excluding z, and A, is a

where B_; and B; are 2-forms on the z',22,... @
1-form on the same coordinates. The general strategy is to plug these expansions into the
on-shell action, integrate the bulk terms over z > ¢, and evaluate the boundary terms at
z = e. We will have order O(¢7°), O(¢7?), and O(e™') divergences, which are worked
out order-by-order and then canceled out by appropriate counterterms. It is important to

remember that the counterterm added to cancel the O(¢7°) divergence will also contribute

to the O(¢7?) divergence, and so forth.

Along the way, we will need to use the equations of motion (3.6) expanded in the FG

coordinates (3.32). This requires the expansion of the six-dimensional Ricci tensor in these
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coordinates,

R.. = iTr(g‘lg’g‘lg’) — %Tr(g‘lg”) + 2‘1% Tr(g~'y') — 5272,

1 . 1 .
Ri: = 59"Vigi; = 56" Vigy
R“_llkZ/_llT(_ll)—lﬁ‘i‘R“[] -1 24" 1--T -1 7 _5—2“
ij = §9ik9 Yej Zgij g g §gij ijlg) + 2 9i; + §gzg 1"(9 9) Z Y
(3.62)
where R;;[g] and V,; are constructed using the five-dimensional metric,
9=go+ g2+ g+, (3.63)

and ’ denotes the derivative with respect to z. For instance, the order O(2") Einstein equation

implies that

1 1 3 1
925 = ~3 (Rij[go] - ggoz-jR[go]) - Egoz-jHBAHZO — 5371%90“8,% ,
_ 1 1
Tr(go '92) = —gR[QO] + 1—6||B—1||g2,O : (3.64)

Another useful expansion is the determinant,

V=I=v"5

1+ %z2 Tr(gglgg)

1 _ 1 1 1 _
+ 524 <Tr(90 194) D) Tr(go '9290 192) + 4 Trz(go 192)> +-0] . (3.65)

For each order in ¢, we will give the contributing divergence from each term in the action

(3.59} [3.60)), omitting an implicit /—go/167Gx factor.
Order O(s7):

1
§V(X) g 1 —2
—220,vV—h: 10

Adding these two contributions and restoring the \/—go/16mGy factor, the O(s~?) divergence

of the on-shell action is

8_5

Iy = v/ =008 . :
5 167TGN/Z:€dx g08 (366)
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A suitable counterterm which cancels this at leading order is

Iis = 167: o /8 ; d°z v/ —h(-8) . (3.67)
Order O(e7?):
SV(X) %1 2 Tr(g5' )
—%X“ x¢ HN\H : —éHBlHEO
—%X—Z %6 BAB : —é||B_1||§0
—220,v/—h : 3 TI"(QO_IQQ)

—8V—h: —4Tr(go_192)

g3 1 1 5
I3 = Sr/— - — —||B- 3.68
e Gl CLOREILR AR (3.69

where we used (13.64]). Thus,

Ict,3

1 1 1
= &Pz vV—=h(—sRh+ =B} ) 3.69
e [ eV (—gmn 181 (3.60)

In order to write down the O(e™1) divergences, we need the FG expansion of R[h] =

2?R[g]. A particularly convenient expansion is obtained from the order O(z?) Einstein

equation, which implies that
R[g] = Rlgo] + 2° ( —8Tr(gy '9a) +5Tr (g5 9290 ' 92) + Tr*(g5 ' 92)
1
—20X,% — X2||B_1||30 -3 Tr(g; ' B_1gy " B1)

1 B 3 3 1
F 3T By By ) + 10l ) + O(=)

_ 1 _ _ 5) 3 1 _ _
Tr(go 194) = 1 Tr(go 19290 192) - §X22 - §X2HB—1H§O - g Tr(go 1B—lgo 131)
1 -1 1 3 9 1 9
+ 1_6 Tr(go B*lgo dAo) - 1_6HAOHQO + 1—6HdB,1HgO . (370)

We will also further assume Ay = 0 and dB_; = 0, which is not true in general but is true

for our solution and vastly simplifies calculations.
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Order O(e7'):

1

1
——X*xg HANH :
2
Lo
——X"“*xBAB:
2
—220,V—h :

—8\/—_h:
—ZR[hV~h:

1
SIBIV=h:

I, = e”’ / /=
LT 16nGy /. g0

7
+ @HBAHEOR[%]

3

where we used (3.64) and (3.70).

) 5. . 5 .
—5Tr(gy " 9a) + 5 Tr(gy 9200 ' 92) — = Tr’(gg ' g2) — 12X,
2 4

1 1
_Z(Tr(go 'g2) +8X) || B2, ——Tr(go 190 B)

1
—§Tr(golB 190 " B_190 ' g2

1

D) Tr(go_ B_ 190 B_199 92

92)

1 1 »
4(Tr(go 'g2) = 4X) B2 + 5 Tr(go _19o ' B1)
)

—1 1 -1 -1 1 2/ —1
Tr(go 94) — 5 Tr(go 929¢ 92) + ZTI" (go 92)
—4Tr(g5" 94) +2Tr (g ' 9290 '92) — Tr*(g5 ' 92)

8 )
3 Tr(go 94) - gTr(go 9290 92) + Tr’ (go g2

20 1
+5 X"+ 2 X[ B iz, ——||B 1ll5, Tr(g0 g2

)
)
1 _ _ _ 1 -1
—gTr(gO B_1g, Bflgo 92) +6Tr(go -190 Bl)
1
_||B 1||g0 Tr(go 92) —§Tf(golB 190131)
)

1 _
"’5 Tr(go B_195 "' B_195 ' 92

5 1 e s
8Xy” — —Rlgo]* + 5 Tr (90 lRlc[Qo]go IRIC[QO])
144 9
1 o _ _ 1 _
+ 5 Tr(go 'Riclgo)go ' B-195 ' B-1) — HB 1 || +7 Tr[(go 1371)4}

3

2 1
— > Tr(g5 ' Bo1gy ' B-19y ' 92) + 3 Tr (g0 ' B-1g5 ' B1) — gHBlego (Tr (g0 '92) — 4X2)) :

(3.71)

O(z71) B-field equation of motion,

Blij - 2X2B_ ST

o1

The terms on the last line cancel out using the order

1 _
5 Tr (go 192)3—1@']' + 92ik9§£B—lej + B—likglgfgﬂj . (3.72)



Thus, a suitable choice of counterterms is

Ieq ! / &Pz v/~h ( —8(1—X)?+ iR[hP — 1Tr(frlRic[h]fflRic[h])
oM

" 167Gy 144 9
7 2 1 —1n: -1 -1 13 4 1 —1p\4
—@HBH}LR[h]—gTr(h Ric[h]h~'Bh B)—i—aHBHh—ZTr[(h B)*) . (3.73)

This fixes a typo in Eq. (5.37) of [114], where the coefficient +9/32v/2 should be +7/32v/2

instead.
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CHAPTER 4

Holographic line defects in 4d N = 2 gauged

supergravity

In this chapter, we construct supergravity solutions that are holographically dual to half-
BPS line defects in three-dimensional N = 2 superconformal field theories. We consider
four-dimensional N = 2 gauged supergravity, which has been used in the past to describe
condensed matter systems in three dimensions in order to find holographic models for su-
perfluids and superconductors, see e.g. [118+120]. We generalize the analysis of [121], which
considered pure gauged supergravity, to the case of matter couplings. The structure of this
chapter is as follows. In section [.1 we review our conventions for four-dimensional N = 2
gauged supergravity coupled to vector multiplets. In section we give a general solution
describing a half-BPS line defect, obtained by a double analytic continuation of the black hole
solutions first found by Sabra [122]. Since the behavior of the vector multiplet scalars can
only be determined implicitly, we consider three examples, namely a single scalar model, the
gauged STU model, and the SU(1,n) coset model to obtain explicit solutions. In section ,
we use the machinery of holographic renormalization to calculate holographic observables
for the solutions, namely the on-shell action and the expectation values of operators dual to
the supergravity fields. In section we explore the conditions for a regular geometry and
calculate their consequences. In section [4.5] we discuss our results and possible directions
for future research. Our conventions and some details of the calculations presented in the

main body of the chapter are relegated to several appendices.
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4.1 Four-dimensional N = 2 gauged supergravity

In this section, we review four-dimensional N = 2 gauged supergravity coupled to n vector

multiplets. We use the conventions and notations of [123-125].

The field content of the gauged supergravity theory is as follows. The supergravity
. . o . y . O . .
contains one graviton e, two gravitinos ¢/, and one graviphoton A,. The gravity multiplet

can be coupled to N = 2 matter, and in particular we consider n vector multiplets, which are

«

labeled by an index a = 1,2,...,n. Each vector multiplet contains one vector field Aj

, two
gauginos A, and one complex scalar 7¢. In this chapter we do not consider adding N = 2
hypermultiplets.

It is convenient to introduce a new index I = 0,1, ..., n and include the graviphoton with

the other vector fields as Aﬁ. The complex scalars 7¢ parametrize a special Kahler manifold

equipped with a holomorphic symplectic vector,

Fi(7)

where the Kéhler potential K(7,7) is determined by
e M) = i (v, 0) = —i(Z'Fr — Fi Z7) . (4.2)

In the models we will consider, there exists a holomorphic function F(Z7), called the prepo-

tential, that is homogeneous of second order in Z such that
—F(Z(7)) . (4.3)

The supergravity theory is fully specified by the prepotential F(Z) and the choice of gauging
of the SU(2) R-symmetry. We will choose the U(1) Fayet-Iliopoulos (FI) gauging. The only
charged fields of the theory are the gravitinos, which couple to the gauge fields through
the linear combination &;A!, for some real constants &;. The two gravitinos have opposite

charges +¢&; for each U(1) gauge factor, where g is the gauge coupling.
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The bosonic action id]
—1 1 o —B _
e Lpos = ER — 9u30"'T0, 7" =V (1,7)
1 1 — vpo
+ Z(Im./\/')UFI“”FlfV — g(Re/\f)ue et LR
where F /fu = 0,Al — 31/14,{ are the field strengths and g,3 = 0,05K is the Kéhler metric of
the scalar manifold. We use G, to denote the four-dimensional metric, so e = /—det G.

The scalar potential is
V(r,7) = —2¢%¢&; (ImN) T 18521 77) (4.4)

where the kinetic matrix N7; is given by

Nis(r.7) = Fry 42000 ggégggg 22 p = %%}"(2) . (45)
This is equivalently defined as the matrix which solves the equations,
Fr=Npz”, DaFr =NiyDaZ” | (4.6)
where D is the Kahler covariant derivative,
Dov = (04 + 0uK)v |
Dsv = (05 + 0aK)0 ,
D,v=0,0=0,
Dsv =030 =0 . (4.7)

The equations of motion are obtained by varying the Lagrangian (4.4)),

3 1
Ry = 29,50,70,7" + VG, + (ImN) 1, (—FI#”FJVP + ZFI”"FJM GW) :

3 -1
9, <€ga38“?6> —e ((aagm)awa,m — 20a(ImN) P E], + aav)
1
+ gﬁa(Re/\/’)Ua“l’”"FI F’

puvs po

0= 8# (e(ImN)IJFJ“V — %(RGN)]JeSMVPUF[;{J) . (48)

OWe set 871Gy = 1.
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The supersymmetry transformations are given in appendix [4.A]

4.2 Line defect solutions

In this section, we give a general solution describing a half-BPS line defect in four-dimensional
N = 2 gauged supergravity, and then construct the solution for three specific choices of the

prepotential.

A conformal line defect in three dimensions is a codimension-two defect which breaks
the three-dimensional conformal group SO(3,2) down to an SO(2,1) x SO(2) subgroup.
The subgroup factors represent the unbroken conformal symmetry along the defect and
transverse rotations about the defect, respectively. Minkoswski space R!? is related by a

Weyl transformation to AdS, x S*, namely

—dt? + dr?
—df? + dr? + 2 d¢? = Q(r) (# + dng) . (4.9)

72

Hence in the holographic dual, the SO(2,1) x SO(2) symmetry can be realized as the isome-
tries of AdS, x S!, which we choose as the boundary of the four-dimensional asymptotically
anti-de Sitter space. Therefore we consider a metric ansatz with AdS, x S warped over a
radial coordinate. We note that the location of the defect at » = 0 in Minkowski space gets
mapped to the boundary of AdS, in the AdS, x S geometry. Secondly, the absence of a

conical singularity on the boundary fixes the periodicity of the angle ¢ to be 2.

The superconformal algebras in three dimensions are OSp(N]4), where N =1,2,...,6,8.
For the CFT dual of four-dimensional N = 2 gauged supergravity, the relevant superalgebra
is OSp(2|4) which has four Poincaré and four conformal supercharges. A conformal line
defect is called superconformal if it preserves some supersymmetry. In the present chapter,
we will consider half-BPS defects which preserve an OSp(2|2) superalgebra and hence four

of the eight supersymmetries.
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4.2.1 General solution

Four-dimensional N = 2, U(1) FI gauged supergravity admits half-BPS black hole solutions
first found in [122]. The line defect solutions with AdSy x S! geometry are constructed by

a double analytic continuation of the black hole solution. The metric and gauge fields are

given by
H(r)
( ) AdS. H(T) S f(?“)
f(r)=—1+8¢**H(r) ,
1
H(r)Y4 = —? 2T H,(r) |
(1) = S5
qr
HI(T>:€I+?a 120,1,...,71,
AI = (—QH(T)_1/4€’C/2ZI+/LI) de 9 12071;"'7n ) (410)

for some real constants ¢; and py, where Z! = Z!. Given a prepotential F(Z) and choice of
parametrization of the symplectic sections Z!(7), the scalars 7 are given implicitly by the

equation,

PR (F — Fy) = ——H, . (4.11)

V2

At the conformal boundary where 7 — 0o, in order to have asymptotic AdS, we need 2v/2¢6
to be 2m-periodic, i.e.  ~ 6 4 7/v/2g. The AdS4 length scale is then given by

L2 =8¢°H(r = 00)'/?. (4.12)

We will set 892 = 1 to obtain the usual S! periodicity § ~ 6 + 2.

The center of the Spacﬂ r = ry corresponds to the largest value of r where f(r) = 0.
We consider radii taking values in the range r € [r,,00). Demanding a regular geometry

also requires ry > 0 and the absence of a conical singularity at the center of the space, both

"For the black hole geometry this is the location of the horizon.
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of which can be done by tuning the ¢; and &; parameters. This is explored in further detail

in section .41

For a general prepotential, the equation is very complicated and can only be
solved numerically. Consequently, we will explicitly work out the line defect solution for
three specific prepotentials, for which we can find explicit expressions for the scalars. An
important requirement is the existence of an AdS, vacuum, which not all prepotentials admit,

see e.g. [125]/126].

4.2.2 Single scalar model

Consider a single (n = 1) vector multiplet with the prepotential F(Z) = —iZ°Z". This the-

SU(1,1)
U(1)

ory has a single complex scalar 7 and the scalar manifold is . Using the parametrization

(Z°, ZY) = (1, 7), we can calculate the Kahler potential, kinetic matrix, and scalar potential,

K(r,7) _ 1
R Tea s
Ny =i T
0 1/7
V(T, 77') = —ﬁ(ég + 25051(7' + 7t> + 637'77') . (413)

The potential has extrema at 7 = +£/&;, but only 7 = & /& maintains e* > 0 for & > 0.

The cosmological constant at this extremum gives the AdS, length scale,

L2 = %gogl. (4.14)
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We choose & = 2/&, to set the AdS, length scale to unity. The line defect solution (4.10))

has the explicit form,

vH
ds® = r?*v H ds? +Lds2 + ——dr?
AdS, \/ﬁ St f

Fr) = ~1 4+ H)

\ H(T) = lI’I()]‘.[l s

2
Hi(r) =&+, 1=0.1,

2
Al = <—£+,LLI>d9, I=0,1. (4.15)

Hy

The scalar is given by
Hy

= —. 4.16
= (116

We have verified that the above fields obey the equations of motion (4.8)).

4.2.3 Gauged STU model

The STU model is given by considering n = 3 vector multiplets with the prepotential,

F(Z) = —2iNZ71 7273 . (4.17)

This theory has three complex scalars 7!, 72,72 and the scalar manifold is three copies of

S%((Il’)l). When all £, = € > 0 are equal, this theory is a consistent truncation of N = 8 gauged

supergravity [127,/128]. For reference on this model, see [129]. Using the parametrization

(2°, 7%, 7%, 73) = (1, 7273, 7173, 717%), the Kahler potential is

_ 1
oD = . 4.18
‘ (Tt +7)(72 + 72)(73 + 73) (4.18)

The expressions for the kinetic matrix and scalar potential are complicated, but simplify for

real scalars 7® = 7%, which will be the case for the line defect solution.

i o A2 3
N(T7 T = T) =1 dlag (TITQT?)’ 72737 71737 7’17'2> )

_ 1 1, & & 1 2 3
V(ir,7=1)= ~3 So| =+ = + pucy + (Ta&G+ar’s + a67°) | (4.19)

71
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The potential has extrema at

o fes L ee L [ag
T es T T MNas T T MWes (4.20)

Positivity of e* requires us to choose the positive root. The cosmological constant at this

extremum gives the AdS, length scale,

L7 = \/&&1&8 . (4.21)

We pick the non-zero constants &; in a way that sets the AdS, length scale to unity. The
line defect solution (4.10) has the explicit form,

f

H
ds? = rz\/ﬁdsidsz + —=dsk + £ dr?

vH f
f(r)=—1+7"H(r)
H(T) = HoHlHQHg s
Hr)=a+% 1=01,23,
r
Af:(— = +;/)d0 1=0,1,2,3. (4.22)
\/§HI b ) b b
The scalars are
HyH HyH. HyH
Py e et S Y e Y .y (4.23)
HyH3 H,\H3 H,H,

This solution is also the double analytic continuation of the hyperbolic black hole solution
in [130]. As consistency checks, we have verified that the above solution obeys the equations
of motion (4.8) and is half-BPS. The latter was done by a direct calculation, independent
of [122], which can be found in appendix [4.A]

4.2.4 SU(1,n) coset model

Another model which admits an AdS, vacuum has the prepotential F(Z) = £Z'n;;Z”, and

can be formulated with any number of vector multiplets. 7;; is a Minkowski metric, which
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SU(1,n)

we will take to be n = diag(—1,+1,...,+1). The scalar manifold of this theory is NOFENOR

Using the parametrization (Z°, Z%) = (1,7%), the Kéhler potential is

_ 1
Kem) = 4.24
‘ 1=y, o (4.24)

Once again, the kinetic matrix and scalar potential have simpler forms for real scalars 7¢ =

7%. The matrix 77 is used to lower indices, e.g. Z; = n;;2Z7.

Ni(r,7=1) = _EUIJ — M 72,75

2
. 1 (b0 + D0 a™)?
Vir,7=1)==¢(m"7¢ — = : 4.25
This potential has an extremum at 7¢ = —£a/§OH The cosmological constant at this
extremum gives us the AdS, length scale,
L= -¢)2, (4.26)

where €2 = £m!7¢;. We pick a time-like &; with ¢€2 = —2 that will set the AdS, length scale
to unity. The line defect solution (4.10)) has the explicit form,

H
ds* = 7“2\/ﬁd32AdS2 + I ds + £ dr? |

vH f
F(r) = =1+ 12 H(r) .
1
H(r) == Hm" Hy ,
H[(T):€[+ﬂ, 120,1,...,’[1,
r
Vn! H,
Al = Z=—=—2 4+, | do I=0,1,...,n. 4.27
( Wi p (4.27)
The scalars are
H
a__ 22 4.28
=g (428)

We have verified that the above fields obey the equations of motion (4.8]).

12The other extrema at & + >, a7 = 0 do not admit AdS, vacua while maintaining e* positive.
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4.3 Holographic calculations

In this section, we use the machinery of holographic renormalization [21}[22] to calculate the
on-shell action and the one-point functions of dual operators of the boundary CFT in the
presence of the defect, namely the stress tensor, scalar, and currents. This is done explicitly

for the three examples in sections 4.2.2H4.2.4]

4.3.1 General procedure
First, we put the metric into the Fefferman-Graham (FG) form,
ds? = i(dz2 + gi(, z) da* da?) (4.29)
- Z2 gZ] ) ) .

where 4,7 = 1,2,3 run over the AdS, and S indices and z — 0 is the conformal boundary.
This is done by taking z = z(r) so that the appropriate coordinate change is obtained by

the solution to the ordinary differential equation,

H(r)Y/4 _dz
G (4:30)

which can be integrated perturbatively in 1/r. This coordinate change gives the FG expan-

sions of the fields, which we assume will take the form,

9ij = Goi; + nggij + z3ggij + O(z4) )

Al = Af+ zAT+ O(2%) |

T =18+ 2 + 21y + O(2°)

=18+ 4+ 2y + O(2°) (4.31)

where Al and Af are 1-forms on the 2!, 22, 2% coordinates. The constants 7§ are the AdS,

vacuum values of the scalars, which depend on the model. There is no gravitational con-

formal anomaly (i.e. a term proportional to 2% log z in the expansion of g;;) since d = 3 is odd.
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In the three-dimensional boundary CF'T, the conformal dimensions of the dual operators
corresponding to the scalars 7@ and vector fields A? are determined by the linearized bulk
equations of motion near the AdS boundary. For instance, using the expansion 7¢ ~ 78+ 247
in the linearized equation of motion for the scalar, we find that the scaling dimension of the

dual operator is related to the mass-squared of the field by the equation,
A(A,—3)=-2. (4.32)

The mass-squared is —2 for all scalars of the three examples considered in this chapter. This
mass-squared is within the window where both standard and alternative quantization are
possible [20], which implies that the scaling dimension of the dual operator can be either
A, =1or A, = 2. Similarly, using the expansion A’ ~ z2471df in the linearized equation

of motion for the vector field gives us
(Ag—1)(Ax—2)=0. (4.33)

We must have Ay = 2 as the vector field sources a conserved current of the boundary CFT.

These scaling dimensions naturally fit into the flavor current multiplet A;A[0] 50) of the

d = 3, N = 2 boundary CFT, using the notation of [131]. This short multiplet contains, in

(0) (0)
2

addition to the spin-1 operator [2]; with scaling dimension A = 2, two scalar operators [0];

and [0] go) as bottom and top components with scaling dimensions A =1 and 2 respectively.

The stress tensor multiplet A;A; [2]&0) is also present, as usual.

In the four-dimensional gauged supergravity, for a well-defined variational principle of the
metric we need to add to the bulk action given by the Lagrangian (4.4]) the Gibbons-Hawking

boundary term,

Tk = / d*x Lios )
M

Ion = / &Pz v—h Tr(h'K) , (4.34)
oM
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where h;; is the induced metric on the boundary and Kj; is the extrinsic curvature. In FG
coordinates, these take the form,

1 z
hij = ;gij ) Kij = —5@% . (4.35)

The action Iy + Iga diverges due to the infinite volume of integration. To regulate the
theory, we restrict the bulk integral to the region z > ¢ and evaluate the boundary term
at z = e. Divergences in the action then appear as 1/&* poles Counterterms I are
added on the boundary which subtract these divergent terms. The counterterms have been

constructed in [129] and are compatible with supersymmetry. They are
1
Iy = / d*zv—h <W — 5R[h]) N ES PN ISvA (4.36)
oM

where R[h] is the Ricci scalar of the boundary metric and W is the superpotential. In all,

the renormalized action,
Lien = Thuk + Ion + Loy (4.37)

is finite. We can then take functional derivatives to obtain finite expectation values of the
dual CFT operators. Let T;; be the boundary stress tensor, O, be the operators dual to 7%,

and Jy; be the current operators dual to A/,

4.3.1.1 Stress tensor expectation value

The expectation value of the boundary stress tensor is defined to be [23]
—2 O0len
vV —90 (5géj '

The variation decomposes into two contributions: one coming from the regularized action

(Tij) (4.38)

and one coming from the counterterms. As usual [117], the former is given by

—2 0(Lpuk + Ign)

T:78[h] = —
4 vV—h oh"

v

= —Kjj+ h; Tr(h'K) . (4.39)

13In even boundary dimensions, a term proportional to log e may also appear.
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The latter is straightforward to compute, and is given by

1 —2 0l
T

1

Therefore,

e—0 v

(1) = tim [ (75700 + 7510

} . (4.41)

By construction of the counterterms, this limit exists.

4.3.1.2 Scalar expectation values

The expectation value of the operator O, is similarly defined by

1 (SIren . ) 1 6Iren
V/—h 6T

The variation has contributions from the bulk action and the counterterms, and is

z:j . (4.42)

1 5[ren
/—h 0T“

For real scalars, supersymmetry implies (O,) = 0. A proof of this statement can be found

in appendix [.B]

= 0,520.77 + 0 WV . (4.43)

4.3.1.3 Current expectation values

The expectation value of the current operator J; is defined by

< 7,> _ 1 5[ren IRT 6_3 1 5[ren
1= =g 0AL, ~ 50| J—h 0A!

The only contribution to the variation comes from the bulk action, and is

) } . (4.44)

1 5Iren
V=1 A

= —(ImN) k720, A7 . (4.45)
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4.3.1.4 On-shell action

We can evaluate the on-shell action for the line defect solution by further simplifying the

bulk action to a total derivative [132],

Ty = Vol(AdS,) Vol(S*) _451;((:‘)) r?f(r) —r(f(r) + 1)] h

on-shell

: (4.46)

T+

where Vol(S') = 27 and Vol(AdS,) = —27 is the regularized volume of AdS, [115,/116].

We will now use the general expressions derived in this section to compute observables
for the three examples considered in this chapter.

4.3.2 Single scalar model

Let us consider the defect solution (4.15] [4.16)) for the single scalar model. The FG expansion
of the radial coordinate r from solving the ordinary differential equation (4.30)) is

! (Z ) 2 —16 + (3q1&o + %151)(361051 + Q1§0)Z3 (4.47)
n (9160 + qo€1)(—16 + 123086215051 + 3(qoé1 + C_I1§0)2)24 +O() . (4.48)

Using this coordinate change, the metric, gauge fields, and scalar can be expanded in FG

coordinates. The one-point functions in the presence of the line defect can then be evaluated

by computing the limits (4.41} 4.42] [4.44) directly. For the renormalized on-shell action

(4.37)), the finite terms at the conformal boundary cancel, leaving just the term obtained by
evaluating (4.46) at r = r,. In the end, we obtain the following expectation values:

Lien = VoI(AdSy) Vol(S)r, |
1
1 q _gAd82 O
= (Z g—f> ,
I1=0 I 0 2g51 i
(T}) =0,

(0)=0,
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(Jri) = 3%519 : (4.49)

4.3.3 Gauged STU model

Let us consider the defect solution (4.22 4.23)) for the gauged STU model. Some of the
calculations for this model are identical to those found in [130]. The FG expansion of the

radial coordinate r from solving the ODE (4.30) is

1 +A2+—16+Bl+1032 3+—16A+C1+1102+62C'3 4
— =z —Z z z
r 4 64 384

+0(z"), (4,50

where we have defined the constants,

3 3 2
Azzg n=y (%) meXEp

=0 1<J

N ( ) , 2_Z< > Cy = L4y (4.51)

14 I<J<K Sr&IeK

Using this coordinate change, the fields of the defect solution can be expanded in FG coor-

dinates. We obtain the following on-shell action and one-point functions,

Lien = VoI(AdSy) Vol(S)r, |

_1<§:2> ~Gaas, 0
1\ &g )

0 2931
(T}) =0,
<O1> = <O2> = <O3> =0,

(Jr;) = 3%519 . (4.52)

Note that the expression for I, is identical to that of the single scalar model, but the radius

ry =14 (&1, qr) will be different.
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4.3.4 SU(1,n) coset model

For the defect solution (4.27], [4.28)) of the SU(1,n) coset model, the FG expansion of the

radial coordinate r is

1 I ;o 1 1 7 3 ne| .3
=y S _2
. z 26115 1 [ + 2QIC] 4(QI5 )| 2

1 3 3

+ =& |1+ sqig" — (@€ 21 + O0(2) (4.53)
12 2 4

where 1!/ is used to raise the indices of £; and g;. Using this coordinate change and expanding

the fields in FG coordinates, the on-shell action and one-point functions are

Lien = VoI(AdSy) Vol (SY)r,

S

<irl> = 5
’ 2\ 0 294/
ij
(T7) =0,
<Oa> =0 5
(1) = 2L, . (4.54)

V2

4.4 Regularity

In this section, we impose two regularity conditions on the solutions. First, we demand
that the geometry smoothly closes off at the largest positive zero of f(r) without a conical
singularity in the bulk spacetime. This condition is analogous to the regularity condition
imposed on Euclidean black hole solutions. Second, we fix the periodicity of the S! at the
conformal boundary such that when the AdS, x S' boundary is conformally mapped to
RY2 there is no conical deficit on the boundary. This condition is different from the one
imposed in the holographic calculation of supersymmetric Rényi entropies |[133-H136], which
use solutions that are related by double analytic continuation. For these solutions, the

periodicity is related to the Rényi index n.
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The regularity conditions will impose constraints on the parameters of the solutions.
Since the general solution is only implicit, a detailed analysis is performed for the examples
presented in this chapter. We will show that for the single scalar and coset models, these

conditions imply a bound on the expectation value of the boundary stress tensor.

4.4.1 General statements

Given the metric,

2 _ .2 2 f(r) o2 VH(r) 2
ds® =/ H(r)ds}gs, +—\/md o+ ) dre | (4.55)

the center of the space r = r, is defined to be the largest zero of f(r) = —1 + r?H(r). We

can identify four criteria a regular geometry should satisfy:
(a) positivity of the zero, ry > 0,
(b) 0 < H(r) <ooonr € [ry,o0),
(c) 0< f(r) <oconré€ (ry,o0), and
(d) no conical singularity at r = r,.

Criteria (b) and (c) are satisfied if H(r) is continuous: the AdS length scale (4.12)) is well-
defined if and only if the limit H(r = oo) is positive and finite. Since a zero of H(r) occurs
at f(r) <0, positivity of H(r) at large r and continuity imply that the spacetime closes off

before a zero of H(r) is ever encountered.

By expanding the metric around the center of the space, criterion (d) is satisfied when
flr)? =4H(ry) . (4.56)
This can be simplified to
H'(r) (L f'(ry) +2ry) =0 (4.57)
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As the second factor is the sum of two positive quantities, a conical singularity can be avoided
if we satisfy the condition H'(ry) = 0. As r, is determined implicitly in terms of the ¢, &;
constants through the equation f(ry) = 0, this condition can be viewed as a constraint on
the possible values ¢, &; can take. Additionally, we will see that criterion (a) manifests as

an inequality on g7, &; that we must satisfy.

4.4.2 Single scalar model

The single scalar model is simple enough that the conditions for a regular geometry can be
solved exactly. Let us define x; = ¢;/&;, but still pick the AdS length scale to be unity,

i.e. keep &pé; = 2. The metric functions become
2 2
Hir) = (1+22) (14 2)7,
r r
1
flr)y=—-1+ T—Q(T + 20)%(r 4+ 11)? . (4.58)
Let us first satisfy the criterion r, > 0. Solving f(r) =0,
0= (r*+7r(zo+z1 — 1) + zom1) (r* + r(wo + z1 + 1) + zoz1) . (4.59)

When the first factor is zero, we have a solution,

1
r = 5 <—<I'0 +x — 1) + \/($0 + T — 1)2 - 4£L'0I1> ) (460)

where we took the + sign to get the largest root. This solution exists when (zq+z; —1)? —
4xgr; > 0, which is a region on the xgxi-plane bounded by a parabola, shown in Figure
[4.Tal The red shaded region indicates where r; does not exist and the blue shaded region

indicates where r; > 0. When the second factor of (4.59)) is zero, we have another solution,

1
o = 5(—(1‘0 +x1 + 1) + \/(l’o + 1+ 1)2 - 4$0$1> ) (461)

where we also took the + sign. We have also marked regions where this solution exists and

is positive in Figure In regions where 7, and 75 both exist and r; > 0, we have r; > r,.
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Therefore, we can take ry = ry and restrict the (xg, ;) parameter space to the blue shaded

region of Figure [4.1a]

(a) 1 (b) 72

Figure 4.1: Candidate r, for the single scalar model.

Let us now avoid the conical singularity by satisfying H'(r,) = 0. Calculating the
derivative of H(r) in (4.58]) and plugging in v, = r; from (4.60)), we get the condition,

0= (zo —21)% — 2(x0 + 1) . (4.62)

This is a parabola, marked by the black curve in Figure in the region where 7, > 0.
For the single scalar model to admit a regular geometry, the parameters z; = ¢;/&; must

satisfy this condition. As a corollary, we can note that

This implies that the components of the boundary stress tensor (4.49) have bounded expec-
tation value. Additionally, the pure AdS, vacuum (zo = z; = 0) is the only solution with

regular geometry and (7;;) = 0.
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4.4.3 SU(1,n) coset model

The coset model is also simple enough that the conditions for a regular geometry can be

solved exactly. We can note that

2
g ard
Hr)=1—-——- — 4.64
(r) ( r 22 ) ’ (4.64)
actually has the same form as (4.58)), where
—a, & — N2 1 9q,g! A N2 L 9q,0!
by = —0E v“gf) 20 m£-+y“2§) + 209" (4.65)

This map is always well-defined as (q;6%)? + 2¢rq’ > 0, which can be checked by rotating to
the frame where &; = (\/5, 0,0,...). Thus all our results for the single scalar model can be
carried over. The bound for the single scalar model translates to the same bound on
(T;;) for the coset model,

0< —qréf <2, (4.66)
The condition (4.62)) for a regular geometry translates to
0= (q:€")? + 201" + 2qs€" . (4.67)

We can show that the only regular geometry with vanishing (7;;) is the AdS,; vacuum. If
we rotate to the frame where & = (1/2,0,0,...), the only ¢ which satisfies ¢;¢/ = 0 and
qrq’ = 01is g = 0. A general € then has a ¢ in the orbit of ¢; = 0, which is still the zero

vector.

4.4.4 Gauged STU model

For the gauged STU model, it is not practical to solve f(r) = 0 to find ry as f is a quartic
polynomial. However, we still expect the criterion ry > 0 to impose an inequality on the
four-dimensional parameter space (zg,z1,Z2,23) and the condition of avoiding a conical

singularity to reduce this to a three-dimensional hypersurface. However, note that unlike
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the single scalar and coset models, the expectation value (7;;) is not bounded. In appendix
we give special cases of the STU model with regular geometry which can have arbitrarily

large xg + x1 + 22 + x3.

4.5 Discussion

In this chapter, we constructed solutions of four-dimensional N = 2 gauged supergravity by
a double analytic continuation of the half-BPS black hole solutions first found by Sabra [122].
While the black hole solutions exist for arbitrary prepotentials, explicit expressions for the
scalars fields involve algebraic equations which in general can only be solved numerically.
We considered three explicit examples of matter-coupled gauged supergravities, namely the
single scalar model, the gauged STU model, and the SU(1,n)/ U(1) x SU(n) coset model to

find solutions and calculate holographic observables.

The solutions we find are holographic duals to line defects in three-dimensional SCFTs.
The defect is characterized by a non-trivial expectation value of the R-symmetry and flavor
currents along the S! factor in the AdS, x S! description of the defect. After conformally
mapping to Minkowski space, this corresponds to a holonomy when encircling the line defect.
The expectation values of the real scalar operators vanish for general models as a consequence

of supersymmetry.

For a conformal defect on AdS, x S', the expectation value of the stress tensor can be

parameterized by a single coefficient h,
(Tw) = hgm™ . (Tos) = —2h gep , (4.68)

in analogy to the scaling dimension of local operators [137,/138]. However, there are in general
no unitarity bounds on h which follow from the superconformal algebra. For line operators in
N =4 SYM and ABJM theories, h can be related to the so-called Bremsstrahlung function
B [139-143] which has been used in the application of conformal booostrap techniques to the
study of defects |41}/144H146]. For the single scalar and coset models studied in this chapter,
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we find that —2 < h < 0, where the upper bound is saturated only by the AdS; vacuum.
However, such a bound does not seem to generally hold, since for the gauged STU model, h
can become arbitrarily negative. Based on numerical searches, we conjecture that only the
AdS, vacuum has vanishing h. Note that recently, the relation of h and B, as well as the
negativity of h has been established on the SCFT side for various defect theories [147-H150]

and the arguments should carry over to the defects dual to the solutions studied in this
chapter ']

The solutions we find are related to supergravity solutions [1304[134-136] which are holo-
graphic duals for a supersymmetric version of Rényi entropy first formulated in [133]. We
note two differences. First, the solutions we find in Minkowski time signature have real
gauge fields, unlike the duals cited aboveff] Second, we impose the condition that the peri-
odicity of the circle in AdS, x S! boundary is such that after a conformal map, we obtain
flat space without a conical singularity. On the other hand, in the holographic duals to
the Super-Rényi entropy, the conical singularity is related to the Rényi index n. We note
that in [130,/134H136], the holographic calculation of the Rényi entropy was compared to a
localization calculation and agreement was found, and it would be interesting to see whether

such a calculation can be performed for the holonomy defects described in this chapter.

Another interesting question is whether more general solutions going beyond the exam-
ples discussed in this chapter can be found. First, it would be interesting to study (nu-
merical) solutions for more complicated superpotentials. Second, it would be interesting to
see whether one can go beyond the gauged supergravity approximation and find solutions
dual to holonomy defects in ten- or eleven-dimensional duals of three-dimensional N = 2
SCFTs. Uplifting the solutions found in this chapter might prove to be a useful guide in this
direction [128].

We thank Marco Meineri and Lorenzo Bianchi for a useful correspondence regarding these matters.

15 After analytic continuation to Euclidean signature, the gauge fields in both cases are real.
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4.A Supersymmetry

We use the metric conventions n = (— + ++) and gp193 = —€°1?® = 1. The gamma matrices
are defined as usual, e.g.
1 .
Ve, 1} = 200 Yab = 5[%,%] ) Y5 = V0717273 - (4.69)

The two chiral gravitinos can be written in terms of a single complex (Dirac) spinor ¢, and
likewise for the gauginos A*. The supersymmetry transformations of the four-dimensional

gauged supergravity are [124]

1 i , .
Sy = (% W e + 5 Quys + 198 AL + g€ P& (Tm 27 + i Re Z)

n %eic/zvab(lm N1y (Im(E" Z7) —ivs Re(Fy 27 ))’yu) £,

N = (7“(9#(Re 2% — iys Im 2%) + 2g€/%¢; (Im(DBZIgaB) — 15 Re(DBZIgaB))
i I e
3 Ay (I D,270") — s RelF/ D, 22678 ) (470

where ¢ is a complex spinor, and we have defined

1 ~ ~ 1
Fyl = §(Falb Lt Fy,), Fy = _§€abchCd : (4.71)
The Kahler connection @), is
Q= —%(@T&aa/c — 9,799,K) . (4.72)

For the gauged STU model defect solution (4.22)), we can work with the explicit coordi-

nates (2%, z', 22, 2%) = (t,1,0,r) and the metric,

g2 2
ds? = r2\/ﬁ< dtn:— Ll ) + \/fﬁde2 + gdﬁ . (4.73)

The non-vanishing spin connection 1-forms of the metric are

dt 172 d dt
o1 4t 03 _ el A
w - n ) W - H1/4 dT(TH )7} )
1/2 d d f1/2 d f1/2
_ [ 1/4y 47 23
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2,3 ;,1,3

For the following calculations, we use the parametrization (Z°, Z1, 72, Z3) = (i,i2%23,i2123,iz'2

The BPS equations (4.70]) simplify to

1 : d i ., _
0=0dy, = ((‘9“ + Zwub%b + zg&AfL + \/59%5(7«]_]1/4) B 5723%@(}[ 1/4)) ’
N dze f1/2 i
0=0A"= W(H1/473+2\/§97”H1/4+ H1/4’723 €. (4_75)

The gaugino equation implies the projector,

2v/2 H '
v f véi
The p = t,n,6 components of the gravitino equation then simplify to
1 i
0= (& — %701 - %7023)5 )
i
= (an - %%23)5 )
1
0= (0 +iv2 <—1+— I))a. 4.77
( b g \/ﬁﬁm (4.77)

These can be integrated to

, 1 i 13 . .
£ = exp ( —iv/2g0 (—1 + ﬁ&//)> exp <§7123 In 77) exp (5(701 + 27023))5(7") . (4.78)
We can see that we need &;u! € 2¢/27Z in order for € to be anti-periodic under the identifi-

cation 6 ~ 6 + 7/v/2g. The u = r component of the gravitino equation simplifies to

()

The gaugino projector (4.76|) and the radial equation - ) take the form of the equation

solved in the appendix of [151], by identifying

2v2grvH y= b
Vi VI
Fl =73, FQ =2 . (480)

xz

The solution is

() = Hl/g(\/\/_m\fgr\/_ VT - Mgrf)(l—mao, (4.81)

where ¢( is a constant spinor.
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4.B Vanishing of scalar one-point functions from supersymmetry

The scalar one-point function is given by

_ _ 1
(Os) = lim [5—2 (295a0:7" + 8aW)] . (4.82)
The derivative of the superpotential VW simplifies to
0aW = 05 (—V2e"2¢,|21)) (4.83)
= —ie’m& 2 0nZ' + (8:K)|2"] (4.84)
\/§ VA @ @ ) .

where |Z1|> = Z(7)Z!(7). For real scalars, we can choose a parameterization such that
Z! = Z'. This implies
1 - _ 1 _
OaW = ———=e26, (0,27 + (0:K) 21 = ——=*2¢, Dy 2" | 4.85

so that

—0 | g2

_ 1 1 _
(Og) = lim [— (zgﬁaaﬂﬂ — EGK/Q&DQZI)

Z_j . (4.86)

The gaugino BPS variation in FG coordinates is
(273827'5 — 2ige’c/2§]gﬁaDaZIW5) e+0()e=0, (4.87)
since Fy, ~ 1/r* ~ O(2?). At O(2?), the BPS equations imply
20,77 = £2ige™%¢,¢P D 27 (4.88)

Without loss of generality, we can choose the upper sign by sending g — —g if necessary.
After setting g? = 1/8 we have
(0z) = (04) =0. (4.89)

4.C STU model special cases

Here we give a construction for STU models with regular geometry and arbitrarily large

To + o1 + x9 + x3. The approach we took to find these models was different than that of
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section [4.4.2] Instead of solving the condition f = 0 and then H' = 0, we first solved H' = 0
and then f = 0. The benefit is that H' is a lower-degree polynomial and is technically
simpler to solve. The downside is that this generates spurious solutions: it is possible that
r, does not satisfy the equation H = 0, so the r we obtain from this analysis do not contain

the largest root r,. These spurious solutions then need to be removed by hand.

To summarize our findings, consider the following construction:
1. Let z¢ be any positive number.

2. Numerically solve the equation,
271 (2o — 21)* = —1620(z0 + 321)* . (4.90)
Let x; be the unique solution satisfying —x¢/3 < 27 < 0.

3. Consider an STU model with unit AdS, length scale where

do a1 42 43
Ty = —, T ===-===. 4.91
s A& & (4o1)
Numerically solve the equation f(r) = 0 for r,
(r+ o) (r +a1)* = 2. (4.92)

There exist exactly two solutions: a positive solution greater than —x;, and a negative

solution less than —xy. Let r, be the positive solution.

4. Check that H'(ry) = 0. This is guaranteed by the following argument. Consider
r* = —4wxor1/(xo + 3x1) > 0 which satisfies H'(r*) = 0. This also satisfies f(r*) = 0,
as plugging r = r* into (4.92) simplifies to (4.90]), which is satisfied by construction of

x1. But as the positive solution to f = 0 is unique, we must have r, = r*.

The steps above give a STU model with regular geometry. To prove that xo+3x; is arbitrarily

large, we need a better bound than —z(/3 < x; < 0. To satisfy (4.90)) for large z(, we have

16
271’0 '

Ty ~ —

(4.93)
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Therefore xg 4+ x1 + 9 + 13 =~ xg for large xo, and can be arbitrarily large.
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CHAPTER 5

Janus solutions in 3d N = 8 gauged supergravity

In this chapter, we construct Janus solutions in three-dimensional N' = 8 gauged supergrav-
ity. Such supergravity theories are naturally related to AdSs x S® x M, compactifications of
type IIB, where My is either Ty or K3. We consider one of the simplest non-trivial settings
where we find half-BPS solutions that preserve eight of the sixteen supersymmetries of the
AdS; vacuum and only two scalars in the coset have a non-trivial profile. One interesting
feature of these solutions is that one scalar is dual to a A = 2 marginal operator with a
source term that has a different value on the two sides of the interface. This behavior is
the main feature of the original Janus solution [50]. On the other hand, the second scalar
is dual to a A = 1 relevant operator with a vanishing source term and a position-dependent
expectation value. This behavior is a feature of the Janus solution in M-theory [59]. The
structure of this chapter is as follows. In section we review N = 8 gauged supergravity
in three dimensions. In section we construct the half-BPS Janus solutions and inves-
tigate some of their properties using the AdS/CFT dictionary, including the calculation of
the holographic entanglement entropy. We discuss some generalizations and directions for

future research in section [5.3] Some technical details are relegated to appendix [5.A]

5.1 Three-dimensional N' = 8 gauged supergravity

In this section, we review the N = 8 gauged supergravity first constructed in [152]. The

theory is characterized by the number n of vector multiplets. The bosonic field content

M

consists of a graviton g,,, Chern-Simons gauge fields B;”,

and scalars fields living in a
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G/H = SO(8,n)/SO(8) x SO(n) coset, which has 8n degrees of freedom before gauging.
This theory can be obtained by a truncation of six-dimensional N = (2,0) supergravity on
AdS; x 83 coupled to np > 1 tensor multiplets, where ny = n — 3. The cases ny = 5 and 21
correspond to compactifications of ten-dimensional type IIB on 7% and K3, respectively. See
[153] for a discussion of consistent truncations of six-dimensional N'= (1,1) and N/ = (2,0)

using exceptional field theory.

For future reference, we use the following index conventions:

o [, J,...=12...,8for SO(8),
e r.s,...=910,...,n+ 8 for SO(n),
o [,J,...=1,2,...,n+8 for SO(8,n), and

e M,N,... for generators of SO(8,n).

Let the generators of G be {tM} = {t/7} = {XT/ X" Y}, where Y" are the non-compact

generators. Explicitly, the generators of the vector representation are given by

("), =n'"s] —n"%o} | (5.1)
where '/ = diag(+ ++ 4+ + + + — - - - ) is the SO(8, n)-invariant tensor. These generators

satisfy the usual commutation relations,
[tfj’ tm] —9 (nf[f(ti]j _ nj[f(ti}f> ’ (5.2)
The scalars fields can be parametrized by a G-valued matrix L(z) in the vector represen-
tation, which transforms under H and the gauge group Go C G by
L(x) = go(x)L(z)h™ " (z) , (5.3)

for g9 € Gy and h € H. The Lagrangian is invariant under such transformations. We can

pick a SO(8) x SO(n) gauge to put the coset representative into symmetric gauge,

L=exp(¢n,Y"), (5.4)
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for scalar fields ¢y,.

The gauging of the supergravity is accomplished by an embedding tensor © y(nr (which has
to satisfy various identities [154]) that determines which isometries are gauged, the coupling
to the Chern-Simons fields, and additional terms in the supersymmetry variations and action
depending on the gauge coupling. In the following, we will make one of the simplest choices

and gauge a G = SO(4) subset of SO(8). Explicitly, we further divide the I, J indices into
e i.j,...=1,2,3 4 for Gy =SO(4), and
® 7,7,...=5,6,7,8 for the remaining ungauged SO(4) C SO(8).

The embedding tensor we will employ in the following has the non-zero entries,

Oijke = Eijke - (5.5)

As discussed in [152], this choice of embedding tensor produces a supersymmetric AdSs

ground state with a SU(2|1,1), x SU(2|1, 1) superalgebra of isometries.

From the embedding tensor, the Gy-covariant currents can be obtained,
— 1 1 s s ' '
L0+ 9@uw B )L = S QXY 4+ S QX 4+ PV (5.6)
It is convenient to define the VM, tensors,
1 1
L7HML = VM A = §VMUX” - QVMTS XMy (5.7)
and the T-tensor,
Tas = Oan VYWY (5.8)

The T-tensor is used to construct the tensors A; » 3 which will appear in the scalar potential

and the supersymmetry variations,

1

AiAB = —&P{L{JBKLTLHKL )
i 1
AAr I1JK
AT = __12FAA Tryigr
s 1, 1
AfrBs — E5 STk + ifﬁ;},Tms ; (5.9)
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where A, B and A, B are SO(8)-spinor indices. Our conventions for the SO(8) Gamma

matrices are presented in appendix [5.A.1]

We take the spacetime signature n®* = diag(+ — —) to be mostly negative. The bosonic

Lagrangian is

— 1 ]‘ T T 1 — v 1
e 1L = -1+ ZP; prIr LW — 1€ LehP GO yn B (ayBﬁf + gg@,@fmp BfB]j) ,
1 1 i ;
W= 1g? (A{‘BA{‘B - §A§4A7"A§‘A’“) | (5.10)

The supersymmetry variations are

./l" 1 - s .7‘
AT = §ZF2A’}/H€A’Pi + gAFATer |

1 1 .
(w;‘ = <8#€A + szb%bsA + ZQZLJF%5’53> +igABy,e8 . (5.11)

5.1.1 The n =1 case

In this section we will consider the n = 1 theory, i.e. the scalar fields lie in a SO(8,1)/SO(8)
coset. The reason for this is that the resulting expressions for the supersymmetry variations
and BPS conditions are compact and everything can be worked out in detail. Furthermore,

we believe that this case illustrates the important features of more general solutions.

As the index r = 9 takes only one value in this case, the scalar fields in the coset
representative (5.4) are denoted by ¢; = ¢ for I = 1,2,...,8. We define the following

quantities for notational convenience,

O = ¢rpr = @7 + &3 + I3 + ¢F + D5 + P + PF + &5
P° = iy = ¢ + 3+ ¢35 + 05
&2 E¢i¢i:¢§+¢g+¢g+¢§' (5-12)

The components of the VM, tensor are, with no summation over repeated indices and
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I, J, K, L being unique indices,

V= 14 (64 ) Uy = bson DL
Ve, =0, VI = cosh® — (bZCOShq)# :
_ —(b[(zSJCOShCI) —1 7 Yyt quSln(I})lq) 7

VWi =V, =0 (5.13)

The u-components of the Q{ﬂ and 73,5 currents are
QL = (66— 010) =T 4 gOMN BV,
—¢fmh®—wm@§§%?—?+g@MNB vy (5.14)

where the prime ' = 0/0u denotes the derivative with respect to u. The terms involving the

gauge field have different forms depending on whether I, .J are in ¢ or 7,

1 cosh® — 1 ) , cosh® — 1
OBV = cijue [5353(1 + (6 + ef)—) + (8B o+ 6Bl o) —5— |
cosh ®
OmnBIVY = 5zgké¢ %BMT ;
OrnBy VY =0,
1 ho
Onn BAVY = Lo, B
2 iiJ
OunvBMVY =0 (5.15)
The T-tensor has non-zero components,
cosh® — 1
Tijike = €ijre (¢2T + 1) )
cosh® — 1
,-Tij|kz 5z]k£¢€¢z— )
sinh <I>
Tijiko = €ijrede T (5.16)
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Taking 1234 = 1, we can use the T-tensor to compute

1 cosh @ ri cosh® — 1
AAB — _§F}42034 [(¢2T + 1) écp + (I'y, 100) (T ngz)—] ,
i 1 smh@
AA 1234 i
AP = —AABéAAdBB : (5.17)
Note that A{'Z = AB4 and
440 ABC _ 1 ¢? sinh® @
1048\ T2 — +1),
1. ¢*sinh®*®
AJAABA = 1048 (5.18)
so the scalar potential ([5.10]) becomes
2 /2 12
g° ( ¢*sinh” ®
W:Z(TH) . (5.19)

5.2 Janus solutions

In this section, we construct Janus solutions which preserve eight of the sixteen supersym-
metries of the AdS3; vacuum. Our strategy is to use an AdS, slicing of AdS; and make the
scalar fields as well as the metric functions only dependent on the slicing coordinate. One
complication is given by the presence of the gauge fields; due to the Chern-Simons action,
the only consistent Janus solution will have vanishing field strength. We show that the gauge

fields can be consistently set to zero for our solutions.
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5.2.1 Janus ansatz

We take the Janus ansatz for the metric, scalar fields and Chern-Simons gauge fields,

2 2
ds? — (2B) <dt —dz ) 2D gy 2 |

22
¢r = ¢r(u) ,
BM = BM(u)du . (5.20)

The AdS; vacuum solution given by ¢; = 0 and e® = e” = Lsecu has a curvature radius

related to the coupling constant by L= = g. The spin connection 1-forms are

dt BI B—D B/ B—-D
L P QN VNP1 e PP (5.21)

z z z

so the gravitino supersymmetry variation (5%‘? =01is

1
0= 0, + —270 (71 — B'eB P, + 2igeBA1)6 ,

2
1
0=0.¢c+ 2—71(—B’eB’D’yg + QigeBAl)a ,
z
1
0= 0.6+ Z—LQiJFI‘]e +igePypAe | (5.22)

where we have suppressed the SO(8)-spinor indices. As shown in appendix [5.A.2} the inte-

grability conditions are

0=(1-(29e"4)* + (B'e"")*)e,
1

= 2ige” | A —
0 @ge(1 1

(A, Qf[]F”]>s + (—di(B/eB_D) + (296BA1)26D_B>725 . (5:23)

u

The first integrability condition gives a first-order equation which must be true for all ¢,

using the replacement for A% in (5.18)),

$? sinh? ® _
0=1-—g%* (T + 1)+ (BePP). (5.24)
The derivative of this simplifies the second integrability condition to
1 ige? d [ ¢*sinh® ®
0= (Afl — Z[Al’ Q{LJFIJ])g + Vel @( B2 Y2E . (5.25)
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The BPS equation 5)(’4 =0is

(—ie_DFIRﬁg + gA2) ed=0.
2 AA

When A, # 0, this equation can be rearranged into the form of a projector,
0= (iMap72 + 0ap)e”

where M 4p is given by

e P )

Mpyp=————
AB g gb2sinh<1><

I pIy(Ti 1234
Ly aPu) (Uil cn -
For consistency of the projector, we must have

MagMpe = dac -

(5.26)

(5.27)

(5.28)

(5.29)

As M? = 1, every generalized eigenvector of rank > 2 is automatically an eigenvector, so

M is diagonalizable and has eight eigenvectors with eigenvalues +1. M is traceless as it

is a sum of products of 2 or 4 Gamma matrices, so it has an equal number of +1 and —1

eigenvectors. The operator iM4p7, in the projector (5.27)) squares to one and is traceless,

and projects onto an eight-dimensional space of unbroken supersymmetry generators. If this

is the only projection imposed on the solution, it will be half-BPS and hence preserve eight

of the sixteen supersymmetries of the vacuum.

The condition M? = 1 gives an equation first-order in derivatives of scalars.

2 e P \? 2 i i - o
M= g¢? sinh @ <¢ (=P.P, +P,P,) —2¢°(I"P,)(T"P,)

+2(Pig,) (TP, + T'PL)(T¥ay) ) . (5.30)

For this to be proportional to the identity, we need all I"I"* and I'IV terms to vanish.

Vanishing of the latter requires us to impose the condition,
Pid; = Pidr.
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As the ratio P! /¢; is the same for all 7, this implies
i P2 Pu o 2 i j
D P=)d = = P+ 6) Ple=0.  (532)
i i j
This means that imposing (5.31]) also ensures that the I"T" terms vanish. Note that

ipi _N~PuPu s P_&)Zg
ZiquPu—Z oo = ( o) (5.33)

)

so the M? = 1 condition becomes

2 e P ’ 2 (i i T DT

We now give the argument why the Chern-Simons gauge fields can be set to zero. Since
we demand that the Bﬁ/‘ only has a component along the u direction and only depends on u,
the field strength vanishes, consistent with the equation of motion coming from the variation
of the Chern-Simons term in the action with respect to the gauge field. However, there
is another term which contains the gauge field, namely the kinetic term of the scalars via

(5.14). For the gauge field to be consistently set to zero, we have to impose

oL
5B i =0. (5.35)
For the Janus ansatz, we find
oL .., sinh ®
= egcii P " s , 5.36

which indeed vanishes due to (5.31)) imposed by the half-BPS condition.

For a half-BPS solution, the second integrability condition ([5.25]) should be identical to
the projector (5.27). Indeed, we have the simplification,
_ 1¢”sinh? T

1
' - iplJjy
Al 4[A17 Qu F ] 2 @2 ?

(5.37)

so the Gamma matrix structures of the two equations match. Equating the remaining scalar

magnitude gives us an equation for the metric factor e,
d ., ¢sinh®
-B'=—1 . 5.38
du @ (5.38)
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We can now solve for the metric. Let us define

inh
a(u) = osimh® (5.39)
)
and set the integration constant for B to be
C
= 1l : (5.40)
g

Plugging this into the first integrability condition (5.24)) and picking the gauge e~ = g, we

have a first-order equation for «,
0=0a’—C%a*+1-a?/a?) . (5.41)
The solution depends on the value of C' € [0, 1] and up to translations in u is

a=et ifC=1,

zl—msechu, ifo<C<1. (5.42)

We will take the case 0 < C' < 1. This implies that the metric is

2 _ 1.2
ds* = g2 {(1 — C?) cosh? u(u) — duﬂ : (5.43)

22

The choice C' = 0 corresponds to the AdS; vacuum.

5.2.2 ¢4, ¢5 truncation

We have yet to fully solve the half-BPS conditions (5.31)) and (5.34]). For simplicity, let us
consider the case where only ¢4, ¢5 are non-zero and the other scalars are identically zero,
which trivially satisfies ((5.31]). It turns out that the important features of the Janus solution

are captured by this truncation.

We introduce the following abbreviations,
=i+ a5, o=loa, D=0 (5.44)
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Let us define

¢s5 sinh ¢
Blu) = ="g— (5.45)
so that
o’ + B? =sinh® @ |
1 — cosh ®
4 _ / @/
Puzata sinh® '
1 —cosh®
> — o 5.46
Pu=p+5 sinh ® ( )
Plugging these into (5.34]) simplifies to
2 p  (da+pB)? 2
- =a’. 5.47
T tazrpr (547)
This can be rearranged into a first-order equation in f = §/v1+ a2,
a?/C
= : +/a2 1+ f2, (5.48)

where a sign ambiguity from taking a square-root has been absorbed into C', which is now

extended to C' € (—1,1). Using the explicit solution ((5.42)) for «, by noting that

d C'sech? u a?/C
— tanh™' (C'tanhu) = = 4
3, tan (C'tanh u) | CrtanlZe 142 (5.49)
the general solution is
sinh p + C' cosh p tanh u
flu) = :
\/1 — C?tanh”u
1
B(u) = ——==(sinhp + C coshptanhu) , (5.50)

Ve

for some constant p € R. For later convenience, we also redefine C' = tanh ¢ for ¢ € R.

In summary, we have solved for the scalars ¢4, ¢5 implicitly through the functions «, 3,

inh ¢
% = | sinh ¢| sechu ,
inh ¢
%% = sinh p cosh ¢ + cosh psinh g tanh v | (5.51)
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for real constants p, g. Note that the reflection ¢4 — —¢4 also gives a valid solution. We have

explicitly checked that the Einstein equation and scalar equations of motion are satisfied.

The ¢4 scalar goes to zero at u = £o00 as it is a massive scalar degree of freedom, and has
a sech-like profile near the defect. The ¢5 scalar interpolates between two boundary values
at u = +o00, and has a tanh-like profile. The constant p is related to the boundary values of

the ¢5 scalar, as we can note that
¢5(+o0) =pEq . (5.52)

The constant ¢ is then related to the jump value of the ¢5 scalar. The defect location u = 0
can also be freely translated to any point along the axis. Figure below gives a plot of the

solution for the choice (p,q) = (0,1).

65

Figure 5.1: Plot of ¢4 and ¢5 for (p,q) = (0, 1).

5.2.3 Holography

In our AdS-sliced coordinates, the boundary is given by the two AdS, components at u =
+00, which are joined together at the z = 0 interface. Using C' = tanh ¢, the metric (}5.43)

becomes

dt? — dz?
ds? = g2 {sech2 q cosh? u (—Z> - duQ} : (5.53)

22
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Note that this is not AdS3 unless ¢ = 0, which corresponds to the vacuum solution with all
scalars vanishing. The spacetime is, however, asymptotically AdSs. In the limit of u — +oo,
the sech? ¢ can be eliminated from the leading e*2* term in the metric by a coordinate
shift. In the following, we will set the AdS length scale to unity for notational simplicity,
ie. g=1.

According to the AdS/CFT correspondence, the mass m? of a supergravity scalar field

is related to the scaling dimension A of the dual d = 2 CFT operator by
m? = A(A - 2). (5.54)

This relation comes from the linearized equations of motion for the scalar field near the
asymptotic AdS3 boundary. Expanding the supergravity action to quadratic order
around the AdSs vacuum shows that the ¢, field has mass m? = —1, so the dual operator
is relevant with A = 1 and saturates the Breitenlohner-Freedman (BF) bound [18,19]. Note
that we choose the standard quantization [20], which is the correct one for a supersymmet-
ric solution. The ¢ field is massless, so the dual CFT operator is marginal with scaling

dimension A = 2.

The coordinates (z,u) can be mapped to Fefferman-Graham (FG) coordinates (p,x)
where the asymptotic AdS3; boundary is located at p = OE In FG coordinates, the general

expansion for a scalar field near the boundary is

Ga=—1 ~Yopnp+gop+---

baz1~ Gop” S+ o pt 4 (5.55)

I6Recall that the AdS; metric in Poincaré coordinates,

2 _ —dp? + dt? — da?

ds 7

)

is related to an AdSs-sliced metric by the coordinate change,

z=+x2+p?, sinhu = z/p .
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Since the A = 1 scalar saturates the BF bound, holographic renormalization and the holo-
graphic dictionary are subtle due to the presence of the logarithm [155]. As we show below
for the solution , there is no logarithmic term present and ¢, can be identified with
the expectation value of the dual operator |155/156]. For the A = 2 scalar, we can identify

éo with the source and qBQ with the expectation value of the dual operator.

It is difficult to find a global map which puts the metric (5.53) in FG form. Here, we
limit our discussion to the coordinate region away from the defect, where we take u — +o0
and keep z finite |157,|158]. This limit probes the region away from the interface on the
boundary. The coordinate change suitable for the u — oo limit can be expressed as a power

series,
2

P 4
— LY
z x+2$~|— (p*),

2
et = coshq(% + % + O(p3)) : (5.56)

The metric becomes

_ ptanh’q

ds® = %{— dp* + (1 o3 )(dt2 —da?) + 0(,03)} : (5.57)

In the u — —oo limit, the asymptotic form of the metric is the same and the coordinate

change is ([5.56|) with the replacements e* — e™* and r — —x.

Using this coordinate change, the expansions of the scalar fields near the boundary are

P+q P 3
pr— t h —_—_— . —
. 1 p+q 9 sinhptanh g\ p? 4
¢ =P +4 2sinh(p + q) (sinh(p +q) gt cosh q 2 Ok, (5:58)

where ¢ = qz/|x| (see appendix for details). The defect is located on the boundary at
x = 0. We can see that the relevant operator corresponding to ¢, has no term proportional
to plnp in the expansion. This implies that the source is zero and the dual operator has
a position-dependent expectation value. The marginal operator corresponding to ¢5 has a

source term which takes different values on the two sides of the defect, corresponding to a

93



Janus interface where the modulus associated with the marginal operator jumps across the

interface.

Another quantity which can be calculated holographically is the entanglement entropy

for an interval A using the Ryu-Takanayagi prescription [25],

~ Length(I'4)

SgEE = , 5.99

where I'4 is the minimal curve in the bulk which ends on 0A.

There are two qualitatively different choices for location of the interval in an interface
CFT, as shown in Figure [5.2] First, the interval can be chosen symmetrically around the
defect [159,/160]. The minimal surface for such a symmetric interval is particularly simple in
the AdS-sliced coordinates , and is given by z = zp and u € (—00,00). The regularized
length is given by

Length(T'4) = /du = Usy — U_oo - (5.60)

We can use ([5.56|) to relate the FG cutoff p = ¢, which furnishes the UV cutoff on the CFT

side, to the cutoff u4, in the AdS-sliced metric,
Utoo = £(—loge + log(220) + log(coshq)) . (5.61)

Putting this together and using the expression for the central charge in terms of Gg\?;) gives

2
SgE = glog ? + g log(cosh q) . (5.62)

Note that the first logarithmically divergent term is the standard expression for the
entanglement entropy for a CFT without an interface present [161], since 2z is the length
of the interval. The constant term is universal in the presence of an interface and can
be interpreted as the defect entropy (sometimes called g-factor [162]) associated with the

interface.
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I'(4)

(@) (b)

CFTy A CFT; CFTy

7z

Figure 5.2: (a) The entangling surface A is symmetric around the interface Z, (b) The

entangling surface A is ends at the interface Z.

Second, we can consider an interval which lies on one side of the interface and borders
the interface |163}|164]. As shown in [165], the entangling surface is located at « = 0 and the

entanglement entropy for an interval of length [ bordering the interface is given by

l
Skp = % sech qlogg : (5.63)

5.2.4 All scalars

For completeness, we also present the general solution with all ¢; scalars turned on. Let us

define
; sinh @
az(u)E%’ i:17273a47
;sinh @
5z(u)z¢%, 7=15,6,7,8. (5.64)

As a consequence of (5.31), the ratio ¢./¢; is the same for all i so all the ¢; scalars are

proportional to each other. In other words, we have a; = n;a for constants n; satisfying

n;n; = 1, where « is given in ((5.42)). Then (5.34) becomes
' 1a\2
(a o+ 675%) —o?.

12 ! !
+ BB — = 5.65
We can note that there exists a family of solutions where all 5; functions satisfy
Bi=mif, (5.66)
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for some function 5 and constants n; satisfying n;n; = 1. When this is the case, (5.65) then
further simplifies to

(a/a+5/5>2 B &2

&/2+ 2 —
b 1+ a2+ p2

: (5.67)

which has already been solved in the previous section. We can prove that these are the
only solutions to ([5.65)) which satisfy the equations of motion. The scalar dependence of the

Lagrangian is
g
e LD —Zpipi + W

2 / /3 \2
— _gZ <O/2 + BB~ ﬁo‘;—fg;@ — (a® + 2)) : (5.68)

If we write the (; in spherical coordinates, where we call the radius (3, this becomes

2

:_gz(a/2+5/2+52}(2_

/ 12)2
% —(a® + 2)) : (5.69)
where K? is the kinetic energy of the angular coordinatesﬂ We can treat «, 3, and the
three angles as the coordinates of this Lagrangian. The equation of motion from varying the
Lagrangian with respect to a will only involve @ and § and their derivatives. Plugging-in
for «, satisfying this equation of motion fixes the form of S to be what was found
previously in (5.50). This means that simplifies to 2K? = 0 and the three angles

must be constant.

Therefore, the general solution is

¢ sinh ®

= | sinh ¢| sech
@ | sinh g|sechu
f = sinh p cosh g + cosh psinh g tanh u |

¢i = nip nn; =1,
¢; sinh ®

P = ng/B s n;n; = 1. (570)

1TExplicitly, let K2 = 62 + sin” § ¢/ + sin® 0 sin® ¢ /2.
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5.3 Discussion

In this chapter, we have presented Janus solutions for three-dimensional N' = 8 gauged
supergravity. We constructed the simplest solutions with the smallest number of scalars,
namely the SO(8,1)/SO(8) coset. The solutions we found have only two scalars displaying a
non-trivial profile. One scalar is dual to a marginal operator Oy with scaling dimension A = 2
and the other scalar is dual to a relevant operator O; with scaling dimension A = 1. We used
the holographic correspondence to find the dual CF'T interpretation of these solutions. It is
given by a superconformal interface, with a constant source of the operator Oy that jumps
across the interface. For the operator O;, the source vanishes, but there is an expectation
value that depends on the distance from the interface. It would be interesting to study
whether half-BPS Janus interfaces that display these characteristics can be constructed in

the two-dimensional N' = (4,4) SCFTs.

We considered solutions for the SO(8, 1)/ SO(8) coset, but these solutions can be trivially
embedded into the SO(8,n)/(SO(8) x SO(n)) cosets with n > 1. Constructing solutions
with more scalars with non-trivial profiles is in principle possible, but the explicit expressions
for the quantities involved in the BPS equations are becoming very complicated. We also
believe that the n = 1 case already illustrates the important features of the more general
n > 1 cosets. Another possible generalization is given by considering more general gaugings.

One important example is given by replacing the embedding tensor (5.5) with
Or1KL = A€kt + Exzt - (5.71)

This is a deformation that produces an AdS3; vacuum which is dual to a SCFT with a large
D(2,1;a) x D(2,1; «) superconformal algebra. As discussed in [152], this gauging is believed
to be a truncation type II supergravity compactified on AdSz; x S% x S? x St [166}/167].
It should be straightforward to adapt the methods for finding solutions developed in this

chapter to this case.

We calculated the holographic defect entropy for our solution. It would be interesting to
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investigate whether this quantity can be related to the Calabi diastasis function following
[168][169]. For this identification to work, we would have to consider the case n = 2 for which

the scalar coset is a Kahler manifold.

We leave these interesting questions for future work.

5.A Technical details

In this appendix, we present various technical details which are used in the main part of the

chapter.

5.A.1 SO(8) Gamma matrices

We are working with 8 x 8 Gamma matrices I} ; and their transposes I'; |, which satisfy

AA
the Clifford algebra,

I J J I . 1J
Dalip + Tl =207 0as - (5.72)

Explicitly, we use the basis in [170],

r,=191e1, I =i0s ®ioy ®ioy .
F2AA:1®01®i02, F?4A21®‘73®i‘72'
FiA:m@iaQ@l, F3A203®@'02®1.

IS, =i ®1®0;, [7 =ioa®1®o0;. (5.73)

The matrices '}, Fﬁ-{% and similar are defined as unit-weight antisymmetrized products of

Gamma matrices with the appropriate indices contracted. For instance,

(T %, — Thalhs) - (5.74)

N
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5.A.2 Integrability conditions

For BPS equations of the form,

Oe = —%70 (71 + fu) + g(u))e

2
0.0 =~ (f(w) + glu))e
Oue = (F(u) + G(u)y)e | (5.75)

where f, g, F, G are matrices acting on € that commute with ~,, the integrability conditions

are

t,2: 0=(1+f>+ g%+ [f, gl , (5.76)
but 0= (f +[fFl—{g.Ge+ (g +[0.Fl+ {f,GDpes,  (5:77)
Z,u same as for t,u .

5.A.3 Scalar asymptotics

The asymptotic expansions of the ¢4 and ¢s5 scalar fields, as given in (5.51)), in the limits

u — oo are

: pEyq
=2 hqg|————e™
94 [sinhg] sinh(p £ q) ¢
2| sinh ¢ p+tq . 19 . 19 . .
— h h? ¢) £ 2sinh psinhq | e™* + O(e™*
Sl £ ) (sinh(pj: " (sinh® p 4 sinh” q) sinhpsinhq |e™" + O(e™") |
¢s = (pEq) — 2 P£q sinh?® ¢ + sinh psinh q |e™?* + O(e¥™*) . (5.78)
° sinh(p % ¢) \ sinh(p + q) ' '
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